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Ôóíêöèè àëãåáðû ëîãèêè
1. Çàíÿòèå 1

Çàäà÷à 1.1. Ãîâîðÿò, ÷òî íàáîðû (α1, . . . , αn), (β1, . . . , βn) ÿâëÿ-
þòñÿ ïðîòèâîïîëîæíûìè, åñëè α1 6= β1, . . . , αn 6= βn; è ÿâëÿþòñÿ
ñîñåäíèìè, åñëè îíè îòëè÷àþòñÿ ðîâíî îäíîé êîîðäèíàòîé.

(1) Êàêîâî ÷èñëî ôóíêöèé â P2, ïðèíèìàþùèõ íà ïðîòèâîïî-
ëîæíûõ íàáîðàõ îäèíàêîâûå çíà÷åíèÿ?

(2) Íàéòè ÷èñëî ôóíêöèé â P2, êîòîðûå íà ëþáîé ïàðå ñîñåä-
íèõ íàáîðîâ ïðèíèìàþò ðàçëè÷íûå çíà÷åíèÿ?

Çàäà÷à 1.2. Ïîñòðîèòü òàáëèöó ôóíêöèè.
(1) Ôóíêöèÿ f(x1, x2, x3) îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì: îíà

ðàâíà 1 ëèáî ïðè x1 = 1, ëèáî åñëè ïåðåìåííûå x2 è x3 ïðè-
íèìàþò ðàçíûå çíà÷åíèÿ, à çíà÷åíèå ïåðåìåííîé x1 ìåíü-
øå çíà÷åíèÿ ïåðåìåííîé x3; â ïðîòèâíîì ñëó÷àå ôóíêöèÿ
îáðàùàåòñÿ â íóëü.

(2) Ôóíêöèÿ f(x1, x2, x3, x4) çàäàåòñÿ òàê: îíà ðàâíà íóëþ òîëü-
êî íà òàêèõ íàáîðàõ (α1, α2, α3, α4), äëÿ êîòîðûõ ñïðàâåä-
ëèâî íåðàâåíñòâî α1 + α2 > α3 + 2α4.

Çàäà÷à 1.3. Óêàçàòü ôèêòèâíûå ïåðåìåííûå ôóíêöèè, çàäàí-
íîé ñîêðàùåííîé òàáëèöåé � âûïèñàí òîëüêî ñòîëáåö çíà÷åíèé
(çíà÷åíèÿ èäóò ñëåâà íàïðàâî âìåñòî ñâåðõó âíèç):

(1) f(x1, x2, x3) = (11110000);
(2) f(x1, x2, x3) = (00110011);
(3) f(x1, x2, x3) = (00111100).
Çàäà÷à 1.4. Ïåðå÷èñëèòü ñóùåñòâåííûå ïåðåìåííûå ñëåäóþ-

ùèõ ôóíêöèè:
(1) (x → (x ∨ y)) → z;
(2) (x ∨ y)) → y.
Çàäà÷à 1.5. Ïîñòðîèòü òàáëèöó ôóíêöèè f(x1, x2, x3),
(1) âñå ïåðåìåííûå êîòîðîé ñóùåñòâåííûå.
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(2) ïåðåìåííàÿ x2 � ôèêòèâíàÿ, à ïåðåìåííûå x1 è x3 � ñó-
ùåñòâåííûå. Óäàëèòü ôèêòèâíóþ ïåðåìåííóþ.

Çàäà÷à 1.6. Ïðîâåðèòü, ñïðàâåäëèâû ëè ñëåäóþùèå ñîîòíîøå-
íèÿ:

(1) x ∨ (y ∼ z) = (x ∨ y) ∼ (x ∨ z);
(2) x ∧ (y ∼ z) = (x ∧ y) ∼ (x ∧ z);
(3) x → (y ∼ z) = (x → y) ∼ (x → z);
(4) x → (y ∨ z) = (x → y) ∨ (x → z);
(5) x → (y ∧ z) = (x → y) ∧ (x → z);
(6) x → (y → z) = (x → y) → (x → z);
(7) x + (y → z) = (x + y) → (x + z).
Çàäà÷à 1.7. Èñïîëüçóÿ îñíîâíûå ýêâèâàëåíòíîñòè, äîêàçàòü

ýêâèâàëåíòíîñòü ôîðìóë M è N:
(1) M = (x + y) → (x ∨ y), N = 1;
(2) M = (x → y) → (x + y), N = x|y;
(3) M = x → (xy → ((x → y) → y) ∧ z), N = y → (x → z).

2. Çàíÿòèå 2
Çàäà÷à 2.1. Ïðåäñòàâèòü â âèäå ñ.ä.í.ô ñëåäóþùèå ôóíêöèè:
(1) f(x1, x2, x3) = (x1 + x2) → x2x3;
(2) f(x1, x2, x3) = (01101100);
(3) f(x1, x2, x3) = (10001110).
Çàäà÷à 2.2. Ýêâèâàëåíòíûìè ïðåîáðàçîâàíèÿìè ïðèâåñòè ê

ñ.ä.í.ô ñëåäóþùèå ôîðìóëû:
(1) x ∨ yz;
(2) (x → y) → (yz → xz);
(3) ((x → yz)(yt + z) → xt) ∨ x;
Çàäà÷à 2.3. Ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ íàéòè

ïîëèíîì Æåãàëêèíà äëÿ ôóíêöèé:
(1) x ∼ y;
(2) f(x1, x2, x3) = (01101000);
(3) f(x1, x2, x3) = (11111000);
(4) (x + y)(x|y).
Çàäà÷à 2.4. Îäèí èç ñïîñîáîâ ïîñòðîåíèÿ ïîëèíîìà Æåãàë-

êèíà äàííîé ôîðìóëû ñîñòîèò â ñëåäóþùåì: ñíà÷àëà ñòðîÿò ýêâè-
âàëåíòíóþ ôîðìóëó íàä ìíîæåñòâîì {x, x1 ∧ x2}, çàòåì çàìåíÿþò
âåçäå x íà x + 1, ðàñêðûâàþò ñêîáêè ïî äèñòðèáóòèâíîñòè è ïðè-
âîäÿò ïîäîáíûå ñëàãàåìûå.

Ïîñòðîèòü ïîëèíîì Æåãàëêèíà äëÿ ôóíêöèé:
(1) x ∼ y;
(2) x → y;
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(3) x|y;
(4) (x|y)|z;
(5) ((x → y) ∨ z) ∼ x;
(6) (x → y)(x|y).

3. Çàíÿòèå 3
Çàäà÷à 3.1. Ïðîâåðèòü, ÿâëÿþòñÿ ëè äàííûå êëàññû ôóíêöèé

çàìêíóòûìè:
(1) {0};
(2) {x};
(3) {x1, x1x2, x1x2x3, . . .};
(4) âñå ôóíêöèè èç ïóíêòà 3 è âñå ôóíêöèè, ïîëó÷àþùèåñÿ èç

íèõ çàìåíîé ïåðåìåííûõ.
Çàäà÷à 3.2. Âñåãäà ëè â P2

(1) ïåðåñå÷åíèå çàìêíóòûõ êëàññîâ ÿâëÿåòñÿ çàìêíóòûì êëàñ-
ñîì;

(2) ðàçíîñòü çàìêíóòûõ êëàññîâ åñòü çàìêíóòûé êëàññ;
(3) äîïîëíåíèå çàìêíóòîãî êëàññà íå ÿâëÿåòñÿ çàìêíóòûì êëàñ-

ñîì?
Çàäà÷à 3.3. Ïðîâåðèòü ñïðàâåäëèâîñòü ðàâåíñòâà äâóõ ìíî-

æåñòâ ôóíêöèé èç P2:
(1) [F1 ∩ F2] = [F1] ∩ [F2];
(2) [F1 ∪ F2] = [F1] ∪ [F2].
Çàäà÷à 3.4. Ñâåäåíèåì ê çàâåäîìî ïîëíûì ñèñòåìàì â P2 ïî-

êàçàòü ïîëíîòó ñëåäóþùèõ ñèñòåì ôóíêöèé:
(1) {x ∨ y};
(2) {xy + z, (x ∼ y) + z};
(3) {x → y, x + y + z}
(4) {0, xy ∨ xz ∨ yz, (x ∼ y) + z};
(5) {x → y, (1100001100111100)}.

4. Çàíÿòèå 4
Çàäà÷à 4.1. Êàêèå èç ïåðå÷èñëåííûõ ôóíêöèé ÿâëÿþòñÿ ìî-

íîòîííûìè:
(1) x → (x → y);
(2) x → (y → x);
(3) xy + xz + zx + z;
(4) f = (01100111);
(5) f = (0001010101010111)?
Çàäà÷à 4.2. Êàêèå èç ïåðå÷èñëåííûõ ôóíêöèé ÿâëÿþòñÿ ëè-

íåéíûìè:
(1) f(x1, x2, x3) = (x1x2 ∨ x1x2) + x3;
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(2) f(x1, x2) = x1x2(x1 + x2);
(3) f(x1, x2, x3) = (x1 → x2)(x2 → x1) ∼ x3?
Çàäà÷à 4.3. Êàêèå èç ïåðå÷èñëåííûõ ôóíêöèé ÿâëÿþòñÿ ñà-

ìîäâîéñòâåííûìè:
(1) f = (0001001001100111);
(2) f = (x → y) → xz → (y → z);
(3) f = x1 + x2 + . . . + x2m+1 + σ, ãäå σ ∈ {0, 1}?
Çàäà÷à 4.4. Èñïîëüçóÿ êðèòåðèé ïîëíîòû, ïðîâåðèòü ïîëíîòó

ñëåäóþùèõ ñèñòåì:
(1) {x → y, x → yz};
(2) {xy, x ∼ yz};
(3) {(01101001), (10001101), (00011100)};
(4) (S \M) ∪ (L \ (T0 ∪ T1)).

5. Çàíÿòèå 5: äîïîëíèòåëüíûå çàäà÷è
Çàäà÷à 5.1. Äîêàçàòü, ÷òî êëàññû T0, T1, S, M, L ÿâëÿþòñÿ

ïðåäïîëíûìè.
Çàäà÷à 5.2. ÔóíêöèåéØåôôåðà íàçûâàåòñÿ ôóíêöèÿ àëãåáðû

ëîãèêè, â îäèíî÷êó îáðàçóþùàÿ ïîëíóþ ñèñòåìó.
(1) Ïåðå÷èñëèòü âñå ôóíêöèè Øåôôåðà îò äâóõ ïåðåìåííûõ.
(2) Ïîäñ÷èòàòü ÷èñëî ôóíêöèéØåôôåðà îò òð¼õ ïåðåìåííûõ.
Çàäà÷à 5.3. Ïåðå÷èñëèòü âñå ìîíîòîííûå ôóíêöèè, óäîâëåòâî-

ðÿþùèå äàííûì óñëîâèÿì:
(1) f(1, 0, 0, 0) = 1, f(0, 1, 1, 1) = 0;
(2) f(1, 0, 0, 0) = 1, f ∈ L;
(3) f(1, 0, 0, 1) = 0, f ∈ S.

Çàäà÷à 5.4. Äîêàçàòü, ÷òî åñëè f íå ÿâëÿåòñÿ êîíñòàíòîé, à
f ∨ f ∗ � êîíñòàíòà, òî f /∈ M ∪ S.

Çàäà÷à 5.5. Ïóñòü ôóíêöèè f(x1, ..., xn) è f ∗(x1, ..., xn) óäîâëå-
òâîðÿþò óñëîâèþ |Nf | = |Nf∗ |, ãäå Nf � êîëè÷åñòâî íóëåé â òàáëèöå
èñòèííîñòè ôóíêöèè f. Äîêàçàòü, ÷òî

(1) åñëè f ∨ f ∗ ≡ const, òî f ∈ S;
(2) åñëè f + ff ∗ ≡ const, òî f ∈ S.

Çàäà÷à 5.6. Äîêàçàòü, ÷òî åñëè f(x1, ..., xn) � ëèíåéíàÿ ôóíê-
öèÿ, îòëè÷íàÿ îò êîíñòàíòû, òî |Nf | = 2n−1.

Çàäà÷à 5.7. Äîêàçàòü ïðèíöèï äâîéñòâåííîñòè: åñëè
Φ(x1, ..., xn) = f(g1(x1, ..., xn), ..., gm(x1, ..., xn)),

òî
Φ∗(x1, ..., xn) = f ∗(g∗1(x1, ..., xn), ..., g∗m(x1, ..., xn)).
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Çàäà÷à 5.8. Ïîëüçóÿñü ïðèíöèïîì äâîéñòâåííîñòè, ïîñòðîèòü
ôóíêöèþ, äâîéñòâåííóþ ôóíêöèè f.

(1) f = xy ∨ yz ∨ zt ∨ tx;
(2) f = (x → y) + ((x|y)|(x ∼ yz)).

Çàäà÷à 5.9. Âûÿñíèòü, ìîæíî ëè èç ôóíêöèè f ñ ïîìîùüþ
ïîäñòàíîâêè íà ìåñòà å¼ ïåðåìåííûõ ôóíêöèé 0, 1, x, y, x, y, ïîëó-
÷èòü ôóíêöèþ xy.

(1) f = (11101000);
(2) f = (01111111);
(3) f = (10011001).

Çàäà÷à 5.10. Äîêàçàòü, ÷òî:
(1) L∗ = L;
(2) T ∗

0 = T1;
(3) (T0 ∪ T1)

∗ = T0 ∪ T1;
(4) (T0 ∪ T1 ∪ S ∪ L)∗ = T0 ∪ T1 ∪ S ∪ L;
(5) (T0 \ S)∗ = T1 \ S;
(6) (S \ T0)

∗ = S \ T1.

Çàäà÷à 5.11. Ïîäñ÷èòàòü ÷èñëî ôóíêöèé îò n ïåðåìåííûõ â
êàæäîì èç ñëåäóþùèõ ìíîæåñòâ:

(1) T0 ∩ T1;
(2) T0 ∪ T1;
(3) T0 ∩ L;
(4) L \ (T0 ∪ T1);
(5) T1 ∩ S;
(6) L ∪ S ∪ T1;
(7) (L ∪ S) \ (T0 ∪ T1);
(8) (S \ T0) ∩ T1.

Çàäà÷à 5.12. Âûÿñíèòü, ìîæíî ëè ôóíêöèþ f ïîëó÷èòü ñ ïî-
ìîùüþ îïåðàöèè ñóïåðïîçèöèè íàä ìíîæåñòâîì Φ, åñëè:

(1) f = x + y, Φ = {x → y};
(2) f = x → y, Φ = {xy, x ∨ y};
(3) f = x ∨ y, Φ = T0 ∪ (S \ (L ∪ T1));
(4) f = xy, Φ = (T1 \ L) ∪ {x + y}.

Ôóíêöèè k-çíà÷íîé ëîãèêè
6. Çàíÿòèå 6

Çàäà÷à 6.1. Äîêàçàòü ñëåäóþùèå ñîîòíîøåíèÿ:
(1) x . (x . y) = x ∧ y;
(2) x . y = x− x ∧ y;
(3) (∼ x) . (∼ y) = y . x;
(4) (∼ x) . (y . x) =∼ (x ∨ y);
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(5) ∼ (x + y) = (∼ x) + (∼ y);
(6) x . y = x ∨ y − y;
(7) x = ((x + 2) . 1) ∨ Ik−2(x).
Çàäà÷à 6.2. Äîêàçàòü ïðàâèëà äå Ìîðãàíà:
(1) (∼ x) ∧ (∼ y) =∼ (x ∨ y);
(2) (∼ x) ∨ (∼ y) =∼ (x ∧ y).
Çàäà÷à 6.3. Äîêàçàòü, ÷òî ôóíêöèÿ f ïðèíàäëåæèò çàìûêà-

íèþ ñèñòåìû Φ:
(1) f(x) = j0(x), Φ = {1, x . y};
(2) f(x) = Ik−2(x), Φ = {k − 1, x + 2, x . y};
(3) f(x) = x, Φ = {k − 1, x + y}.
Çàäà÷à 6.4. Ïîñòðîèòü àíàëîã ñ.ä.í.ô äëÿ ñëåäóþùèõ ôóíêöèé

k-çíà÷íîé ëîãèêè:
(1) f(x) =∼ x, k = 5;
(2) f(x, y) = x . y, k = 3;
(3) f(x, y) = xy, k = 3;
(4) f(x, y) = x ∧ y, k = 3.
Çàäà÷à 6.5. Èñïîëüçóÿ ìåòîä ñâåäåíèÿ ê çàâåäîìî ïîëíûì ñè-

ñòåìàì, äîêàçàòü ïîëíîòó ñëåäóþùèõ ñèñòåì ôóíêöèé:
(1) {1, x2 − y, x ∧ y};
(2) {k − 1, x . y, x + y};
(3) {∼ x, x + 2, x . y};
(4) {1, 2x + y, x2 . y}.
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