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MPEAHCIIOBHE

[Tpeanaraeman KHUTa BOIHMKIIA M3 JeKUHA, KOTOpble aBTOP UH-
Taa cryzeltaM MOCKOBCKOTO ©DH3HKO-TEXHHUECKOTG KHCTHTYTA. 3a-
FJAABHE KHHI'H COBNENAET ¢ HA3BaHHeM COOTBETCTBYRLLETO I(YPCEI,
00a3aTeNbHOro ANA CTYACHTOB, CHELHANH3HPYIOWMXCA B OOJMACTH
NPHKA3AHOA MaTeMaTHKH.

CrarRnapTHRit Kype RuGGEpeHIyasbHEX ypaBHeHWH SHAKOMHT
CTYJeHTa JHWb ¢ OCHOBaMH 3TOH Teopud. B TO Xe Bpema npakTu-
9ecKan JeATenLHOCT MATEMATHRA, 3aHHMAWILEerocs MPHKTa BN MHA
sajauamu, o6bHO TpeGyeT 3HAHHA HeAOTO PAAa BOMPOCOB, AANEKO
BHIXOAAUINX 34 PaMKH MporpaMMbl. K HX 4HMCAY OTHOCATCA npexne
BCEr0 Pas3sHoo0pa3Hbie BONPOCHl ACHMNTOTHYECKOro NOBEAEHHA pe-
merufi. [TosTOoMy, KOraa cTasna OYeBHIHOH HeOGXOAMMOCTL UTEHHA
Kypca HONOAHHUTEABHBX P1as oOblKHOBeHHBIX IHbGepeHIHANBHBY
ypaBHeHHA, T0 ObL10 pelleHO OCHOBHOE BHHMAHHE COCPeJOTOUHTh HA
H3A0KEHHH METOROB ACHMITOTHHECKOTo aHanuza. Jliobwe uccneno-
BaHHA HMEWOT A&10 € MOASNAMH PeasbHBIX NPOLECCOB. JTO 3HauurT,
q9TO YpaBHeHHA, OKa3blBaOUMecS B pACTOPAXKEeHWH MaTeMaTHKa,
LaT JHWS NpadiHKeHiioe ONHCARHE SBJAEHM, KOTOPHIE MpejcTa-
saanT coboit oObekT uayuenud... Hecaenonatens Bcera «ympolilaer
3ajaqy», oT6pacuiBaf caaraeMble ¥ TOHHKAA TNOPANOK CHCTEMEL
B0o3MOKHOCTE TAKOrO YNpOLIEHHA OOLIMHO oNpaBAHBAETCA MaJsio-
CTRIO TOFO WAH Apyroro napamerpa. OiHaKo He BCAKYIC Madyio be-
JHYHHY MOMKHO OTOpOCHTL, He HCKaMad cMblcaa 3apavu. [MoTomy
MaTeMaTHK, KOTODLIR SaHAmMaeTcA nojoGHBIMW BoMpocaMd, A0SMed
BAAJETE METOAAMH, NO3BOJAIIEMH H3Y4YaTh 3aBHCHMOCTb peLIeHHufi
OT [1apaMeTPOB 38AAa4YH H NPeKAE BCEro acHMOTOTHYECKOE MoBeme-
HHe pellleHHH TPH HX MaAwX 3HaveHuaX. C nopoGHEIMH BONpOCaMH
MaTeMaTHRKY MPHXOJHTCA CTANKHBATLCA H@3aBHCHMO OT TOFO, B Ka-
Kofi 0GJacTH ON NPHMEHAST MATEMATHUECKHE METOAbl HCCNeIOBAHNS,
Ouu B paBHOH CTeNeHy aRTYanbHbl B QHIHKE M B GaJNHCTHKE, Teo-
pun KoAaebaHuil H 5KOHOMHEE H T. A.

JHaueHHe acHMOTOTHUECKHX METOOOB BO3POC/O B nocheiHue Ae-
CATHJETHA B CBA3HW C PA3BHTHEM BBIUHCAMTENBHBIX MaluuH. Oyelh
HACTO BbICKA3LIBAETCA MbICAb, 4TC Gaaroaapd pPAa3BHTHIO BhIMHC-
AKTENILHON TEXHHKH W  METOA0B BHUNCJAHTENHHOH MATEMATHKR
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VMEHBILACTCA 3HAYEHHE AHANHTHYECKHX METOA0B. ABTOp 3TOH KHHIR
ABANETEH HKATCTOpHYECKHM I'lpOTHBI-IHKl}M TIOIlOGIIOﬁ TOYKH BPEIIHH H
yOexkaeH, uto 3ppeKTHBHbE BHUHCAHTEABRBE MeTOAH pelleHHs Toi
HMIH HHOHA 3a1234H, SKOHOMHBIE ¢ TOUKH 3PEHHA 3aTPaThl MATUUHHOMO
BPEMEHH, BCErla ACJHB HCoAb3OBaTbk HHopMauHio o6 aHakHTH-
yeckoll npupole sagaun. [1pueeacm ofdH npumep. Flycib peus naer
¢ 3agave Komu aas cucreMpl OObiKHCBeHHBIX IHD(pepeHIiHATbHEIX
ypaBHeHn#. Ecnn Ham M3BECTHO 3apaHee, 4To pelleHde Apejcra-
BasieT co00H MeAneHHo MeHswulyiocs dyHKUHIe, To fKpd0H uucheH-
HLifl MeTof pewenns 3agasd Kolwn, wanpumep metox Pynre —
Kyrra, okaswBaeTcs yAOBJeTBOpHTenBHEM. [IpeanonoxiuM Tenepe,
MTO pelleHke — BhicTpokokebaomadca dyukiua. [as ee oTvicKa-
HHA PopManbEO MOXKET ObITh NpEMeHeH JMIOOOH YHCNEHHBIR MeTom.
OaHako war pasHocTHOfi cxeMbl An# oOecleueHHA 3ajlaHHOH TOY-
HOCTH HoaXKell ObITh BEHIGpAH OUeHb MaAbIM, T. €. AAd odecnevelus
2aJaHHOH TOYHOCTH MH AOMXHE Da3OHTs H3VYaeMblii HHTEPBAN [e-
3aBHCHMOrQ NEepeMeHHOre Ha oueHb OONbIIOE YHCARQ waroe, B 1o
e BpeMs OOJbLIOE KOMHYECTBO LUATOBR B CBOH OYepPeldb NPHBOXHT
K HAKOMJEHHI0 OIUHOKH H, CACAOBATILHO, NORHKZET TOYHOCTh
OKOHYATeAbHOTC PesyabTaTta. Kpome Toro, apobielne wara 3Hauu-
TeAbHO YBEJHUHB3ET MAIIUHHOE BPEMA, 3aTPAYHBALMOE HA pelleHHe
3ajladH. Bb!XOﬂ. H3 3TOrQ NOJAOMEHHHA COCTONT B HCNOAB3DBAHHH
acCUMOTOTHYECKHX MeTonoB., OHU NO3BOJSIOT HPCH3BECTH LpelBapH-
TeALUYIO 06padoTKy ypaBHeHUH, OTOPOCHTE HEKOTOPLIE «MAaible ¢l1a-
raeMbple» { BBECTH HOBblE MepeMeHible. JTH NmepeMelnble OyAYyT yie
MeILNeHHO HIMEHALIHMHCA QYEKUHAMH H MOTYT OHTB TOYHO H
GHCTPO BBIUHCAEHEL HA MAaWIHHE.

. Hecneaopanua acHMuTOTHYECKHX pelleldfl OSHKHODCHHLX IH-
depeHUnaANLHEX YDABHEHHH upeAcTasadioT cobok ofliupHoe U pas-
BHTOE HanpaBieHue 3T0R Teopuu. IloaTomy npr paspaboTke Kypca
ACHMNTOTHYECKHX MeTojos ¢Tan Bompoc o0 orfope Martepuana.
31ech BOIMOM(EH LB pAA PELieHHH, W OROHUATENbHbIH BapHAHT,
BEPOATHC, HOCHT ACCTATOUHO CYOBeKTUBLBIH XxapakTep,

Ipescne pcere npeAcTaBIANOCh HEOOXOAUMLIM NO3HAKCMHTE CTY-
HeHTA, CetHATH3YpYIoulerocs B O0JACTH TIPHKAAZHON MaTeMaTHKH,
C OCHOBaMH TEOPHH Madnoroe napaMerpa Jisnysosa — [Tyankape,
DTa TEODHT JeKHT B OCHOBE UEIDMO PAfla METOROB B ACTPOHOMUH,
TeopHK KOoneGaHWii W T. A Ee 3HauyenHe COCTOHT He TOALKO B TOM,
UTO OHMA NAeT METON OTLICKAHHA NepPHOAHYECKHX PEIeHHA KBA3WJH-
HeiiHblN ypaeHeruid. flna wenoro psaa 3a1au, KOTOpbie pPeLU#iGTCS
B paMKkax 3Tofl Teopuu, ceftgac umewrca OBonce spdexTHoubie Me-
TOELL, NPHTCAHEE, KPOMe TOrO, AMA Honee WIHPOKOIO KMNACCa YPaB-
wenuir. lefo 3aknicuaetcs B IPYroM: 3Ta TEOPHA [4€T pYeHb MHOTD
ASA OOHHMAWMS TOPO, KAK ACGAMKHB CTPOHTECA METOIb HCCAELOBA-
fHA HOBWIX 3anad. Hayuende renesnca uenoro psja coppeMeHHbIX
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HCCAEXOBAHHA MOMET NMOKa3aTh, UTO ¥ HX HCTOKOR HaXOAATCA HAeH
# MeToael, Brnepptle cHOPMYJAMPOBAHHLIE B Teopuyu JlamyHosa —
IMyanKkape. JQQexTEBHEIM NOITBEPHACHHEM 3TOH MLICNH ABAAETCA
metog Jlafitxuana — Mo B rasosofi gHHamuke, Teopwnu JlanyHnoea —
[Tyakape noceaulena propas rhasa NpeAnaraeMon Kuury.

B Tperbeil rnaBe cONEPIKHTCS H3NOMEHHE «aCHMNTOTHYECKHX Me-
TOXOB pazflefieHUd IBH¥eHHH». B Wavane ABaANATEX FOHOB 3TOTG
pexa roAnaHgckuit unmenep Bau-zep-Tloas oTpbll KauecTBEHBO
HOBHH NOAXOJ K H3VUeHHI0 KonebaTeAbdblX ABHMKEHWHI @ nON0KEA
Hauaao HOBOH W Bax#ecl ofaacty B Teopun koneGarud, H. M. Kpul-
aos u H. H. Boronio6os cymenn nocMoTpeTs Ha Becb APeAMET € CO-
BepLUEHHO HOBON TOYKH 3DeHHA. JTo NO3BOJAHAC HM pa3paboraTh
aCHMHTOTH‘IeCKHﬁ MeTOn, KOTOpblf"l B K&YECTBe MEPBOTrD CJaaraemMora
BEaBaj pellielie, KOTOpoe MOXHO OLl10 noAy4HTh MeTodeM Baun-aep-
TloAs, HOCHBIIMM 3BPHCTHUECKUH XapakTep. 3Ti paloTs NONOKUAY
‘HayaJlo HOBOMY OO/BIIOMY HAMPABIEHHIO B TEOPHH ACHMITOTHYE:
cKkux Mertoaos, OHO rayfoKo MPOHUK/O B PasfHunple GOAACTH TEO-
PETHYECKOR DUINKH, B NPUKAAAHYIC ACTPOHOMHID, AHHAMUKY KOC-
MHUYECKHX arnapartoB i T. A. B nocneasee speMa ¢rada oYeBHIHONM
€ro CBA3b C TeOPHed aAHabaTHYeCKHX WHBADHANTOB, KOTOPAas pas3sH-
BaJach HE3aBHCHMO.

[TocnenHAn TNaBa KRUTH COAEDHMHT HIMOKeHUe TeOPHH Bodib-
WOTo MapaMeTpa — KAacCHYeCKOR TeopHH, BeAynlel cpoe Havalo oT
pabotrnl Jinyeunna [837 r. [Tocne pabor Buprxedda u §. 0. Ta:
MAapKHHA RpOGAEMa ACHMIITOTHUECKOrO MOBEASHHMA HATErPANOB CH-
cTeM JNHHEAHBIX YpaBHeHHH, coaepmxawnx OGoabwofi napamerp,
npeBpaTHAach B COHUIHPHYIO MATEMATHYECKYIC TEOpHIO, [UHPOKD
HCNOAB3YEMYIO B PA3NHUHBIX NpuioKeHax. Metox WBKJ asaserca
OLHHM H3 ee HeGOJBIIHX Pa3jlence. JTa TeopHs NO3BOJSET NPORO-
AHTE 3(pekTHBHOE H3yueHHe JHHEAHbIX CHCTEM ¢ MeAJeHHO Me:
HuaowyMuea xosgduurentamu.

[TepeyncneHBule BONMpOCH COCTZBJASIOT OCHOBHOE coaep}KaHHe
kupry. MM npeanoctinaerca vBeConbluas raAaBa, CodepXKatias BO-
fIPOCH BCOOMOTATEABHOIO HAH BBOAHOILC XapaKTepa: Merol (Pa3oBoil
NAOCKOCTH, NPHMERbl HefHHelnbtX ypaBHeHHit, TeopeMa [lyamkape
06 AHAJHTHYECKOH 3aBHCHMOCTH DeilleHHA OT NapaMETPOB W HEKO-
TOpHE TeopeMbl 06 OTpallHYENHCCTH pelteHNA JIMHeHHLIX YpaBHCHUI
¢ nepeMeHHBIMH KO3d@HUILIHEHTaMH.

ITepeuncnentsble BOMNPOCH COBEPUIEHHO He HCYEPNBIBAKOT COJEP-
HKaHHA npeiMera, cToslero B 3aroaoBke KHUrd. Llennili pan sax-
HHIX BONPOLOB, K COMKAJCHHIO, HE HAaUIea CBOero Mecra. K HX HHCIY
OTHOCHTCA Dpexae BLero npoﬁnema napaMeTpHYSCKOTO pe3aitanca,
TeopHA ypardenud THna XHANA H TeCPHA pelleHHH THNA MOrpaHHu-
Horo chof. OrpaHyueHHblt OOBEM KHHFH HCKAIOUAA CAMY MBICADL
‘0 BO3MOMHOCTH NPHAATh € IHUMKIOMeLHYECKHiT XapakTep.
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Kak 370 BUOHO H3 NPHBCACHHOTO NePCYUCNCHHA, mpeanaraemas
KHHTa MOCBALEHa AONOMNUTENEHHM PRapaM oOLEKHOBEHHEIX AMdde-
peHUHAJILHEIX YpaBHeHHH. TeM He MeHee B €€ 3araBHM CTOAT CAOBA
«HeTHlieAnan Mexanuka». Jlid 3TOr0 €CTh HeCKGAbKO npuuud, [lep-
Pafd M3 HUX COCTOHT B TOM, uto (OpMadLHO 3lauMTedbHas 4vacTh
H3YYaeMLX BOMPOCOB COBNAAAET ¢ TPALHUHOHHLIM MOHATHEM «HeNM-
HefiHay MeXaHuka». Hanee {u 3ro GojJee BaXKHO), KHHTA paccyd-
TaHda Ha JHL, KUTOPHE MPHAAralwT CBOH YCHAHA B NPHKJAAHOMA
cpepe. IlosToMy Bece n3nQHeHHe BeAETCA Ha A3blKe HeaHEEHHON
MeXalHKH B HAJCTPUPYeTCA MpHMepaMd N3 Mexadukd. M, mako-
Hel, nocaefHee. B kHUre ucnonesyerca «Puanueckiid YpOBEeHbL CTPO-
rocth». [IPHBOAHTCA HAOKA3aTERBCTBO TOABKO HeGOAbLIOTO 4neaa
caMuIX MpocThiXx Teopem, OCHOBHOR BHHMAHHE YAJMAETCH CTPYKTYpe
BHIYHCTHTENBHONO adTOPHTMA. BONpockt CXOAUMOCTH HAH OUENOK
TOAbKO ynomuHatoTes. Ilo kaXIoMy 43 pa3aenoB 3TOH KHUIM HA-
NHCAHO MHOrO MepBOKNACCHHIX WCCMeNoBaHul, coflepmaliux ofi-
CTOATENbHOE H3NOKEHHe TPYLHBIX BONPECOB MaTeMaTHYECKOro xa-
pakrepa. K HuM aBTOP M OTCHITAET YHTATEAA, ¥ KOTOPOIO BO3HHK-
Het Xenanue Gomce raydoKo H3YUHTHL HadaraeMele BOMPOCH.,

OaHako AaHHaA KHHTa 3HAUWTENALHO OTAHYARTCA OT H3BRCTHHIX
KYpPCOB HeduHeHHOH MeXaHHKH. [lpemde BCero oHa COLEPKHT Ue-
Ablf pAL BONPOCOB, OOBIYHO HE BKJKXAeMbIX B KYPChl. ITo BONPOCH
ACHMITOTHKH GONBIIOrG NzpaMerpa, NPHIOHCHHe K BaPHAUHOHHBIM
3aflayaM H HeKOTOpHEe Apyrue. OcHOBHOE e OTAMYME, KAK HAM Ka-
KeTCd, COCTOMT B CAMOM AyXe HaAomeHuda. Astop nsferaer Gob-
WQro YHCAA NPUMEPOB M He TPAaTHT BPEMeHH Ha WX AeTANbHbIA aHa-
Au3. He 3ala4n TeopHH HeAHHEHHBIX KoneGaHMH, a METOAH 9BAAKT-
ca o0BLEeKTOM aHAJH3a,

HacroAulas kHATa D0 3aMbICAY aBTOpa AGMKHA CAYHHTL yuel-
HHIM DPYKOBOACTBOM, KOTOpOe ¢ HeGoJblloH 3aTpaToil BPeMEHH [o-
3BOJAHT BBECTH UMTATEHs B KPYr M3yYaeMHIX BONPOCOE H MOKA3aTh
BO3MOIKEIOCTH H3JATAEMBLX METOI0B.

Hyman 0 dutaTensx, aBTOp NpexKze BCEro HMeT B BHAY CBOHX
caymareneil — cTyleHToB PUIHKO-TEXHRUECKOTO MHCTHTYTa H Clie-
HAJHCTOE AHANCFHYHOrO TPOMHAR, KOTOPHIE 3AHHMAKTCR NpHME-
HEHHEM MaTeMAaTHYeCKKX MeTOAOB B eCcTecTBO3HAHHH, TEXHUKe i
3KOHOMHKE. ABTOD HaJEeTea, UTo NpeanaraeMas KHHra MoieT OuTh
nojesHa HHMeHepaw M OM3HKaM, NOCKOJBKY YHCTO MaTeMarhue-
CKHe BOTpOCH B Hell HaXeOATCH Ha BTOPOM NJIaHe H H3NOMKEeHHe
BnoJHe 3/1€MeHTaPHO.

Aptop MckpenHe Gaaromaped Baagwmupy Maprooudy Bouao-
COBY, BHHMATEJEHO NPOUKTABILIEMY DYKOIHCE H CACMABIIEMY MHOrD
saMevaWnil, KOTOPHE NOSBOMAHAH YCTPAHUTL PAM HETQUHOCTeH i yCo-
BePLISHCTBOBATL HINUKEHHE,



rdrasa f

HEKOTOPHBE BOIPOCHI
BCNOMOTATEJNBHOIO XAPAKTEPA

B sToli rnape. Hocsllell BBOAHMA XapakTep, paccMATPHBAIOTCH
HECKOAbKO NPHMEPOB, HANIOCTPHPYIOMIHY OGOTATCTEO BO3MOMKHBIX
dbopM nBMKEHHA, ONHCHIBAEMEX HENHHEAHBIMH YpaBHEHHAMH H
YpaBHEHHAMYU ¢ TNepeMeHHLIMH Koa(dumuentamu. Herotopute ua
HHX HaM OYAYT CAYKHTb B JaJbHeflEM B KauecTse [PHMEpPOB, lia
KOTOPHIX ME OyfleM AeMOHCTDHpOBaTh 3PEKTHBHOCTE H3YUaeMBIX
METOIOH,

OanoBpeMEHHO Ha 5THX TNpPHMEPaX Mul Wanaraem Mmeton (a-
30BOH ILIOCKOCTH — MeTOA, HMewwHH 6oJblioe NpPHKNAAHOE SHA-
YyeHHe.

B atoff kHure oW Oyaer HMeTh BCNOMOTaTelbHBIH Xapakrep
rAaBHLIM o0pasoM ajsi MOSICHEHWH MO/YYeHHEBIX pPe3yJbTaToR,

Heckoabko npuMepoB H3 TeOPHH AHHefHBIX KoneGaHu# cucteM
¢ nepeMeHHLIMH TlapaMeTpaMu HMeeT cBoell Ledbld MOKa3aTh YHTA-
TeMD, HAYHHAWLIEMY H3YYaTh HpejiMeT, HOBbIE KAueCTBEHHBIE 0CO-
6EHHOCTH JABHMKE€HHA CHCTEM, BOZHMKZMIIHE B Tex caydaax, Korna
€ HapaMeTPbl CTAHOBATCA (YHKUHAMH BpeMeRMU.

TTocneannit maparpady BBOAHOH TNABH CONEDIKHT H3,10MKEHHE
TeopeMut [lyankape o6 aHANHTHYUECKOH 3aBUCHMOCTH PeLUIEHHS OT
napamerpa. 3TOT (PYHAAMEHTAJBHHN Pe3yAbTaT aHaJAUTHIECKOH
Teoput AudpdepeHunaNbHEIX YpaBHeHnlH GYAST MHOTQO pa3 HCMONb-
30BATBCH B KHHTE.

§ 1. Meton $asomoil NJOCKOCTH H HEKOFOPHE CBOHCTBA
HenuHeAHNX KoaeGaHHH

1. Pazoppie TpacKTOpHH. PacCMOTPUM YypaBHeHWe BTOPOro Io-
pAiKa

ox, &, Z5)=0. (L.1)

OBo3HauuM # =y u BHIUHCAHM

dix
drz

&

Y.

=,
IS

!
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Toraa ypasaenue (1.1) MOMHO NPeACTaBHTE B BHAE
. oy
tD(x; v ;ﬁy) =0
HITH
. d
o (x, Y d—i) =0.
O0wui uTerpan 3T0ro ypasHEHHA
¥(xr, y, O)=0 (1.2)

OITHCHIBAET B MIAOCKOCTH (X, ) HEKOTOpPOe OJHONAPaMETPHUECKOe
CEMeACTBO KPHBBIX

y=9(x, C).

Ilaockoerh (x 4) 6yZeM nasWeath $a3oBOH IJOCKOCTBID YpaBie-
aua (f.1), a kpusyw y=o(x, C) — dasosoll TpaekTopuei 3Toro
ypapreHusi. PeiteHne ypapHedns (1.1} — rouka {x{{); y(f)} — Gy-
A€T HasbiBaThCA H3ocOpaxamowed Toukod. Ecam ypashenue (1.1)
X TpaKTCBaTh KaK  ypaBHEHHe,
‘rl 4, ONHCBIBAKOIEe ABHIKEHHWE MaTe-
pHaJBHOA TOYKH, To H3obpa-
KAWHIAA TOYKA ONPEAE]AET B
KaMIbll MOMEHT BpeMedn { no-
JOMelue H CKOpocTL STOf Tou-
Ki. [IpH H3MeHEeHUH ApryMeHTa
{ uzoOpamamwas Touka Oyader
. ABMTATbCA BAGNL $asoBoil Tpa-
p €KTOPHH {pHC, 1),
He. L. T o
aKk Xak B BepxHell 10aynao-
ckoctu dxfdi=i>>0, To usobpa-
HKaOIAs TOUKA B BEPXHEH NMOJYAJNOCKOCTH MEepeMellaercs B CTopo-
HY BO3DACTalOlLHX 3Ha4YeHHH X, a B HKHeR NOAYIAGCKOCTH
{#<0) — B cTOpoHy yGbiBalomHuX 3HaYeHuil x. CAeLoBaTeJbHO, pa-
Auyc-BeKTop usofipaxaionlelt Toukn B caydae azoBoil TDAEKTOPHH,
NOKA34HHOA Ha pHe. 1, B nepsoM KBAAPAHTE BpalulaeTcd WPOTHE
Y3COBOH CTPeAKH, a B UYETBEPTOM -— [0 4acoB80H cTpedke,

Ecoau pprkense, onucuisaemoe ypabrenyem {1.1), nepuomuue-
CKOe, TO COOTBeTCTBYOLLAA emy thasosas TpaekTopua GYAeT 3aMK-
Hytofi. [Tpunasas napamerpy C B Hpopmyre (1.2) Bresosmoxnble
JeRCTBHTEAbHbIE 3HAUSHHH, Mbi IIGAYYHM BCIO COBCKYNHOCTb BO3-
MOXHBIX JIBHIKEIHH, onHcHBaeMuix ypasuennem (1.1)

2. Jluneitnbie cucremun. HanoMHHM Teneph HeKoTOpbe CBOACTBY
JIUHeAHBIX  YpaBHeHHHA sToporo nopaaka. PaccMorpnM  cHauanla
YPaBHEKHE rapMOHHYECKOT0 DCIMIIATOPA

Etwik=0, (1.3)
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Boinuutem aas sero unterpan (1.2), xoropuifi 6yAeM Ha3blBaTh HE-
TerpanoM sHepruu

A2 wix?

5 +—5—=C. {1.4)
3aece C HOCUT Ha3BaHHe NOCTOSHHON 3HePTHH.

Tax xak ypaenenne (1.3) AomyckaeTr rpymnny npeo6pasoBanhil
capura P=I{+Hh, 10 Gea orpaﬂuqeﬂuu OGILHOCTH MO2KHO [PHHSTD,
yto AHGo x(0) =0, aubo £{0) =0*). MosToMy B KauecTBe MOCTONANH-
HOM SHeprud Gy;Ler.q HpHHHMaTL AHOO HayabHOE 3HAYCHHE KHHETH-
yeckofi aHeprun €= T(0)=—x9(0} Anfo HaYaJbHOE 3HAYEHHE MOo-

- 0w2x? {0
TeHnuanbhon sHeprun C =II1(0) =—2(—)
CHTEALHO &, TOJYUHM

. Paapeman (1.4), orHo-

i=+V2C-F(x), (1.4)
riae
F{x)=2 J %% dx = @®x=

PaccMotpnM dasoByld nrockoeTs ypaBHeus (1.3). ®asopbie
TPAEKTOPHH 3TOTO YDaBHEHHS ONpefelsioTCA H3 HHTerpafla 3Hep-
rau. Kax yKe yKasbBanoch, oHM 00pasyioT HEKOTOpoe OAHONAapa-
MeTpiueckoe ceMelicTBO KPABLIX, 3aBHCA-
uHx ot nocroanyoil C. B nnockoetu (F, x)
HauepTHM CHauana kpusyio F=f(x). Tlpo-
BedeM 3ateM npamyio [ =2C, paauocts |
2C — F(x) Oymer pamHa 2 I'Iopﬂmm no- |
CTPOGHHAI 3THX KpHBHX Aced u3 pac, 2. |
Jlerko y6eantoca B TOM, 410 (a3oBbie Tpa- :

|

F=20
2 i

—H
N

-

eKTOPHH HEAHKOM 3aNoJHSIOT NJAOCKOCTD
{x, y=2£) — Kaknod nape 3dauennii x n y
OTBeuaeT eJHHCTBeHHOE 3HAUEHHe MOCTOSH-
HOH 3Heprun C.

Mbt BHAMM, uTo Bee ¢asoBbie TPaekTo-
PHH = 3aMKHYTbIE KpPHBble. 3TO 3HAYMT, Puc. 2.
YTO Bce pelledds ypaphenus (1.3) nepno- '
Anveckue, [TosicHHM ewe pas 310 o6cToATeabeTRO. JIBATAACH BADIL
$asoBoil TpaekTOPHH, H300paKANONLAA TOUKA Yepe3 HEKOTOpoe Bpe-
Ms CIHOB& BEPHETCS B HCXOLHOE COCTOSHHME X=Xy, %= yy. HOCKO.TH:KV
ypaeretue (1.3) He ComepKur BpeMenys, 1O yCI0BHA X = ¥y & L=y
OyAyT MOPOXKAATL TO e ABHKEHHE, KOTOPOE TOJIBKO YTO 3aKOHYH-
nock B 3Tol Touie. Tak xaxk Hsoﬁpa}mmuaﬂ TOUKAa B BepxHel

*) TIocnenree o3navaer, 4to noloe ABHAKEHHe ¢ 3afaHUOR aueprneﬁ <, omn-
cpaemoe ypapnennem (1.3), MomHO NMOAYUHTE W3 HBARASHHOrG BPOCTOH sameuon
t-»t+h, Tae h — RexOlI0pan NocTORNHAR.
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NOAYOAOCKOCTH HABHMeTcR (mpH H3MeHenuH f} B CTOPOHY BO3pa-
CTAICLIMX 3HAYEHHH NEPEeMEHHOre X, a B HUKHel — B ¢Topony yOwl-
BalOWHX X, TC BAOAL (pa3oBofl TpaekTopun W3oOpamamwiiasg TOUKA
OBHKETCS B HanpaBJeHUH, YKa3aHHOM cTpesikofi (cM. pHc. 2).
JIist 1aHHOrO 3HAYeHHA MOCTOAHHOK aveprud € NEACTBHTEMbHBIE

BeTBH KpHBON (L.4) CylecTBYOT TOABKO AJA TEX £, Afld KOTOPHX
F(x)>2C. Touka x=x=0 onpelenfieT NOMAOKEHHE PaBHOBECHH.
B camom jene, mockoabky npu x=0 ycKopeuue ¥=0 TaKXe paBHo
HVJI0, TO TOUKA, HMEKIIAA CKOPOCThb, PABHYIY HYJIO, H 3aHHMAlO-
IWad B HEKOTOpblk MOMeHT Doaoxenuwe x=(0, Oyzer ocraBaTbeA
BCerja B STOM MOJ0MEHHH.

" Touka x=#=0 Gyger ocobolt toukoht ang ypastedus (1.3), no-
CKOMBKY B HEfl He ONpeiedeHo 3HAYeHHE KacaTenbHOR K (a3oBod
TPaeKTOPHY

QcoGan Touka, 8 M0Bofl AOCTATOUHO MANOM OKPECTHOCTH XOTOpOR
BCe ()a30BEE TPAGKTOPHH 3aMKHYTH, Ha3biBAETCH LEHTPOM, CACLO-
BaTenaLHo, touka X=x=0 as-
asiercs ocoGoll  ToYKOH THDA
[1EH TP.

Hz onpexenesns caegyer,
YT) BCErga MOXHO 3afath Ha-
yajabHoe TNOJOHeHHe H300pa-
WMawmed Toukd (He COBRanaw-
mel ¢ OenTpoM) Tak, YToOn B
AwGoit  MoMeHT BpeMeHH 3Ta
ToYKa ocTadach G B 3alaHHOM
OKpecTHOCTH uenTpa. [lostomy
UeHTp ABAAETCA  YCTOHNUHBON
ocoBod TOUKOM.

Ecan B ypasHerEn (1.3) Mu
H3IMEHHM 3l1aK nepef BTOPLIM
YAEHOM, TO 3TC NPHEBEEACT K H3-
MeredHl0 3Haka dyHruna F{x).
dazopas MAOCCKOCTL BAS 3T0rQ
cnywas uzofpamedna Ra pHe. 3.
Mbl BugHM, YTO BCE TPaeKTOpHH OYAYT HE3AMKHYTHIMA, T.e. COOT-
BeTCTBYWOWHE HM ABHKEHHd — anepHoanyeckHe. Touka x=z£==0
Takme Gymer oco6olt Toukod ypasrenus {1.3) u OyieT onpenennth
nosoxerye pasHoeecum. Ocobana TOYKA, B OKPECTHOCTH KOTOPOH
(hazoBbie TpacKTOpHH BeayT cefs nogofHo TOMY, KaK 3TO MOKa3aHo
Ha puc. 3, HazpiBaeTcd ceanoM. Qazosnie TPACKTOPHM, OTBEUAlOUIHE
ananeHnio C=Cj;, TMPOXOAST uepes HavuaAo KoOpAunaT (uepes cel-

AHRSO S
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AoByo Touky). Oud ofpasayior KpHBY!0, HA3LIBAEMYIO Cenaparph-
coll (0T ¢pauuy3CcKOro cjoBa séparer — paszienatsh). Bersd cena-
paTpPHCH OTAeNdrT (a30BHe TPAEKTOPHH, NepeceKalollde ock abc-
uHee, of ofnactd, sansaTod $a3oBbIMH TPASKTOPHAMH, KOTODHIE OCb
afcunce He nepecekawrt. Msofpasalouias rouxa, He Jeauwias Ha
cenapaTpluce K HauallbHOe MOJoKeHHe KOTopoil ¢KOAbL YTOAHO OJH3-
KO K 0coBoH TOuKe THna Ceita, 3a AOCTATOUHO CoABIOH MpOMexy-
TOK BPeMeHH BcerAa Boifier u3 JiGoll OKPeCTHOCTH 3TOH TOYKH.
{losTomy ceffio ABAfeTcA HeycTOH4HBOW ocoboll ToukoH, Mrak, B
3aBHCHMOCTH OT 3HaKa mepel w2x YpaBHEHHe

it aelx=0 (1.5)

UMeeT NHO0 3aMKHYTHie (DasoBbie TPaekTOPHH (MHGpauHOHHBIE WIH
NEPHOAHYECKHE ABHIKEHHA), n00 HeorpainyeHHble (aneproaHde-
CKue).

PasyMeercs, 3TOT pe3yAbTaT MOKHO NMOJYUHTh HENOCPLICTEEIHO,
MOCKOJMbKY pellieEue ypasHeHua (1.5) BoIMuChHIBAETCH B ABHOM BHAE

r=A cos {wf+h)
B CAydae, €GIH MEePei BTOPLIM C1araeMblM CTOMT 3HAK WIIOC, WAH
x=Ceot 4 Coet

B ¢ay4yae sHaka Musyc, OTciopa aaa KoaeGaTeNbHBIX ABHMKEHHH ne-
puod T=2nfw, T. €. OH ONpeAenfieTCa TONbKO MHTEHCHBHOCTBIO BO3-
Bpalllaiolled CHIB o H i 3ABHCHT OT dHePTHH CHCTEMBHL.

Taxkum obpa3oMm, aMAANTYIA — MakKCHUMaJbHOE OTKJAOHEHHE OT
OJI0MEHHA PaBHOBECHA M Nepuoj KodeOahwil B JWAEHHHIX CHCTe-
MaX APyl of Apyra He sapuchr. Kak caeayer n3 (1.4), maxcumaib-
HOe OTK/JAQHEHHe OT NOJOMKEHHA PAaBHOBECHA OINpefe]siercd TOJIbKO
OCTOSHHOE 3Heprun (Npu 3ajaHHOM w). B camoM jese, makcu-
MaJbHOE OTK/IOHeHHe H300paXalollell TOUKH OT NOJAOKEHHA pab-
Hoseckn Gyier npu ¥=0. Ciexoparteabto,

20

Xmax = o

TakuMm ofpasoM, nepuod Kodebanuih T H MakCHMaJabHOE OTKIOHe-
Hue (aMpauTyaa) He cBA3aHb Mex Iy coboi. Takoe cBoficTBo nn-
HeHHBIX KoIeBaTenbHbIX CHCTEM (He3aBHCHMOCTH TMepHola OT 3Hep-
FHH) HA3BIBAETCHA W3OXPOHHOCThID.

HanoMeNM eme 0 xapakrepe BHIHYMXIEHHBIX koseGanuil agHel-
HOro ocaunaaropa. PaccMoTpuM ypasHeHHe

Ftoelx=pcosgl, {1.6)
ofIiee pellicide KOTOPOTO HMEET BAj
x= -6}—29_—0;(:03 of + Acos(wf+ k). (1.6"
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Orciona crenyer, UTo APH 6 = o 431 NI060T0 PHKCHPOBAHKOTO 3HA-
YeHua BpeMedH ! ctauuoHapHoe peuwreHHe (1.6°)} crpemurcs K Gecko-
HEYHOCTH, JT0 3HAYHT, 4TO MpH o= pelleHuf eBuaa (1.6°) ypas-
Herue (1.6) ve gomyckaer. MssecTHo, YTO B 3TOM cayuae pelueHue
ypapHenus {1.6) comepKur clnaraemoe

o B

£ =55 sin at .
H, cAefloBaTeNbHo, OyAeT HEOTPAHHUERHO EQ3pacTath TMpPH f{— oo.

3. dasoBan naockoctb ypasHeHns Mwddunra. Pacemorpam te-

nepb ftpocTefiliee HesMHHeRHoe YpaBHEHHE — TaK Ha3blBaeMoe ypap-

uenne JLiodduura

4 4 -+ 04 uxd=0. (1.7)
JXK—--—-— —14 H3yunm cTpykTypy ero ¢azopoil nao-
1

CKOCTW. VIATErpan sHepruu AfA ypasHe-
HusA (1.7) umeer sHA

!
| t
I g+ 1I=C,

/,,—\l\! rie [I — noTeHuUHaNblas IHEpPrus
[Zapegi M. . P
—

w?x? | pxt
l_l = 2 + T .

CaefoBaTeNibno,

x==xV2(C—-1I)

Takum obpdaomM, hasoBad TpaexkTopHa ypaBHeHHA (1.7} cocTouT mna
RBYX BeTBeH, npHyYeM JAeHCTBHTe/bHblE YYacTKH BeTBell OYAYT cy-
HIeCTBOBATh TOMBKO NS TeX 3HaweHudit x, Ana Koropeix < C. Mycrs
n>0 0 02>0 Oas 31oro cayuad ¢a3oBas IAOCKOCTh H3oOpameHa
Ha puc. 4. 'paduueckoe mocTpoeHHe HAM NOKasblBaeT, U410 Bre da-
30Bbie TDACKTOPHH 3aMKHYTHL, T. €. BCe pelileHHA ypaBHenusa (1.7)
neprolnyeckie. Taxum o6pa3zoMm, dasosaa nnockocts {1.7) 6ymer
HIEHTHYHA (a30BOA IJIOCKOCTA AuHelHoro ocuuansatopa. OmHako,
'KaK MBI YBHAHM HH:XKe, kosueGaHus, onuckiBaeMble ypasHeauem (1.7),
‘004aZalT ORHEM CBOACTBOM, KauyecTBEHHO OTJHYANOUMM STH JBH-
WeHHA OT JAHHeAHbIX KodebaHuil: mepHOA ABHXKeHHRA, n3aobpaikeH-
HbiX Ha PHC. 4, 3aBHCHT OT AMITUTYIH.

" Eecau p<0, To ¢pa3zcBaf NAQCKOCTh TNepecTaer Soiib noXowedl
Ha (Ga30BYK; MACCKOCThL JHHelHoro ocuuanatopa. OHa nsobpakeHa
Ha pHC. 5. Mut BHRHM, YTO MadblM SHEPrHAM CHCTEMB COOTBET-
CTBYIQT NePHOAHYECKHE ABHKEHHA B OKPecTHOCTH MOJOKEHHA pap-
HOBECHS o ABHMEHHE B 3TOM CAydade KauecTBCHHO HANOMHUHAET rap-
MOHHUYECKHE KoaebaHusa. IToro MoxHo OO OMHlaiTh 3apaiee,
NOCKOAbKY AAA MaablX OTKACHEHHH poab caaraeMoroe px® maga.

Puc. 4.
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TIpn yBenH4eHAH HAYaNbHOH 3HEPrhH CHCTEMbl, 3AMKHYTan Kpi-
BaA B (hasoBofi maockocthH Bee Gomplue OyAeT oThudaTses OT 3JI-
annca, CyliecTsyeT KPUTHUECKOe 3HauedHe sHeprum C* raxoe, uTO
anst meboll HauaneHoi sHeprin C>>C* B CHCTEMe, KOTOPAs ORMHCHI-
paercA ypapuerueM (1.7}, He MOTYT CylleCTBOBATb RNEPHOIHYECKHE
ABKIKeHus, 3Hiueune C* HeTPYIAHO BHUYUMCANTE. OHO pPaBHO MaKcH-
mymy I DToT MakcuMyM JAoCTHraetes npu X ==L V;?f H pased

* (T

 4lul
HBIMH: | x] =» 0o npu {— o0. Kak 3TO BHAHO H3 4epTeka, Heorpa-
HHYEHHBIE JIBHKEHHS MOTYT CYLLecT-
BOBATb TaKKe H TPH 3HAYECHHUAX C, g

MeHbIIHX KpUTHUecKoro. B camoM ae- 2‘.,
ae, aaa aoboro C<C* MoXHO yka- —JA S A 4
2aTh Takoe X, 4ro pasnocts C—1TI(x) 7|
|
t

. Ecan C>C*, To ABHiKEHHA CTAHOBATCH HeorpaHHUEH-

Gyaer nonoxureasod. Ho stum agy-
KeHHAM npu  £=0 CcoOTBETCTBYIOT
Gonklide HadaALHBIE OTKNOHEHHH Xp, - ] -
T.e. Noje, HANPAMEHHOCTb KOTOPOrO MW
paBHa  ox — |p|x°, BHITaNKHBaeT ] j '
TO4KY, ©C/AH Ofa HaxOAHTCH JA0CTa-
TOYHO AANSKO OT Hauaja KOOPAHHAT.
3uauyenuioc C=C* cooTBeTCTBYET
¢:asopad TPAEKTOPHA, KOTOpan fABAA- —/\—IA
erca cenapatpucodl. Cenapatpuca, B
GACTHOCTH, OTHendeT 00AaCTs HAuAMb- Puc. 5.
HBIX COCTOAHWH, KOTOPHM COOTBETCT- : :
BYIOT NepHOAKUEcCKHe ABHKEHHR, oT 06AacTH HayadbHHX YCJNOBHH,
KOTOPHIM COOTBETCTBYIOT HEOTPAHKYEHELI® ABHIKeHus.

CenapaTpuca nepecekaetr och OX, TOUKA RepeceueHHA cemapa-
TPUCH ¢ OCbI0 AOCIMCC TAKKe SABMNETCH NONOXKEHHeM PaBHOBECHA
(=0 u £=0). Kax 370 BHOHO H3 YepTexa, 3Ta TOYKA ABINAETCH
CellNOM, T, €. B €& OKPECTHOCTH CHCTEMA, QMHCHIBAEMAA HeAWHeHusM
ypasHehuem (1.7}, Bener cefn, Kak JHHEAHBI OCUHANATOP, ¥ KOTO-
poro H3MeHeH 3HaK BHeLIHel CHABL

PaccMoTpM ewe 0AHO BHAOH3MEHEHHE YDaBHEHHA H}O(I)[p[-{ﬂ{‘a

£ — ¥+ pri==0, (1.8)

rie p>0, 2 ©? 1o-NpekHeMy noNOXHTENbHO. (a30Bad MIOCKOCTB
3TOro YpapHeHHa usofpaxena Ha puc. 6.
Mbl BHAKM, 970 B 3T0M CAyYae §1a30Bad MAOCKOCTh COALPKHT ABa

MONOKEHHA YCTOAUHBOTO PABHOBECHR — 9TO TOYKH O.(—- V—‘L—, 0)
B
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H OQ(V_, ),n OKPeCTHOCTH KOTOPHX (ha30BRle TpaeKTOPYH

HMelT QopMy, OaK3KYI0 K sannncy. Kpose toro, Ha dazosof nio-
CKOCTH eCTb €Lle OZHO TIOJOMEHHE DABHOBECHR, 3T0 Hayago KO-
opaunart. Touka O onpeaeaser HeyCTOHYHBOE TONOMEHHE DaBHOBE-
cus. HeficTautencHo, #3obpaxawlas TOYKA, KOTOPas B HadanbHLIi
MOMEHT HAXOAHTCR CKOAb YrOAHO OJH3KO K HAuady KOOpAHHAT,
¢ TEYCHHEM BPEMEHH YAANHTCA OT Havafda KOODAMHAT HA KOHEUHOe
paccrosnne. [lycrs, Hampumep,
n3ofpaalollas. TOYKA B HAYAJMb-
HLIl MOMEHT HMeeT KOOpPAHHATH
(0, 8). 37a Touka Oynevr ABUraTh-
cA BAWIL $a30Boil TPASKTOPHA,

eC PacCTOAHHE A0 HAYAAA KOOpAH-
HaT §ydeT NMPeBOCKOAHTL B OTA&ML-
Hbi€ OTPE3KH BPEMeHH  UHCIo

20 kak 6bt Mano & HH Oblao.
R
OuesHIII0, YTO TaKoe RBHKOHHE

Heyctoiluneo. @aszopas  TpaekTo-
pHA, KOTOpas TMPOXOHHT Yepes Ha-
a0 KOOPAHHAT HABAAETCH Cemad-
patpacoil. B 3toM cayuae oHa of-
nenqeT oARy oGJaacTb NepHOJHYECKHX ABHXKeHHH oT apyrofl obaactu
JBHAEHHH, TaK¥e NEpPUOLHYECKHX, Tak Kak cuctema (1.8) momy-
CKAeT TOJNRKO MEPHOAHYECKHE JBHAKEHHAA.

4, lNpuvep mepHoanueckoil dasosoli nnocKocTd. B sakmouenie
paccMOTPHM ellle OHH NPHMep

#+sin x=0. (1.9

YpapHeune (1.9) onucwBaeT JABMMEHHE MATEMATHYECKOTO MasiT-
Huka. FlHTerpan sHeprun ypasreuus (1.9) MOXHO 3anHcaTb Tak:

1 o
TE=C—T1,
rne

II=1—cosx.

Qasosasa naockocts ypaBHedus (1.9), nsobpaxennan Ha puc. 7, B
aToM ciyvae 6yfer WMeTk NepHOAHUECKYIO cTpYKTYpY. B okpectdo-
ctax ToueR X;=2x;j (j=0+1, £2, ...) ABHAKeHHR OyAyT NepHOIH-
yeckuMu., Yepes Toukn xp=kn (E= =1, =3, ...} mpoxoaut cena-
paTpHca, KOTopas OTAenfdeT OGAACTH NMepHOAHUECKHX ABHXKEHHA OT
o6JacTell HEOTPAHHUEHHBIX JBHKEHHH.

Ba30B0it MAOCKOCTBIO PACCMOTPEHHOTO THINA GYAET, OUEBHAHO,
ofnagate A0Gan KonefaTeNbHAA CHCTEMA, KOTOpas ONMHCHIBAETCH
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ypaBHEeHHeM BHAA
E+f(x) =0,

roe f(x) — nepuofnyeckas $yHKuNa x nepuoda T u rtakasd, 4to
T
[ :
P=+ [ ax=0.
0

PaceMoTpeHEBIX DPHMEPOR AOCTATOYHO, YTOOHI yOelnThea B OFPOM-
HOM pa3HoOGpaskM BO3MOMNKHLIX THNOB NBHMKEHHil, OMHCHBAEMBIX
HeJHHEeHLIMH YpaBHEHHS MH.

Pue. 7.

Mpumenanune Mb paccMoTpean MeTon $a3zoBOd NNOCKOCTH
Ha NpHMepax AxHefiHoro ypasHeHus u ypasHeHns Hioddmnra. 3tor
MeToJ NPHMEHHM NPH HCCAENOBAHHMM LKPOKCrQ Kinacca AHgpdepeH-
IIHAJBHBIX YPaBHEeHHH BTOPOro MOpAfKa, BKAKYAA YpaBHEHHA C pa3-
PHIBHBIMH NpaBeMH YacTAMM. B caMoM nene, Bce paccyaeHpl
sTor¢ naparpadga Moryr ObiTh NpoBeldeHbl AR YpaBHeHHs

F+f(x)=0

fIpy eAHHCTBEHHOM YCAOBHU CYILECTBOBAHHA HHTErpana

= ff(x)dx.

§ 2. Naaburefimee H3yveHWe ypasHenun Hioddmura

B atoM naparpade MWl MPOIOANKUM H3YYeHHe ypaBHeHns [iod-
Jinnra, 3anuuieM ero B BHAE

Ftatx — pad=0. (2.1)
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B oranuue or wpeabayuleroe naparpaga, rne HayyeHne mpoBoAHIOCH
KAYCCTBEHHBIMH MeTOAAaMH, B 3TOM Naparpade VCTaHOBHM HEKOTO-
DPhle KONWUYECTBEHHbie 34KOROMEpHOCTH. Mul pocmoassyemcs npu
3TOM TeM COCTDSTENRCTEOM, YTO HHTErpad ypasHenns (2.1) MOXKHO
3amucaTh B 3AJHOTHYECKHX PYHKIHAX.

{. Hekotopsie cmefeHHA M3 TeOPHH SJJHNTHYECKHX OCyHRuH,
BrinuweMm HeKOTOpHE BocnoOMOraTenbHble GOPMYAH H3 TEOPHH 34-
AUOTHYECKHX PYHKUHA SIKOOBH.

a) ®yukuna z=sn (u, k) (3AaunTHYecKHH CHHYC) onpepenaerca
TaK: .

2=sn (4, k) =sin ¢(&) =sin am ¢,

rge aMIJAHTYAA (p=2am 4 ONpelelsercs Kak obpallienne JHNTHYE-
CKOTQ HHTErpana

= ag :
v= JYVI —Fsin’E ) (2'2).

3nech B — HHCAO, KOTOPOE HA3HIBAETCA MOAYAEM SAJHUNTHYECKON
(QYHKUAH, sin ¢ ~— nepuoavyeckas QyHKuMA nepuona 2a. Tlpu us-
o

d
MeHEeHHH ¢ Ha 2p BesAduyHHA o H3MeHmeTcs Aa T, = r -—Em
g YT—k2sintt

1 o6paTHO: NpH H3MeHellHH ¥ Ha T, aMNAUTYAa @ H3IMeHReTCA
Ha 2n. CaenoBatenbHo, st {#, k) — nepHoaMyeckan PpyHKIMA ¥ Ne-
puona 7. Bennunna

K= i 3

Ha3bIBAeTCA DOMHLIM JJHNTHYECKUM HHTErpaioM NepBoro poia.
Tak kak

J VI—Esin'g b Vi-#sinrg 7'

T,=4K (£). (2.4)

6) ®yHKuUMA 2=cn (4, R) — 3ANUNTHUECKHA KOCHHYC, OMpefe-
AfeTCs PABEHCTROM

z=¢n{u, R)=cos p=cosaniu.
B) QyHKﬁm JeNbTa aMNAHTYAL
z=dny, E)=Ap=V1-—Fkisin®g=) 1 —k*sinamu.
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SanuUnTHYECKHE CHHYC, KOCHHYC H ReibTd aMIWIHTYAH Ha3HBAIOTCA
ANHATHYECKHMHE QYHKUNAME SIxo0H.
r} Cosse mexay $pyuruuamu Jxobu

sn?u+cn?u=1, dn?u-+k*sn?e=1. (2.5)
A) ®opMysn aufdepeHunpoBain '

d d 2
Esnuacnu-dnu, Ednu —k snucnu,!
d

g enu= —snudnu.

(2.6)

2. Buipaxenne odwero vHterpana ypasvenuwa Nwoddunra. He-
No/ib3yA BbIIHCAHHbBlE (OPMYAbl, NOKameM, d4To oOIIMA HETErpan
ypagueHna (2.1) MOXKHO NpeACTaBHTL B BHAE

x=Csnlo({+h), &l 2.7)

B 510 Boipaxenue BxoaaT ueTmpe noctosnuste C, o, A W k. Oana
H3 MOCTOAHHHX, KOTOPanA BXOAMT B o0ulnft HHTErpad 5YOro ypabHe-
HHA, A0MKHA ObiTL anauTHBROA. B camom zene, ecnu dynkuus x(f)
YILOBASTBOPART YPABHEHHIO, TO, KAKOBO Oul Y GBLIO UKo g, GyHK-
uag x({-+g) 1akxKe apanerca pelleHHeM. B sopaxennn (2.7) an-
AHTHBHYK NMOCTOAHHYK Mb! obo3uauudu Gyksoii . Tpn apyrue no-
CTOAHHDIE OHPE‘,H.EJISIOTCH ABYMA 4YMCTAaMH @ H . 3‘1‘0 3HayyuT, UuTo
OHH JOJMEHEBI ObITh CBA3aRH JABYMA COOTHOUIEHHARMA, CHEﬂOBaTEJ’Ib'
HO, B HX OfipefefeHHN HMeeTcd elile oiHH npoussod. Mtak, B Bbipa-
Kennd (2.7) uMeTCA NUlIb ABE [OCTOAHHLE, KOTOpble MOTYT ObITh
Bbofpadbl O TPOH3BOAY, NPHYEM OJHA H3 HHX ALJAHNTHEHAS NOCTOMH-
naa h.
Brluncnum teneps & u #:

dx
—EE-ECacnrs dn «,

7
%T': = — Co?{snudn®u + k¥snucn?u).
Henoansys (2.5), npeobpasyeM MoAyYeHHOe BHpPAKeHHE K BHLY

%= — Co?[{1 ~k?sn?u)snu+ k*{l —sn?u)snu]=

= — Co?(1 + k%) snu+4 2Cao%2sn 4.
Haxoneu, BCHOMMHAS, uTO
Csnu=x,
HOJYYHM OKOHYATENBHO

2L K =0, 2.8)

-fgf—;i+02(1+k2)x—
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Conocrasaas s1o ypabBHeHHe ¢ ypaBHeHueMm (2.1), Mbl BHAHM, UTO
Ero pellleHHe MOXHO UpeACTABHTh B dopMe (2.7), ecad mapaMerpsl
G, € ¥ k NOAYMHHTE IBYM YCHOBHAM

0% (1 + &%) = a?, (2.9
._22?“ =n. (2.10)

Taxum obpasoM, Mbl Nokasanu, Y1o OOWME HATErpan ypasHe-
una (2.1) umeer dopmy (2.7), ecau Tonbko napamerpul C, ¢ H
VAOBALTBOPRIOT COOTHOWeHHAM (2.9) u (2.10).

[TocToAHHan A 3aHUMaeT ocoloe MECTO CPefii MPON3BOJEHBIX TO-
CTOAHHBIX. B camom fede, NpeanonoxuM, YTO Mbl HAIWIH HEKOTOPOR
uacTHOe pellenne ypapHenus (2.1}, sabucAllee o1 OALOH NPoH3-
BOJIBHOH MOCTOSHHOR

x=X(C, 1);
TOTAA MBI CPA3Yy MOXeM BHINUCATH ofiliee pellleHHe 3TOTG Ypas-
HEHHRA
xiX(C, t-i—h).

Takum ofipasoM, B clyuae CHCTEM, TapaMeTphl KOTOPHX He 3aBHCAT
OT BpeMeH#, Ham AOCTATOYHO H3YUHTh TOABKO HEKOTOPHA onHonapa-
MeTpHYecKHH Kaace vacTHblX peutenuii. [Tonesysce aTuM obcTos-
TENBCTBOM, PACCMOTPHM pelieHHe ypabHenHa (2.1) Buia

x=Csn(ast, k). -

Mo ananorHy ¢ JuHeRHBIMK cHcTeMaMi dHcAa C W ¢ Oydem Hasw-
BaTh XaMIIHTYA0E» H «dacToToi», Tax Kax of=u, 10 Apu =0,
=0 un, c1egoBaTEAbHO,

x{0)y =0,

O6osnaunum {0)=A, roe A — nponspoabHoe umcro. M tak xax

en(0) =dn(0) =1,
TO NOJIYIHM
#(0) =A=0C. (2.11)

Coortaowenre (2.11) ycTaHaBAuBaeT 3aBHCHMOCTb <aMNAUTYAb €
H «4acTOTHI® ¢ OT HauadbRoH SHeprun T = £§/2. CootHowseHns (2.9),

(2.10) u (2.Fl) noszsonsioT onpenenutTh napaMmerpw o, £ n C.

3. dopmyaa nna nepuonad. dna 10ro 4yToObl HArAdgHee npeacra-
BHTb (PH3HYECKHT CMBICT H3YYAeMOro RBACHHA H DOIb PAa3JHYHbIK
napaMertpos, yaobno nepefitn k GeapasMepuum nepemenubim, Uaa
3TOTG Had0 NpeXide Bcero BHGPaTh ONPRAENAICHIEE MacUITAGHL
B kauecTBe TAKHX BE&THYHH MUKHO BblﬁpaTb, HaflpuMen, Hal{aJley‘lO
SHEPrHIC W OTKAOHEHHe OT noaoxkenus pasHoBecusn. Torna pecn
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npouece GyiaeT oNpefeNATLCA TOJNLKC XaPaKTEPHCTHKAMM CHIICBOIO
mosd, T. e 4HeAAMH o H p. OxHaxo Taxol BeIGop MacwiTaboB He-
yAoGeH, Tak KaK, BaDBHPYA AapaMeTphl » U i, Mbi OY1eM Bce BpeMd
nofy4ath pasJuuHbie (hasosble NAocKocTH. [103TOMY B KauecTse on-
pefesolux MaciiTafos yaobHee BLIOpATL CaMn BEIHYHHB @ H H.
[Mycte 6espasmepioe oTkIOHeHHe § H Ge3pasMepHOe BpeMmd T onpe-
Jdeanercs paBeHCTBaMH

_.o T
=yes !

B 3THX nepeMmedHux ypasHeHue (2.1) 6yaer HMeTb BUA

{+E—8B=0 (2.12)
VpaeHenust Ana onpefeieHns ¢, 2 # C 6yayT Tenepb TakKHMH:
' o2 (1 + k3 =1, (2.13)
2 ¥ 1, (2.14)
oC =1, (2.15)
rae 1=1Vl_"-. OTCIOAa BMAHCG, YTO XapaxTep Opouecca onpeie-

w?
JAfercd TOABKO OAHOH GezpasMepHOH BeidHuHHOR — OespasMepHOl
sHeprueci 2. [Haiixem 3apucHMoCcTh nepuoia koaebauufi T orT 37Ol
Beqnuuiib, Moayas annanTaveckod GYHRIHANE £ TakiKe onpelensaeTcs
TOABKO udcaoM /. CHauana Haligem aty csask. Mz (2.14) n (2.15)

HaxXCIHM
o)

20t *

P=
[MofcTapass 3ro 3HadeHne k B (2.13), Haxoanm
I?
¢'—o’+ =0,
OTKYZRA
o 1xVT=3EF
0 = ———
2
B 3ToM BHIpaXieHHH CaefyeT RHIOMPATE QNpeAefeHHEIM 00pazoM
sHaK mepel xopueM. DBruibupaem 3vak +, noCkodbkyY npu [ —0

(r. e. #{0) =0 wau p—0, HAH @ — o) 3alava JoJXKHa mepexo-
AUTb B AHHEANYIO *}, T. e.

limea {f)=1.
0

‘) HCITO-‘IIJBYFI NCPHORAHYHGCTE SAVIHNTHICCHKHA (]JYIIKLT,iIf[, NeTpyano NORA3aTh,
UTo pelledHe, KOTOpOE COOTBETCTBYET TOMY CNydai0, KOria nepesj KopHeM B3AT
JilaK — {MI‘IH)’C), ROIYIAETCA HI HCCneayeMOoro CHBHTOM HA [EPHOI Ta.
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IMogcTaBnad ato 3HayeHHe ¢ B Bbipa)KeHHe AAA k2, CKOHYATENLHO
noayqaem
42 a8k
.
(+¥T—2rp

Tenepp Mbl MOMeM ONPeeAATh 3aBHCHMOCTE IEPHOLA OT HadalbHOM
3Heprun. Ha ocHoBaHHH l:bOpM)’JIbI (2.3) noayunm

(2.!6)

dg
_.4.[ ]/1 = . (2.17)
(+Vi—2m 212)
Hs dopmyar (2.17) serko HaHTH mepHod no ppemedu 7y, Tak Kak

R HallleM cAyvae u=of, T. e Ti=——Tu:

T,=

S :
V1+V1H2;2 ]/1_ 21 sin?g

a+vi—aey

®opmyna (2.18) copepKHT ocnoBHOH pesyanTar AAHHOrO napa-
rpadha — oHa B FBHOM BHAE JaeT 3aBUCHMOCTbL NMepuofa xoacGanuil

OT HaYaJbHOH sHepruyu £, 1. e. maer Ko-
T JHYSCTBEHHOE BLIPAMEHHE OAHOMY U3
OCHOBHBIX CBOACTE HesuuefiHeX Koaefa-
HHil — eroc HeM30XPOHHOCTH.  3aBHCH-
MocTe 7¢({) mpumepena Ha puc. 8. [lpn
u=0 ™Mb HMeeM JWHelHYI0 3alauy H
GespasMepHbiii NepHoA konebaruil pa-
sed 2. Takum o6pasowm,

lim T =2n.

>0

44

Puc. 8, TMpn [~ 1/} 2 nepuon T, cTpemites x
GeckoHeuHocTH. MasaTHHK, KOTOpPHI Onn-
CHIBAETCA YPaBHEHHEM (2 12}, ofinagaer TeM CBOMCTBOM, 4TO IpH
HEROTOPOM 3HAYEHHH Haqanbuoﬁ SHEPTHH OBHMKEHHE asoﬁpamam-
e TOUKH B ¢pasoBOH MJOCKOCTH NPOHCXCAMT Mo CenapaTpuce.
Kak ©6biio noxkaszano B npelsinymenm naparpade, 3TO KpHTH-
4eCKOe 3HayeHHe 3JHEPrHH LOCTHracTed AaA vpabHenun (1.7) npu
x==o/Yu u pasHo ©'/4|p|. B nawem caysae o=1, p= —1 4
KpHTHYeCcKoe 3Hadenue sneprum C={%{2. Orciona {= l{]/ﬁ Taxkum
oﬁpaaom, OOOYTHC MB YCTAHOBHJIH, HWTO ABHENHE NO CEOapaTpHCe,
eC/IH ero paccMaTpHBATb Kak Kodefatenbnoe, umeeT GecKOHEUNBIH
MepHoA,
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B npeantayulem naparpade kKadecTBeHHBIMH MeTOAaMH MB YOTa-
HOBHAH, YTC ypasHeHue [TiodduHra, T0MUMO NePHOIUIECKHX pelile-
HRH, AONYCKAET TaKMme pelierHs anepHoANMecKie. XapakTep Koae-
G6aHnf onpereaneTcd TOALKO HaYadbHOH sHeprucil, Ecim Havaabran
sHeprua Mednlic C* 1O npouece, OMHCHBaeMBIi yYpaBHeilteM, HOCHT
KoAefaTebHHIl XapakTep, B NPOTHBHOM cayuae — aneproiudeckuil.
Taknm ofipazom, ye XaveCTBEHHOE PacCMOTREHRE MOZBOJHIO HAM
YCTAHOBHTD OTCYTCTBHE H3OXPOHHOCTH KoneSaTennHoro nponecca,
onHcoiBaeMoro ypasrestneM Hwoddunra, Teneps Ml ycTaHOBHAN Xa-
pakTep 5TON 3aKOHOMEPHOCTH H AC KOHNA PeliHAM Bonpoc of 3TOM
BAXHOM CBOHCTBe HENHHeHEBIX KodteOaHMiH, ONMCHIBAEMBIX YpapBHe-
HueM Hwodidunra.

Mbt BEAMM, uTO CYLMECTBYIOT TaKHe HesHHeRHe CHCTEMB, ¥ KO-
TOPBIX XapaKkTep ABHMKEHHA odeHb HAROMHHAET TAPMOHHYECKHE KO-
neGauua. UfHaKo 3TH KoneGaHKA 0Ka3anHch HEH30XPOHKBIMEI C H3-
MeHeHHeM AMNAHTYRBE H3IMEHHAach H 4acTota. Mul ofHapyKuiu
TaKkKe, YTC CYIIeCTBYIOT AOBHMEHHA W KayeCcTBEHHO HenoxoXHe Ha
JNHHeAHBIe KoaeGauua, .

CymecTByeT H ellle uenbfi psj 9piennil, B KOTOPHX NPOSIBARETCA
KaueCcTBeHHOR pPazfiHyne MuHeflHbIX H HennHe#HHX KoaeGaawil. Ha-
npxmep, NoBeletHe npu pesonance. laxe camo mouaTHe pezoHanca
B HEMHHeHHBIX CHCTEMax, CTPOTO TOBOPA, He WMeeT cmbicaa. B ca-
MOM Iefe, B JAHHEHHBX CHCTEMaxX Pe30HAHCOM HA3HIBAIOT ABJEHHSA,
BO3HHKAWOUMe B inneAHOA cHcTeMe NOA AeficTBHEM BHellikedl nepHo-
RAYECKeA CHABLl, YacToTa KOoTopoH CoBRafaeT ¢ 4acToTol cBOBOMHBIX
KonefaHHA cHCTeMbl, B yeaoBHAX pedoHaHca aMnauTyAa Koaebaunil
JIMIeRtON CHCTeMB HENPepBIBHO BoapacTaeT. TakuM o6paszoM, BHedI-
HAn BosGyHAaKCIiaf CHAA B 3THX YCIOBHAX HENPEPBIBHO BIEOCHT
3HEpruio B AuHefinyir chereMy, B HenwuHelikodt cucTeme © Hamede-
HHeM JMRAUTVAB HEeMEeAAEHHO HIMEHseTCR 4acToTa CcOGCTBEeHHbIX
konebanuii. CreloBaTenbHO, «Pe3OHAHCHAA» CHTYALHA, €CJH OHa
MMeNa MecTO, HeMeLJeHHC Da3pyWIHTCs. IDTH pPAaCcCyACHHS Hapo-
OAT Ha Mbic/b O TOM, YTO MOFYT CYLIECTBOBATL HenlHe{lHble CH-
¢cTeMbi, ¥ KOTOPBHIX ARA JIO6LIX YACTOT BOIMYLUIAOIMHX BO3AHCTBHI
MOIYT CYULCCTROBATh YCTAHOBUBIUAECA KOAeOATENbIbE DEKUMB KO-
HEYIIDH aMTAHTYZb. YKe B caegyiolleil riaBe Mbl yfelumca B
COpaBeAdHBOCTH N0100HOrO NPOrHO3a H H3YYHM METOAB, NO3E0IAK-
lHEe ONpPEje/HTh PE3CHAHCHBIE PEeXHMBbI B HEAHHeiHEIX cHMcTeMaXx.

§ 3. Mpumepsl KoaeGaHHA CHCTEM C MepEMEHHBIMH NAPAMETPaAMHK

I. Npexpaputenntsle 3amMedanna. PacCMOTPHM Teleph HEeCKOAb-
KO TPHMEPCeB KoyebaHuil cueTeM, HapaMeTpPEl KOTOPBIX MEHSITCA ¢O
BpemeneM. Mol GyneM paccMaTpHBaTh TONBKO HPOCTERWMEA cAyusil
koncGarnil cheTeMil OANOH CTeNeHA ¢BOGOAB), KOTOPblE OMHCHEBAIOTCH
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MHHEAHEIM YpaBHeHHeM BHAA
+f({)x=0, (3.1

rae f({) — HekoTopasi sajflaHHas (YHKUH® BpeMeHH. MoxHO roBo-
pUTh, TG ypaBHeHHe (3.1) onHcwBaeT Madbie KoaeOaHNA NPYHHH-
HOTO Maamu}ca WECTHOCTE KOTOPOTD H3AMEHASTCA <O BpEMeHeM,

Ilyers f(if) 0 ang awboro {2>0; Toraa, paccyKaad no aHaao-
ruy ¢ NHAeHHBIMK KOAeSAHHAME, MOMHO OblJ10 OBl BBECTH NOHATHE
MIHOBEHHOH “acToTb

o) =VF) (3.2)

W YrBeDKAaTh, UTo KofeGaHHs HAlUeFo MadATHHKA NPeACTaBATIOT CO-
Goll B KaXABA MOMEHT BPeMEHH TapMoHHUeCKHe KONeGaHHnA H Npo-
HCROASIT ¢ MriosenHofi yactoroit (3.2). Takoro Thma paccysxnenna
HHOMZA BCTPEUANOTCA APU pelleHHH HHXKeHepHbX 3aiau. MoxHo
YKasarth ueanli pajg sajnay, Korja Takol YIPOWEHHHA 0OAXO0[,
HMEHYEMBIi MHOTAa NPHHUUMNOM 3aMOpa)KHBaHud Ko3PPHUHEHTOE,
LaeT pe3ynbTaTbl, TOYHOCTBE KOTOPLIX BMGJAHEe YIOBJACTBOPHTENBEA
C npaxTHyeckoit Touku 3penus. Unnako B ofuieM cayvae CYIHTh
0 CBOHCTRAX CHCTEMB ¢ MepeMeHHKIMH NapaMeTPaMH RO CBOACTBaM
CHCTEMBl € 3dMOPOMEHHEIMH KO3(pPHUHEHTaMH Heab3d, JT0 MOMKET
NPHBECTH He TONbKO K KOJMUECTBEHHBIM, HO H K rpyGbiM KauecTBeH-
HBIM CIIHEKAM.

2. Cayyal, Koria BO3BPAMAIOMIAA CUNA CTPEMHTCA K HYJIO,
PaccMoTpiM madTHHK, KOJeGaOLIAACA noA AelicTBHEM BO3Bpallaio-
mefl cHAbl, ofipaTHO NpoNOpnHCHAJABHOH KBaApaTY BpeMeHH

i+ =0 (3.3)

Loy

PaanicknBas pellenMe B 8ule x={" 1 MOACTABAAR 3TO BLHIPAMKEHHE
B {3.3), moayuaeM XapaKTePUCTHUECKOE YPABHEHHE

I
=35 V3.

Tarkum cobpasom, NHHEAlI0 He3aBHCHMbIE PELIeHHA YpaBHeHHA (3.3)
HMEKT BHJ,

OTKYAA

x,=C,exp {lnf[-;—-i-%l"'g]}»,
XQ"‘—"CgeXp{lﬂ t[%——é-ﬁ}}
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HAH, NEPEX0A K JeACTBHTENBHBIM BEMHIMHAM, HOJYUYHM
* V3
L=AVi cos(—-2 lnt)s

— (3.4)
x;=A, Vi sin (]’2—3- In f),

rae A;, A3 u C;, C; — npoRIBOABHLIE MOCTOSIHHBIE,

TakuM obpaszom, KojebaTenbHed NpoNeCE, ONHCHBAeMbI ypap-
HenaeM {(3.3), MOXHO DpPeAcTABHTH KAK CYDEpPHOSHUHID IBYX KOJe-
faTeAbHHIX MpPOLECCOB, onpeaease-
mMbBIx dopmyaamu (3.4). Xapaxrep Vi —
KoaeGaTeNbHOrG  NMpouecca, KOTOPHIH -
OMNCHBAeTCA YpaBHeHHeM (3.3), H30- o -~
GpaxeH Ha puc. 9. -

3ToT DmpuUMep HATASAHO NOKA3b- !
BAET, HACKOJILKO AAJICKO OT WCTHNB - "7
Hac MOMXET YBEeCTH pacCyXIeHHe «no ¢
2HAAOTHH" ¢ CHCTEMaMiH, HMelOWHMH g
OCTOAHHLIE napameTphl». HecMorps ™~
na TO, M4TO Boanpamammaﬂ CHJa ——
MafgTHHKaA BCerja OoTpHOATeNbHA, T. €.
BCErfla HanpaBJeHA NPOTHB OTKIOHE- Puc. 9.
HHA X B CTOPOHY HONOMEHHA PAaBHO-
BecHA, aMIAHTYAa konebauumii MasTHHKA (BeNMYHHA, TPONOPLHO-
HaabHan}y { ) HeorpaHnueHHo BOZpacTaer.

Ecns Mbl BBeleM MOHATHE MPHOBEHHOH 4aCcTOTHE

V3 Int
T

(3.5)

TO YBHIOHM, YTO HacTOTa & € TCUeHHEM BpeMeHH YMEHbIAeTcs H
CTPEMUTCA K HYNno0 npu {— oo, a aMIUIHTYLa HEOrpaHHueHHO YBe-
JIHYUBaeTeA.

3. KoaeGaHHA ¢ DHMCCHNATHEHLIMM CHJaMH. [IpermojiomnM Te-
nepb, 4TO Ha MaATHHK (3.3) AeficTBYyeT IHCCHNATHBHaf CHAa, Npo-
nopunoHanbHaa 1/f. YpaeHeHue, ONHCHBAWIUCE ABHKEHHE ManT-
HHK2 Oyaet Tellepb TAKHM:

i+dt+d=0. (3.6)

PasticknBan ero peurenne cHOBa B BuAe x={*, HaiineM, 9ro A yao0-
BAETBODHET CACAVIOWEMY YPaBHEHHIO: '

A+ 1=0,
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Takum o6pa3zom, oflllee pelleHue ypasHeHnA (3.6) MoXKHO nped-
CTaBHTb B BHe
x=A,coslni4+Asinlint. (3.7

XapakTep K0Je6aTENAbHOTO NMPOLECCA ANA 3TOrO CAy4ad HzoOpaXed
ta puc. 10. Mul BunuM, 9TO, HECMOTPA Ha AEHCTBHE OHCCHMATHBHHIX
cudt, KoneGaHne MaATHHKA NPOHCXONHT € MOCTOSAHHON aMOAHTYIOH,
a He 3aTyXaer, Kak Ooiic 6B B TOM cfiyyae, eciy OH napaMeTpH
CUCTeMBl bl O NOCTOAHAbLE. «MrHoBeHNnas» 4YacToTa KOneGAHHH
(3.7), TOYHO TAK e KIK H B NPEelbLEyUleM cCaydae, CTPeMHTICH

K HYJK0 BpH HeorPaHUYEKHOM BO3pacra-

& HHH BpeMeHm.
MOXKHO NpUBECTH TNpHMepH CHCTEM,
' / xonefaTefbHoe ABHKEHHE KOTODPBIX Mpo-
| _ ~ HCXOIOHT 1MOpHd HAJNHYHH JHCCHIATHBHBIX
£ | £ cul ¥ TeM He MeHee aMNAHTYAa KoneBa-

' HHil HeOTpAHHUYEHHO pacTeT €O BpeMe-
|_ — —. N/ Hem. K uncay TakMX mpumepor OTHOCAT-

ca KoaeOaHaA HeynpaeaseMoil omepel-
HOH pakerbl, ABHXRYlleficA BEPTHKAJNBHO
BEEPX € NOCTOAHHON cxopocrnio. Hanw-
YHe OMepeHHA C¢O3kaeT BO3BPAILAIOLLHI
aspoauHaMHyeckyi momedT. TakuM obpa3oM, Takad pakera, Kak
roBOpAT B AHHAMHKe MONETA, HMEeT 3aMac CTaTUuecKod ycToiun-
BOCTH. KPOME BOCCTAHARJIHBAIOINEIO a5POAHHAMHYECKOIO MOMEHTA,
Ha paxeTy AEHCTBYeT NeMNPHPYIOUHHA as3pOAHHAMHYECKHHE MOMEHT.
HecmoTpa Ha »TH 00CTOATE/bCTBA, ABUKEHHE TAKOH paKeTH He-
YCTOAUHBO: aMOAHTYAa KoAe§aHHi HEeOrpaHH4YeHHO BO3PACTAET CO
ppeMedeM. [IpHadHAa COCTOMT B TOM, YTO € YBeAHYeHHEM BHICOTH
HOJieTa MJIOTHOCTh BO3AYXA ¢ PKCNOHEHILHAJABHO yﬁbIBaeT, a ¢cneno-
BATE/NLHO, HEOTPAHHUEHHO yOLIBAT W 062 MOMEHT3 A3poAHHAMHUe-
ckux cHa. Pasymeerca, B noaoGHOR 3amade Merol <3aMOpaKuBsa-
HHAg» KO3pPHuHeHTOB HHKAKOH NOMe3HOR WHGOPMBLHH O noBede-
IIHH PAKeTH HaTh Ie MOMeT.

B cneayiouwem naparpadé Mnl npUBeldeM HEKOTOPBlE YCAOBHY,
KOTOPBE HAJRO HAJNOKHTh HA NMapaMeTphl CHCTEMBI, J0CTATOUHbBlE AaA
TOro, 4ToOH AMMMHTYAA KoaedaHMA MaATHHKa, napamMeTIpbl KoOTO-
poro H3MEHAITCA CO BpeMeHeM, OblNH OrpaHHYelnl BO BCE MOMEHTH!
BpeMEeHH. '

4. Cayuwal, Korla BO3BPAMAIOMIAS CHAA ofpaHMyeHa. Mn pac-
cMOTpend KoaeGaHHA MAfATHHKA, ¥ KOTOPOro BO3BPalLAlOWan CHAY
¢ TeUeHHEM BPEMEHH CTPEMHTCA K HYAM, B YCTaHOBRJH, 4TO 3T0 00-
CTOATENbCTBO MOMET CAYMHTh MPHUKHON HEYCTOHUHMBOCTH (Heolpa-
HHYEHHOTO BO3pACTaHus aMAANTYAH ). OIHAKO HeoTDAHHIEHHOe BO3-
pacTatde aMIAHTYAL MOKET HMeTh MECTO W AJA KOAeOGAHHA Takorg

Pue, 10.
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MaATHHKA, ¥ KOTOPOTrO HHTEHCHBHOCTH BO3BPAllaloliel CHABI orpa-
HHYEHA CHH3Y AJA JK60ro MOMEHTa BpeMeHH.
PaccMOTPHM NpHMED ManTHHKA, KodaeGaHHe KOTOPOrc OIHCH-

BaeTCH YPaBHEHHEM
E+ (14¢(1)2=0. (3.8)

[TocTaBHM Bonpoc o TOM, KaKkie YCIOBHA HANO HANOMUTh HA (PYHK-
uuio @(?), uToOH pelilenrne ypaBHedda (3.8) ObINO OrpanHuEHO.
Kaxerca, 410 A% 3TOre AOCTaTO4HO, Hanpumep, noipeGopathk,

qreln
limg(f)=0. (3.9)
130

Oanaxo 3To mpelnookeunde HepepHo. DBogee Toro, ecin oanospe-
MEHHO ¢ yoroBHeM (3.9) BHINOAHEHO elle YC/OBHE

E
lim %}= 0 (k1) {3.10)

TO M 3TO He ABAAeTCA rapa:-rmei& OFpaHHIeHHOCTH pelleHHs ypaBHe-
una (3.8).
[Tpeanonoxum, uto @(f) HMeeT BHI

¢=3gsin!{ — g cos!— gcos?t, {3.11)

rie g () — npouseoibHas ¢yukuus. Herpyano ybenutbcs npaMbiM
BBIYHCJASHHEM, 4TO QYHKIHS

‘ :
X =exp l _1. g(-:)cosrd-:}cost (3.12})
L]

ABAfeTcA pelicHHeM ypaBHeHus (3.8), ecan ¢ mmeer BHa (3.11).
Koaebarteacibifl npouecc (3.12) MoXHO 3anHCaTh B BHAE

x=A(l) cos
rae

3
A=exp j. g (t)cos vdr.
6

Benpunny A(f) GyneM HassIBaTh aMILIATYAOH.
[TpumMeM renepsb, 410

cos it
glty=——.

Torna aMnauTyia aMeer BAL
t

A=exp J cof': = dv, (3.13)
-0
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Ho penuunHa nHTerpasa B BhipakeHuu (3.13) HeorpauHueuHo pa-
CTET BMECTE ¢ BEPXHHM NPesesiom.

MpuMewanne 3aMeTHM, 4TO B PACCMOTPEHHOM MPHMEpE HE
TOABKO caMa QyHKUMA ¢ — 0 npH f — oo, HO H Mw0GaA ee ApOHI-
BOJHAA CTPEMUTCH K HYNIO MPH HEOTPAHUYEHHOM BOSPAcTaHHM Bpe-
MEHH.

MoHo npupectd eule neawiM paf noaoGHbix npuMepos. Oco-
GeHHO HATepeced MPHMEP MATEMaTHUYCCKOTO MaATHHKA, Y KOTOPOro
TOUKA noaseca konebiercd MO NepROAUUECKOMY 3aKkoHY. [lBuiKeHue
3TOTO MasiTHHKA OMHCHIBAETCH YDABHEHHEM

4+ {o*+ecos pilx=0, (3.14)

roe w=const, p— uacrora, a &— aMOJAHTYRa kKoaeGaHull TOUKH
noaABeca MaATHHKA.

Ypasunenue (3.14) unaselraerca ypaenenuem Matpe. Erc teopun
BHAUHTEALHO CROXKHEE TeopuH Tex YpasHeswil, Kotopble Sblad pac-
CMOTPEHBl B 3TOM nNaparpage. 31eck Mbl He MOMKEM pacCMOTPETb
ypasHeHue MaTbe H 3a BceMM MOAPOBHOCTAMH OTCBIIAEM UHTaTead
K TeéM PYKOBOACTBAM, rIe HAIOKEHA Teopus 3TOTC ypaBuedns ¥).
3iech MHl YKa)KeM TOAbKO HA OJIHO H3 3aMedaTeNbHBIX CBOfCTE KO-
JgeGanui 3T0T0 MaATHHKA.

Hpu onpefeJeHAbX COOTHOWEHHAX MEMIY BEIAHYHHAMH €, P H W
Kontebanua masatHuka (3.14) ycroBuuebl. OHH NPOHCXOAAT ¢ orpa-
HHUEHHROH aMMIUTYIol, OAnaKo NpH PUKCHPOBAHHOM o CYLIECTBYer
cyeTHOe 4YHcno obnacrell B mAocKkocTH (g, p), KaXiaaa TouKa KOTO-
poiX ofApefiefAeT Takoe COOTHOIMEHHE TNAapaMeTpOB MasTHHKA, npH
KOTOPOM ero KoneGaHHA HEYCTOHUMBLL, T, €. NPOHCXOAAT ¢ HeOrpa-
HHYEHHO BO3pacTaollell aMITATYAOM,

§ 4. O HEeKOTOPHIX NOCTATOYHBIX YCHOBHRX
OrPAHHIEHHOCTH KoMeGanHil

1. Kpurepnii ycroiiYHBOCTH AJNS Clyyasd, KOTAA BO3BPAIAIOM AN
CHJIa H3MEHACTCA MOHOTOHHMO. B npezsigyillem naparpade mur pac-
CMOTPENTH ABA NpHMepa HEYCTOHYHBHX KoaMebaHuil MaATHuKOB. [1po-
GneMa YCTOMYHBOCTH KoJebaTenbHHX ARHWKEHHH CHCTeM ¢ nepe-
MEHHLIMW NapaMeTpaMH B o0IeM c¢iyyae o4edHb cjaoMHa. o cux
MOp He CYUIeCTRYET YCJAOBHH, KOTOPHM 10JXKHL YIACBICTBOPATE KO-
adpdbunEenTH ypaBHeld ~— Heo6xo uMble B AOCTATOUHBle AlA YCTO#-
UHBOCTH ero HyfeBoro pewenys, Pesynbrare, koropble 3jece cy-
iLLeCTBYIOT, OTHOCATCA TOJABKO K HEKOTODHM CMEIHANBHLBIM KJI1accaM
ypaBHeHHH, Mb npueefeM ABa [IPOCTHIX KPHTEPHA, COOTBETCTBYIO-

*} Cm., nanpumep, flk. Cr1okep, Heawneliuble 0Ae6aHHA B8 MEXAHKUYECKHX
4 3NEKTPHYCCKNX cucTemax, HJI, Mockpa, 1962,
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KX 0fOHM THNAM ypaBHeHuil, paccMOTpPeHHEIM B NpeAbAYlIeM ma-
parpade. Ouy ABJAAOTCA TOALKO AOCTATOYHBIMH KpuTepusiMu. He-
CMOTPA HAa 3TO, OHH TNPEACTABASITCH NOJAE3HBIMH € TPHKAANHOHA
TOYKH 3peHAA.

PaccMoTpuM masTHHK, onuckBaeMbulll ypasHelinem

E+g (i +oet(t)x=0, 4.1

H NPeANONOKNM, 4T0 GYHKUMA ©(/) MONOXKHTENbHAA H MOHOTOHHO
H3MEHAINAACA.

B ypaeueanu (4.1) coenaem 3aMeHy He3aBHCHMOI® NEPEMEHHOTY

r .
v [ o (5)ds. 4.9
a
Tlocae samennl (4.2) ypasrenne {4.1) npusmer BHA
dix 1 dao g\ dx _
=y (KF E)-‘-E+x—0. (4.3)

OGozuavyuM uepes
2
£- (@) + ]

sHepruie KoneGaTeNbHOTO ABHXKEHHS MaATHHKA (4.3} A BHIUHCAUM
ee NPOH3BOAHYIO B CHAY ypasHeHHAa (4.3)

dE __ dx d% de _ _(dx\?[de 1 '
m o ma TP s (dt) = +e)e (44

Ha pasencrea {4.4) BuaHo, 4To IAR Toro, 4ToOB BeMHYHHA £ He
BG3pacrana, Aocratouto, 4toGbl KBagpaTHad ckoOka B Bbipame-
HuH (4.4) Gbiia He OoTpKUATEAbHA, HAK

dInm g
— t o =0 (4.5)

Ecan BennwunHa E octaercs orpaduuesuof, To M KaKEaA U3 Befu-
und dxfdt m |x| ocTaercs OrpaHHyeHHOH TNpH t=»oco. Tax Kak
T — MOHOTOHHaA (PYHKUMA f, TO 3T0 YTBEpHKAEHHE COXpaHfeT CHAY
H OTHOCHTEJBHO nepeMenton £, '

Hrak, BO3BpALLAACL K TepeMeHHOMY /, Mbl MOXeM chopMyaH-
POBaTh CALAYIOILYI0 TEODEMY. ,

Teopewma. Han oepanuuennccry pewenud ypaswesun (4.1)
ocTatoqro, «robol 0as awboco MOMeHTa spemel KoIpPuyienTo
ypasuenun (4.1) ydosreraopsiu nepasencTey

100 +g=0. (4.6)
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Jlerko niposepurh, Yro KosdduUHERTH ypaBHenus (3.6) yposae-
TBOPAIOT 3TOMY YCNoBHIO. B caMoM fede, Beandnns o 1 g B 3TOM
YpaBHEHHH TakKue:

gy=7; o=+

H, CJAEAOBATEABHO, -

dine '
—r - teg=0

Touno Tak ke Jerko nokasaTs, YTo Kodefarte/ibHOE ABHIKEHHE OMe-
PEHHOH paKeThbl, B3AeTalOllell BePTHKANBLHO BBEPX ¢ NOCTOAHHOM
CHOPOCTbID, He YAOBJETROPSeT YCROBHIO Yoroimusoctu [4.6).

2, YeroiunBocTs KoneGanmii pakevn. [Inockue koneGanua one-
peHHON PaKEeThi OKOJIO CBOErO LCHTPA THIKECTH C ONpefieeHHON cre-
MEHBIO TOYHOCTH MOMHO CXEMAaTH3HPOBaTb Kak xoneGaHue Masit-

HHKZ, RpoHcXoanuiee [OX AeHCTBHEM

H, JNBYX a3pOANHAMHYECKHX MOMEHTOR: BOC-
cTanasauBawmero My n nemndupyoue-

pd ro My (puc. 11). Momenr M, Bceria ua-

U opapaeH Tak, UTO CO3AaBAEMOE HM. yC-

KOpeH#e CTPEMHTCA BEPHYTh PAaKETy B

)( NONOMEHHe PABHOBECHS, NMPH  KOTOPOM

£€ OCb CHMMETDHH COBNajaer ¢ Hallpa-

p " BAEHHEM CKODOCTH UEHTPa TAMKECTH U
HC, .

M= —kx {4.7)

Hefctene Remnupyomero Momenra M, ymenbliaeT CKOpocTh Ko-
NnebareNbHGrO [BHIKEHHN

My —kod. (4.8)

Taxkum 06pasoM, Maabsie KoAeGaHHA PakeTol, UEHTP TRMECTH KOTO-
poll ABHXKETCH NPAMOAHHEHHO, MOXKHO OMUCATE YPaBHEHHEM

JE= — kpi — Ryx. (4.9)

Benuunia x 8 Bmpamennnax (4.7) a0 (4.9), xapakrepusyioulaa or-
KAOHEHHE PARETH OT ee NOJOKKEHHS PaBHOBECHS, HA3bIBaLTCR YIIOM
atakn. Kospduuuentn &, u Ry 3aBHCAT OT KOHCTDYKTHRHBIX Dapa-
MeTPOB paKeTHl, €€ CKOPOCTH NBMXKEHWs H JHHefi#biM o6pazoM of
nAoTHOCTH atMocdepnl p. (3aMeTHM, YTQ THAOTE3A DPAMOMHHENRHOrD
JABHACHHA LEHTPA TAXKECTH PaKeTi 0Ka3hBaeTcs CNPABCAAKBOH B
caydae BePTHKANBAGTO B3NET4 PaKeThl.)

YenosuMes, KpoMe TOro, CYHTaTh, YTO UEGHTP TAKECTH PaKeThl
ABHXKeTCa ¢ NOCTOARHOR ckopocThio. Toraa sce mapaMerpl, KpoMe
NAOTHOCTH aTMOCepsl, OKA3BEIBAKTCA NOCTOSHHBIMI, a8 MIOTHOCTH —
3KCNoHeHUHanbHOW QYyHKUHeN BHCOTH (a CNRI0BATENBHO, H Bpe-
MEeHH, NOCKOALKY CKOPOCTh BepTHKAABHONO B3JI€T4 NOCTOstwia). Ha
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3TOoM ocHoBaHHH dopMynsl (4.7} u {4.9) moxHo nepenucatk B cae-
AYWOILEM BHME:
M =—Jbeoty, My=—Jagealp

Tl pa3sMepHble BEAKWYHHEL 8 H D? CYUTANOTCA NOCTOAHHLIMK, J — MO-
MEHT HHEDUHH paxeThl — TAKXE YCIOBAMCA CHHTATH BEJAHYHHOW no-
croanuod. H1ak, B opocTeillleli cXemaTHsauWH KonelaTellbHOrO
JBEHXEHAs OMEPEHHOA PaKeThl MB MPHLAH K HCCAEN0BARHIO CIVIO-
uero AuddepeHUHaNbHOrO YpaBHeHHS BTOPOrO NOPAIAKA:

i+ae-atg hlgmaty =),
Tak Kak B 1aHHOM CAy4ae
1
——at
o=be ? g=ae™,
TO JeBast 4acTh RepaBeHcTBA (4.6) nMeeT B paccMarpHBaeMoM cny-
ude CASAYIOULHA BHI:

- gt ae, (4.10)
Haunxana ¢ HEKOTOPOTQ MoMellTa BpeMedn M= — % In % BHipaxe-
Hue (4.10) Bceraa crTaHOBHTCH OTpPHOATEABHBIM, TaKEM 00pasoM,
B 3TOM CAy4ae BROCTATOUHOE YCAOBHE YCTONYHBOCTH OKa3BIBAETCH
HeBDBIMOM HEHHLIM.

3. OcHoeHas aemma. PaceMmorpam Tenepe ypaeHense (3.8) u no-
CTABHM BOTIPOC O TOM, KaKHe YCJOBHA CAelYer HaNoXHTh Ha (yHK-
unio @(f) Ans Toro, utobb rapaHTHPOBAThL OrPAHKYEHHOCTh KOJe-
GaHuil, OMHCHIBAEMbIX 3THM YpabHeHHeM. [lokaxem cHayadaa AR
5TOrC ONHY BCNOMOFATEJBHYIC JeMMY, KOTOPAs HaM NOHAM0GHTCA
ellle W B AaJLHeHlleM,

Jlemma, Hycre u u v — neorpuyareavnoie ¢ynxyun, a C — no-
AQHCUTEALHAA NOLTOAKNGAR, nputem das arcbozo [ 27 0 gbinoanserca
HEPABERCTEO

f
uC+ [uvdt. (A.11)
Q
Tozda
F)
us;Ceprzldt. (4.12)
0

Oas fokasaTenbcTBA YMHOXKHM HepasencTBo (4.11) HA 0 M mepe-
HHIIEM e7C B CASEYIOUIEM BHIE:
Ho
]

c+Iundi
0

= o
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HIY

t
4 (c+ [ o d;)
= <v. {4.18)

C+J uv di
1]

Yumuoxasa (4.13) 8a df u uHTerpupyd, NOAYUHM
t

1
In (C+ [avdt)-ln(i‘sgj v dt,
) 0

0
OTKyZ4

3
C+Juvdt£_6exp
1]

J

f trdt}. (4.14)
i}

Cornacio (4.11) MB TOIBKO yeuauM HepapeHcTso (4.14), ecay ero
JeBYI0 4acTh 3aMeHnsM ¢yukunedt ¢, Hrax, cupaseasnBocts Hepa-
peHcTBa (4.12) aukasaxa.

4. KputepHii yctoiynBocTr aas ypapHenns {3.8). Bepremca Te-
nepb K ypasHenuwo (3.8), cudrasa |¢|<1. YMHOMXHM ero na & u ne-
penHIleM B CReayIOlleM BHAE:

d 2+ x?

ar e = - (pr. (415)
ITpourTerpupyem ypasHenue {4.15):
i
P o il LN - L [
- U*—Tu+§a[¢x2df
HJH
f
xi? x2 , 1 ‘L2
4]
rae

i3 Xz
C=(5+50+w) >0
Tak kak BeduyyHa £% Beerna HeoTpHUATeqbHA, To u3 (4.16) cre-

AYET, YTO
t

Za+rp<c+rt (1o (4.17)
5

(TpeanonocxuM, uto @(f) >0 npu f{-»co, TOrAa AA8 A0OCTATOUHO
O0ABWOrD 3Ha4eHKA [ GYAET HMEThb MECTO HEPABEHCTEO

1+gg.
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CregoBaTeIbHO, Mbl TOJABKO YCHAHM HepageHctso (4.17), ecau ne-
pPenUIIeM ero Tak:

{
3 4 . F
*Tgc+56fi¢|‘7dt. (4.18)

Ecan B Hepamencree (4.18) mbl nonoxum x%/4=u, 2|¢|=v, 10 oka-
MeMc B YC/IOBHAX, KOFAa MoXeT OblTh NpHMEHEeHa JOKasaHHas
HAMH JeMMa, 4TO Aaer

:
2
ngCexp_’.Ql ¢ | dt.
0

OTciofa BHITRKAET CJIeAYIOWIHA pesyabTat-
Teopema. Haa oepanuvennocru pewenus ypasHeuus (3.8)
docrarouso, 4Tobbl URTE2pan

14
[1é)at
{
ckoduaca.

§ 5. Teopema Illyanxape

1. Popmysnpoeka. TeopeMa [IyaHkape OTHOCHTCA K 4uCRY OC-
HOBHMX pe3YAbTATOB AHAAHTHUSCKOH Teopnu anpdepeHmraNbHLIX
ypapHennil, OnuospeMenno oHa wMeer GoAblIce 3HAYEHHE H AAA
NPHACKEHH, NOCKONBKY BBIACHAET OCHOBHBIE CBOMCTRA YpaBHeHHMA
8 BapHaunax. B oThaeABHBIX cAydadAx oHa CaMa MoxKeT ABAATHCA
HCTOYHHKOM 3IQODEKTHBHEIX BHYHCARTEARHBIX aJFOPHTMOB,

PaceMoTpuM cHeteMy AnddepeRnyanbHEIX ypaBHeHHA NepBOro

nopsiaka
i=f(x, 1, ¢, (5.1)

rie X — BEKTOP Pa3MEpPHOCTH #, [ — CKaTApHLI apryMeHT —
BpeMs, a & — Magaeli napamerp. [Ipexnonaraerca, yte ¢yHkuus f
ABASETCA aHaduTHMecKol yHKUHell mepeMeHHOR x n mapaMerpa e.

Han cucrembl (5.1} nocrasam sanauy Kown: onpenenutd QyHK-
uHio x({, &), yIOBAeTROpAIOIUYIO cHeTeMe (5.1) u HagadeHBHIM Yeno-

BHAM
“X{t) =X, (5.2)

Jna toro utoObl 3agava (5.2) ana ypaBueHua (5.1) mMena cMbica,
HaM HeT HeoGXOoNHMOCTH TpefoBaTh aHaAHTHYHOCTH M0 HePeMeH-
Hoh {. Dyaem mpenmonarats, 4ro npaBas 4actwk ypaBHeHua (5.1)
YAORAETROpPALT VCNOBHAM, T3PAHTHPVIOWHAM CYIIECTBOBAHHE péllle-
HAR foKaabHOH 3ajaud Koitn. Hanpumep, nycrs f(x, £, &) Gyaer
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yI0OBNETBOPATE YCAGBHIO Jl#nweiua no nepemedHoMmy x. Hapaay
¢ ypasHeHhseM (5.1} OyneM paccMaTpHBATh YpaBHeHue

2= f(z,10). {5.3)

Ypabaenne (5.3) yenoseMcs HasblBaTk nopoxaatomnm. Jdas ofonx
ypapHennit SyReM paccMaTpHBATh OAHY M TY e 3aaauy Konn
(5.2).

B ypasHenun (5.1) cienaem 3amMeny nepemMeHMbIX

Xx=z+y.
BeKkTop ¥ Gyaer yaQERJIeTBOPATh YPaBHEHHIO
g=f(z+y, 1. &)—f(2, £ 0) (5.4)
W HYJeBHM HAU4ABHEIM YCJIOBHAM
5{0)=0. {5.5)

Tak Kak nmpaBan uYacrb Ypabicaus ({5.4) — aHasuTHuecKas ¢yHK-
UUs MepeMeHHbIX ¥ U €, TO Mbl MOXeM €€ pa3ncikKute B pag Teil-
JOpa 00 3THM TepeMelRbIM, CHHTAA HX ROCTATOUHO ManbiM# Mo ab-
COMIOTHON BefuyHHe. 370 MNO3BGAHT HaM TepenucaTe ypaBHeHHE
(5.4) B cnepymlleM Buie: :

§= Ay+e(f}+BLLet} - (5.6)

3aece A=(%)O — KBAAPATHASA MATPHLIA DNEPBBIX YaCTHEX [POHA-

BOAHBIX _
af
” éxf fy

fi 0 xf —i-1 KOMNOHEHTA BEKTOPOR f M X COOTBETCTBEHHO, (-gei) -
a
BeKTOp (MaTpHua-cTonOell) ¢ KOMDOHEHTAMH (‘5%-) By e ) -

COBOKYNHOCTD 41eHOB 00Jee BHICOKOTO NOPAAKA: pasnoxeine QyHK-
uHH B(y, e, {} HauMHaeTcd co BTOPBHIX CTeneHed ee apryMeHTon,
(F}o o6osrauaer, uTo sHaueHHds QYHKUuUH F{X, £} BHYHCICHH MNpPH
YenOBHE x=2, e=10

Byfem cuutarb, 4To petiedue 3anaun Kollu AAs nopoxnaio-

uere ypasHeunn ussecTho. Torma A iﬁy,ﬂYT H3BECTHHIMH (YIIK-

IEHAMH BPEMEHH.
Bynem nckats pewenne ypasHeHna (5.6) B BHAe paka

y=§m& | (5.7)
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IToacraraaa paa (5.7} & ypasHenue (5.6) u cpasuuBan Koa(dH-
BHEHTH NPH OAHHAKOBLIX CTEMEHAX MapaMeTpa e, NOAYUHM CeAYiO-
[IVIO -CHCTEMY YPAaBHEHWH ARS OGpEedeneHHsl HeH3BeCTHHX (BYHK-

nui g
fhi=Agp+ Dy, |
y2=Ay2-l D21 (5 8)
Je= Ay, + Dy,

B a3THX ypaBHeHHAX Dl=(%]O*HSBBCTHaﬂ (GYHKIHA BpeMeHH.

@ynkaua Dy cOREPKUT KBAAPATHUHBIE YleHbl PAMOKEHHA PYHKINH
By, e, {) no y ¥ & T. e. B HEEe BXQAHT TONIbKO QYHKUMA 4 H He
BXOiiAT GYHKUMK &; ANA i>1. B camom mene, ¢yukuumo By, e, {)
MOMHO NPefcTaBHTE B BHAR

B(y, &, ) =B+ Buye+Buet+ ...
[Mogctasadas B 310 BhpaMeHwe pam {5.7), npuBepeM ero K BHAY
By, e, ) =e*(Byyi + Byy, + B} +e(....0+ ...

QOvueBnado, uto v miobas PyHKUNS [y 3aBHCHT TOABKO OT TeX BVHK-
UHA Yy, BAA KOTOPHIX {<k.

Takam o6pascM, eciH pPelAaTh NOoCAeLOBAaTeAbHO YPaBHEHHA
{5.8), 10 dyuruan Dy chenyer cuHTaTh H3IBECTHEIMH HYHKIHAMY
BpeMeHH, PYHKUHH Yy WIOBJIETBU[JﬂEOT HYJ/IeBblm H3ayaJbHBIM YCi0-

BHAM
¥:{1o) =0. (5.9)

TakuM ob6pasom, onpefeneHie KOMPPHIACHTOB Pa3NOKEHHA pelle-
HAA y{ik T. e (yHEUHA y;i(f), CRONMTCA K MOCAEAORATENBHOMY
pewennio 3a1ay Kolith aaa cuctems (5.8).

Teneps Mpl MOMKeM ctbopmyﬂnposarb TeopeMy Tlyankape. Oua
COCTOMT H3 ABYX YTBEPHACHUH:

1. Ecau obwuii unteepan nopowdaroued ctcremoi (5.3) u3ge-
cTeH, TO peutente cucTemar (58) momer Ouro Hafifeno npu no-
Moy onepayuld dudepenyuposanus u 8IRTUA KBGOPATYp.

1. Pewerue ypasnernus (5.1) — anasurudeckasn Qyrryua napa-
metpa e, 7. e prdot (5.7) cxofaTca npu G0CTATOYHO MAALIX RO
abcoMOTHOL BeAUYlHe 3HAYCHUAX & U, CAe008aTéALHO, npedcra-
BARIOT cO00L UATE2PAAbL YPOBHERUR (5 1), pa3aoxcennole Ho cre-
NEHAM NaApamerpa e.

" Byzem nasbiBaThb HEKOTOPHIH pal GOPMAAbHBIM pelleHHEM, eCaAH
OH yaoBJETBOpAET cucteMe AHpdepeRunalbHHX YypaBHeHHH. JToT
paa SyneM Ha3biBaTe pellleHHeM, eC/IH OH CXOJAWTCH B HexoTopof
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obaacty snadenuft napaMerpa. Takum ofpa3oM, meppan 4acTb Teo-
peMil GOPMYAHPYET HEKOTOPbIE CYKEHHA O CTPYKTYPe anrophTMa
nocrpoedns thopmanbHero peledus. Bropaa dacre TeopeMs! yTBEp-
#aaer, yto GopManeHoe peweknue (5.7) aBagerca pewenueM.

2. Nokasareabcteo yreepxpenms I [loxaxkem toapKo nepsoe
H3 3THX yTBepMAeHHH. Jloka3aTeAbeTBO BTOPOro yTBepAACHUS MpPH-
BOSHTE He OVAeM, TaK KaK OHO JOCTATOUHO rPOMO3AK0 *).

IMycTh
z=F{i, 0, (5.9)

rae C-— NpousBoAblas NoCToAUNan (BEKTOp PasMepuocTH 1) ecTh
o0LKil MHTErpar NoPoNMAAWILErD ypaeHeHns (5.3). 310 3vauwt,
yto ¢pyHKunA F yaoBaeTBopAaeT yparKeHHwo (5.3)

dF
npu nmOO0M 3HAYEHHH MOCTOAHHOW C Yepes E; oBoaHauuM BEKTOP
L C) 5.11
gi ac" ' ( . )

rae C'— -5 xoMToHenta Bektopa C. Boiumcsmm
d; _d OF _ 3 dF

Henoneayem roxmoectso (5.10)

a2 _ooF _ 9
s ot VFGECL it O =—n o = or b
3aece df/0F — kBaspaTHan maTpuua, OPHYEM OUEBHAHO, 4TO
a
aF =

TakuM obGpa3om, BeKTOD-PYHKUMSA E; YIOBJETBOPAET CHCTEME JH-
HefHBIX fHddepennnaibiibix ypaplieHii

Ei= AL
4= Au (5.12)

Ha3blBaeTCs YpaBHeHWAMH B BAPHALHAX ANR cHCTeMB {(5.1) W npea-
cTapngeT coGOf CcHCTEMY JHHEHHBIX YpaBHeHH# ¢ MEpeMeHHbIMH KO-
sdhduurerTamMu, Hukakax oSmHX peuentoe HHTErpHpOBAaHHA TAKHX
ypaeHeHu# Her. OAHaKO ypaBHeHHS B BapuaUunfax o8JafatoT oLHHM

Cucrema ypasuennii

. *) Cw., uvanpamep, B. B. Toasy6Ges, Jiekuun A0 anaiBTHueCKOA TeopH®
LudPepeHUAALHEX ypaBsHeRHi, uza. 2, Mocksa, 1950.
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3aMeuaTeAbHHM CBOHCTBOM, KOTOPOE Mbl TONBKO UTQ A0KA34RH. FTO
CBOHCTBO MOKHO CPOPMYJIHPOBATB B BAJE CAENVIOllER JeMMbL

JleMMma., Ecau obuud wunTeecpar nopoxoaimeso YpasHeHus
u3GCCTEH, TO HACTHbIE pélenun YPadHe il 8 sapuayuax mo2yT 6oty
BLLAUCANBL 8 ABHOM Bude npu NOMOULL 00HOL onepayuy dupgepen-
quposakus & coorsercrauy ¢ opmyramu (5.11).

Hrak, dopmyan (5.11) onpepensiior cucteMy QyHIaMEHTATbHBIX
pelleHHll ypaBHeHHit B Bapnaunax. Temeps pellleHHe 3agaun Kotun
(5.9) ansa cucreMsl ypasHeHHil {5.8) MOXHO NOAYYHTH B KBampaty-
pax, HCMONB3YS METOA BADHALME MPOH3BOABHBIX NOCTOSHHLIX. [1pH-
BeAeM 3TH BbiuncaeHusa. CucreMa ypapHeHuin (5.8) wmMeer eua

g=Ay+D, (5.13)
rae D — ussectHass GyHKuMs BpeMenu. Pemenue ypapuenns (35.13)

6GyaeM HCKaTb B BHAE
y=Ya, (5.14)

rie o — HEKOTOPHIH HEH3BECTHHHA BekTop, a Y — MaTpHua ¢yH-
NaMeHTANbHBIX PelleHHH ypaBMeHHH B BapHIUAAX

— [t
r={&),
rae &} — koMpowenTa BekTopa &4, HoMep KOTOPOH pasen j. Taknm
ofpa3soM,

&~y (5.15)
Muddgepenunpya (5.14) n nolcrasana s (5.13}, noayunwm
Ya=D. ' (5.16)
[Tpu suipone (5.16) mbl Henonbacsany (5.15). Hrax,
&=¥1D,

OTKYAD4 OKOHYATEABHO NOJYURM
t
y=Y i [ Y@ D@dr+C
1]

Has toro 4refbl yAOBAETBOPHTL HauadbHBIM yeroBaam (5.9), npo-
H3BOMLLYIO nocTofany C* caeiyeT MPUHATL paBHoR HYAw, HTak,

f
y=[Y® Y @0 mde (6.17)
0

Marpuna Y(f)Y-1(r) wasulpaetca marpuuelt I'puna. flepsan uactb
Teopemsl [lyaHkape A0Ka3aHa NOAHOCTBIO, TNOCKOJbLKY BbipaXKeHHe
(5.17) noaydeno nyTem AH(P@epeHUHPOBAHHA W B3ATHA KBaapaTyp.
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3. 3ameyatine 06 AHANMTHUHOCTH NMPaBLiX YacTed, Bo mcex pac-
CYXAEHHRX, KOTOpbie GHAH NpPHBEAEHbl, OCHOBHHM [PeAMoioKe-
HHeM Obl1e NpeAnonoXeHHe 06 AaHaNHTHYHOCTH fpaBblx 4acTed
ypasHenusa (5.1} no mapameTpy & H GYHKUHH X.

[Tacnennee npeanocxKenne ouenb cyllecrseHHo. Teopema [lyan-
Kape nepectaeT ObiTh Bephoit ana ypasheuuit (5.1), ecaw napa-
METP € BXOAHT B ¢ NPaByio 4acTb HeadaauTHYecKH. [Tokaxem 3ro
oficroAaTenbeTBO Ha Nprmepe. PaccMOTpHM ypaBHeHHe BTOPOro mMo-
pAlKa

e
HJIH
ef=(e+ Nx—x. (5.18)
[Mopoxaaroutee ypaBHeHHe OYIeT TAKUM:
=2,
a ero oOLENil MHTETDAA KMeeT BHI _
z=_Ce, (5.19)
O6wui uurerpanr ypaptenna (5.18) nerko suilucaTh B ABHOM BHJE
x=C e84 Coet, : (5.20}

Mol BHANM, uTo dyHkuus {5.20) He MoxXKeT OBITh pasfioweHa B paa
00 MNOMOKHUTEABHEIM CTENEHAM NapaMerpa € B OKPECTHOCTH TGUKH
e=0. Bonee toro, pewrenne (5.20) npu ¢ =0 poobiue He cTPeMuTCA
K PeliIeHHI0 NOPOKAAIGLLErO YPABHEHUA HH AJMA KAKHX {, OTAHUHBIX
OT Hyaa.
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METOJ JANYHOBA-~NYAHKAPE

Hactogmas raasa nocBAUIeHa H3NOMKEHHIO OCHOB KJAaCCHYECKO
TEOPpHH NEPHOARYECKHX pelieHHnl anddepedunaneHblX  ypaBHeHHE,
NpaBble 9acTH KOTOPHIX SABAAKTCA aHAAHTHIECKHMH (DYHKLIHAMH
CBOHX TePEMEHHLIX. 3Ta TeopuA Bo3HWKAA u3 pabor Jlanynosa u
[Tyaukape B KoHNe NpPOILIOrO BeKa H B NOCTeAYIOUIHe AeCATHIETHA
NOAyYHAd AafibHefillee pazputHe. B Hell noABunucL HOBEIE TOYKH
3peHHH, DACIUBRPHACH KPYr uM3yuyaeMblX Bonpocoe. Hapamy ¢ uecne-
AOBAHUAMH TEOPETHYECKOrd XapaKTeépa nPoACIEKaNach JanbHefman
paspaGotka Metozor 3(QeKTHBHOTC MOCTPOEHHA NEPHOMMYECKHX
perueHuil.

Hagusaa ¢ asanuaThix romos Teopua Jlsnyuosa — Myankape
6aaronaps paGoram AnapoHoBa H ManpenbluTaMa HAXOIHT LIHPO-
Koe npuMmenedne B Teopnu Konebarnii. Boabwodi skaan B pane-
Heflllee Pa3BHTHE KAACCHYECKOH TEOPHHM MNEPHOLHUECKHX PEIieHHi
clefaly HalWH COOTEYECTBEHHHKH. 3Xech Npexae BCero cheayer
Haspath umena M. I', Masguua u I'. B. Kamenxoea.

B HacTonLuedl riaBe Mbl DPACCMATPUBAEM TOAbKO HEKOTOpbIE H3-
GpaHiible BONPOCH, KOTOPbie, KAK HaM KarKeTCA, NPEACTABAAIT HaH-
Goablini BHTepec ANA NPUACKEHHH, NPHIEM OCHOBHOE BHHMaHHe
COCPEJIOTOYEHO HA HINOMEHHM CaMHX AJAFOPHTMOB DOCTPOEGHHS Tie-
PHOAHHECKHX pelnedH.

§ 1. Cucrema Jlsanynoma —- cayyaél OAHOR cTenenn CBOGOAM

- 1. KoHceppaTHeHbe cucTemsl, B npesbigyumedl rnape Mu pac-
CMOTPeNH HECKOALKO NPHMEPOB KOHCEPBaTHBHBIX CHCTEM ¢ OAHOH
CTeneHbio. CBOGoALl H YGeAHAHCh, YTO MPH H3BECTHHIX YCJOBHAX
tha3oBble TPAaeKTOPHH B OKPECTHOCTH NONOMENHA PABHOBECHA npes-
CTapaAKT COBOA 3aMKHYThIe KpUBHIE, T. €. LBUXKEHHR, KOTOPHE OHY
OUHCHBAIOT, ABIAIOTCA NepuoinyeckuMH. HecMotpa Ha To, UTo sToT
hakT OB NPOAEMOHCTPHPOBAH Ha YaCTHBIX NPHMEPAX, OH HMeET
BroaHe oOLHi Xapakrep.

PaccmoTpum ypasherue

i+f(z) =0,
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rae ¢yukius f{z) Takora, uto [(0) =0, a nOTeHUHANBHAS 3HEPrus
Il = f fz)dz
B TO4YKe z=0 MMeeT H3OMMPCUBAHHBIH MHHHMYM. Torna H3 uHTe-
rpadaa HEPriH MH HaXxoauM
¢=Va(C~1II),
rae € — nocroanrAan sHeprun. [MpuMedss MeTon (as3oBO MAOCKO-
cTH, cpasy y0erKgaeMcAa, 4TO TPAeKTOPHH 3TOi CHCTEMM B AOCTa-
TOYHO MAJOH OKDECTHOCTH MNOJOMKEHHA paB-
Y/ {( HOBecHs 3aMKHyTHe. B caMom nene, dyukuus
II{z) uMeer B OKpecTHOCTA ToukH z=0 BUA,
| Hzo0pameHHii Ha puc. 12, rie nokasaHa
| | TakKe CTPYKTYpa (asoBOH MAOCKOCTH 3TOTO
} ypapHenHa. Takum o6pasoM, Bce peulenns
—|-—-'—-'—'—|—6’ B OKPeCTHOCTH MHHHMYyMa NOTeHUMAaNbHOI
i | SHeprHH nepHofudeckhe. DTOT dake G no-
| : Ay4eH NpH BechbMa OOWHX (IPeANCNOKEHHAX
| l o OyHRUEM [(2): oHa NOMEKHA OLITh HHTE-
| | rpUpYEMOi.
2. Chcrema Jlanynosa. B stom naparpade
z OymAeT H3yyeH KMNACC CHCTEM, HasblBaeMhX
cucteMaMe Jlaoynosa. Ouun ofaagawot MHo-
THMH CBOACTBAMH KOHCEPBATHBHHIX CHCTEM,
Pue. 12 KOTOPLIe ABAAKTCA MX BecbMa UTACTHRIM CAY-
yaeM. Tak M€ KaK M KOHCEPBATHBHHE CHCTE-
Mbl, B OKPGCTHOCTH NOJACH{EHHA PABHOBECHA [PH H3IBECTHBIX YCHO-
BHAX OHH ONUCHLIBAIOT MEpHOLHYECKHE BN EHHA.
Hag stux cucrem A. M. JlanynoseiM paspaotad adhekTHBHBIN
AHATHTHYECKHA MeTOA OTBICKAaHMH NepHOLHYECKHX NBHMeHHNA.
Paccmorpum cucremy nubdepeHunanbHuX ypaBHeHHH
B gt amt XG0, |
tf!‘l ]
—dT‘—‘azlE»‘F azn -+ ¥ (&, n), i

(1.1)

rae X*(&, n) u Y*(E 1) — asaanTHyeckHe YNKHUH CBOMX Tepe-
MEHHBIX B OKPEeCTHOCTH TOUKH E=1=0 i Takue, 970 HX pasiCKeHHE
no creneHaM § W v HaudHaeTcd ¢ 4Y4neHOB, NMOPAAOK KOTOPHIX He
HHXe BTOPOro:

XE = bmf"‘bw’l?‘kbugﬂ'-"bm?‘? cees ]

V' (&, ) =gkt + doon’ - dykn +dgB+ ., (1.2)
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Cueremy (1.1} Gyzem Haspisate cuctemoli JIsnynoBa, ecH BbHIOJ-
HeHbLl CNeAYIOUlHe ABa YCJIOBHH:

a) ypaBHeHHe
apy = a
n=—"y 12 -0 (1.9)
147 dag — ¥

HMeeT YHCTO MAMMEIE KOPHU i}
6) cuctema (l.1) fONYCKAET AHATMTHYECKUN NepBEl wHTErpan

H(E, n)=const, (1.4)
PA3N0KEHHE KOTOPOTO MO CTEMeHAM NepeMeHHHX E W 7 HauMHaeTcs
C UIEHOB BTOPOTC MNOPAJAKAa MafoCTH, T.e. yRxuua ff B okpecr-

HOCTH TOYKH §=mn=0 ABAAETCA aHAJAHTHUECKOW ¢YHKUHeR CBOHX
nmepeMeHHbIX ¥ MPeICTaBHMa B CJEAYIOLIEM BHJE:

H=ay+ a2+ apn’+ a)tn+ ...

Cucrema Jlanysosa Kax 4acTHHA caysall COAEp:KHT KOHCepBa-
THBHbIE cHcTemut, Hanpuuep, ypapHerne

32+f(z)=0,
rae f(z)=w0*2+ a2+ ... saMeHoll £= — om, z=k anBo-
muTea ¥ suLy (1.1)
E= -— o,

. ‘fi?
n=ef+--8+ ...

Ecaun ¢yHkuns f(z) ananiuThyeckas, TO HHTETpaj 3HepruH H Gyjer
AHAAUTHUECKHM HHTErpaaoM (1.4).

Onnake K YHCAY cHereM JIamyHoBa OTHOCATCA TaKXKe MHOTHe
BCTpeYaloUIHecA B TeXHHKe H (H3HKE HeKOHCeDBATHBEEIE CHCTEMEL,
B onnoM K3 chemviollux naparpadoB Mel pacCMOTPHM tIpHMep
cHeTeMB JIANyHOBA, He ABRIAIONIEHCA KOHCePBaTHBHOIRL

3. MpHBegenHe K KaroHHYecKoMY BHAY. PaccmoTpum scnomora-
TeJbHYI0 CHCTEMY YPAaBHEHHH

E=0,§+ amm, }
N =ant + 2.

Cucrema (1.5) onuceiBaer xoneGaHue ¢ NOCTOSHHOA AMIAHTYAOR,
MOCKONIbKY €€ XapaKTePHCTHUECKOE YpaBHEeHWe HMeeT Mapy 3HCTO
MHHMBIR KopHefi.

Hekmouas w3 ypasHeHua (1.5) nepeMeHHyw n. noayaum

£ —E(au+am) +E(Ga1 — dz0.3) =0. (1.6)

(1.5)
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Has Toro 41066 YAOBAETBOPHTD YCIOBHIO a), KO3 HIHEHT ADK
& posen ObiTe paBeH HYAW, T. € AOKHO GBITb &)y =—ag H, KPO-
ME TOI'0, ZOIKHG HMETE MeCTO HEPABEHCTBO

A?=apan — o220,
Caenaem 3ameny
§=x1 i=_"”yr (l-?)

rae A — apupMeTHUeCKOe SHAUEHME Kopusi  V awa | —agay. Tipu
nomoily 3aMens (1.7) ypapHedue (1.6) CBOAMTCA K SKRHBAJNEHT-

HOH CHCTEMe ABYX YpaBHEHHH
F=—Ay,  F=Ax

[Mostomy, ecan B uCxofHOK cucteme (1.1) caeaath 3ameny (L.7),
TO 3Ta CHCTeMa Oy/JeT NpHBeAcHa K BHAY

X= =iyt Xix, y),]
g=As+Y(x, y)

rie X n ¥ — ananurnyeckre @YyHKLHH CBOHX NepeMeHHbIX, pasao-
KeHHA KOTOPBEIX HAYHHAIOTCH € WISHOB BTOPOrQ MOPALKA MAJOCTH.
Taknm o6paszoM, BMecTo cHcTeMbl (1.1) HaM AocTaToMHO paccMo-
TpeTs cHcremy (1.8},

4, NMpeoGpasosaHHe unterpana /. OcravoBuMes elne HA BHPa-
xKeHun HHTerpana H. CornacHo npeanodoxeHmio 6) ero nppeacra-
BJeHUE HMeeT BHR

H= Ax>+By?+ Cxy+...=i,
rae [i — BekoTopan moctoaHnas. Tak kak H — nepesti HuTerpax,
TO B cully ypasHeHu#d (1.8) -%?‘- ={), 4TO MO3BOJAET BHIYHCAHUTH
kosppuunentn A, B, C u 1. 1. Haiaem
A @A+ Cy+ . M- hg+Xix 9+ | |
+@2By+Cx4+ .. )R +Y (%, )
Cpasunpas kosdduuuenTa itpa 2, 42 ¥ xy, 0OJYUHM
Ch=0, —2A43+2Bpr=0.
Orciona A=B, C=0. He Hapymas 0BIWHOCTH, MOKHO NPHEATE
A=B=|,
Hrak, n'u'rerpa.n H moMHO IPeACTaBUTH B BUiE o
H=x24+y+W(x, y)=p2 (19

rae W — anaantvueckan QYHKUMA CBOHX NEPEMeHHHX, pasnome-
HHE KOTOPOil HAUWHAETCA C UYIBHOB He HUME TPETherc Nnopsafka

(1.8)
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MaloCTH, w2 — HEKOTOPas TNOCTOAHHAaA, KOTOPYK BCeria Mhl Mo-
¥HeM CUHTATbh MOJNOMHTEAbHOA IAR AOCTATOMHO MahHx |[X| & (4.

5. MepHogHuHOCTL PellleHuil cucTeMbl Jlsnyroea, [dokaxeM Te-
nepb, uT0 pellegud cucteMbi (1.8) Ina A0CTaTOYHO MaJBX 3HAaue:
Hu#t p — nepuogndeckue Gynkuun ! [las sroro aocraroudo Ac-
Ka3aTb, u4To ($a30Bble TPACKTOPHH B MAOCKOCTH (X, §) 3aMKHYTLIe
H O coxpalfr 3HaK.

Beegem nojsipHele KOOPAHHATHI

x=pcos0; y=p sin @

U gaMeTHM, uto A6aA 3aMKHYTAA TRAeKTOpUA p{O) A0MKHA OHWITH
nepuoaKueckoll dyHkuned aprymenta 0. CocTaBuM  BbipaeHue
ana H '

HEpi’(l+#W’(pcosﬁ,psinﬂ))=p.2. (1.10)

3aec, W — ananutnyeckas QYHRUHS p, Pa3I0KeHHEe KOTOpOH
HMeeT BHJ, :

Wix, gl=tpr®t+agxiyg+ ... +¢,,x""+ ... = _
= p3(®yyc0s% 0 + atg) cos? O sin 8 + a3 c0s 0sin? 0 4+ ¢y sin0)+ ...
voe F P (Upum, g COS™ O 4 L A By emsin™T O+ L,

CnenoBaTteqwio, B Qopmyae (1.10) ¢yuruus %W(p, 8 Moxer
6ulTh NPeACTaBACHA B BHAS PAAA

# W p, 0)=pa,(9) +p%a:(0)+ ...,

npuueM Bce Kod(punuenth a4;{B} — nonuHoMul 0T sinB u cos 8,
1. e. nepHoandeckue ¢ynkunu ©. Taknm o6pasoMm, BHpaxeHHe
{1.10) mo¥HO NepenHcaTh Tak:

p(l+pa (@) + ...)" =p.

310 paBeHCTBO Mbl MOXEM DACCMATPHBATh KaK YpaBHeHHe AAA
onpedenenud p(0). Hcnonesya auaanTauHocTs GYHKUHMHA, KOTOpEHIE
B HEro BXOAAT, OydeM QYHKLHIO p Pa3blCKHBATL B BHAE pAAa

p=n-+by(8) 2+ 65(8) p°+. .. (LIT)

[IpaMbiM BHUNCAeHHeM YDewjiaeMcd B TOM, uTo Ko3adguuWeHTH
B pasaoxedud (L.1]) sBAAOTCA NonAHOMaMH oT sin B u cos 8. Tax,
HanpuMep,

! l
b2=_§al| bs=a?“'iaﬂ, Ry
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Takum oOpasom, Kosp{HUHEHTD by — cTeneHHble GYHKUHA KO-
GHLUHEHTOR @, a4 NOCNCAHHE B CBOIO OUYEPEAb MBJAAIOTCA MOAHHO:
MaMH ot sin 8 u cos 0. Beneacteue takofl c1pyRTYpH K03 pummed-
ToB paj (1.11) onpefenseT nepuoanueckyw ¢yHKunwo 8 nepuona
2n, T. . Y H3MEHeHHE 8 Ha 21 BENHYHHA p BO3BpallaeTcs ¥ CBOe-
MYy HCXoaHoMy sHauenwmio. Ecau npn stom okaxercs, uto 6 coxpa-
HAET 3HAK, TO $T0 H OyAer OsHayaTe, 470 ¢a30Bas TPACKTOpHA
saMrHyraa. Huxe mul B arom y6eaumca (em. opmyay (l1.16}).

Taxum ofpasom, peitenna cucrems (1.8) — dyHxims Xx(f) wu
y{f) — GyayT uepucaHYeCKHMH $YHKOHAMH BPEeMEHH.

bdyuxunn x(¢) v y{l) fean0TCH aHaAHTHYECKHMH MO Tapa-
MeTpy n. B caMoM fede, B cHAY 2HANUTHYHOCTH NpaBbIX uacTed
cucremMel {1.8) ee pemledna OyayT ZHATHTUHECKHMH QYHELHAMH
HAYANBHLIX 3HAYEHHA

x(Q)=c, y(0)=6.

ITocToannan M Tak¥e ONpelefieTcA 3THMH 3JHAYEHHAMH
' ni=c2+ 624+ W(e, 6). (1.12)

Tak Kag mpaBue wactd cucyembl (1.8) He 3aBHCAT OT BpPeMeHH, TO
Ge3 orpaHudeHHll OGUIHOCTH HavadbHBE YCNOBMS MOMHO NOPHHATH
B BHle

x{0) =c, $(0)=0. {1.13)
Orciona enpoHO, uTO pewledus cuctemsl (1.8) npeacranasior cobo
aHaJHTHYeCKKEe DYHKUMM ¢, a TakKe H |, NOCKOABKY Ha (1.12) cre-
AYET, UTO U — aHaJdHTAYecKana QyHRUHA o

p=c+psc?4-. .. (1.14)
6. BuyHcrenwe nepuosa. Jlns eeiuHCc/AeHHA TepHOAA COCTABHM

Aaddeperunasiptble ypaBHeHud, KOTODHM YNOBJETBOPAIT nepe-
MeHHbe p U 0. Beuncaam

£=pcos 0—pBsinh, y=psind+pdcosh. {1.15)

3amenss B cacreme (1.15) mpousBomnbie £ W § HX BbIpaXKeHHAMH
3 ypapHenuii {1.8) u paspewras mMOAYYEHHY) CHCTEMY OTHOCH-
TeNbHO MPOU3BOAHBIX & W §, HallleM HCKOMEIE YpaBHeHHA

%‘}=X(pcosﬁ, psin ) cos B+ ¥ (pcos 6, psin 8)sin®, (1.16)
%?—*h+ -;—{Y(pcose, psin 0)cos @ — X (pcos 8, psin®)sin B},

W3 mroporo ypaBReHns onpejesuM i
o

pdd .
1= J. ap+7Y (pcos 9, psinD cos9—X{pcos, psin®sin® th (1.17)
0
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Has Ttoro urabui yAoBaeTBopuTh ycaAoBHAM (.13}, Heofxommumo
koHeTaWTy 8 (1.17) npunste pasBHoit Wyaw, Henoassyem Tteneps
TOT haKT, Y70 p — aHaduTHUeCKarR DYAKIHUA p (CM. peAcTaBAeHNHe
n B gHae pana (1.11)). D10 No3BOAUT pPas/oMHTb MOALIHTET PAdb-
Hylo ¢yEKUHK B BuipakeHud (1.17) B pAd mo cremeHAM

8
T8+ @+ @+ . a0, (117)

d

¢

rae #;(6) — nepuoanueckue @Eyuku#H O nepuoja 2x. Crefopa-
Te/lbHO, NoAbIHTerpajibHad Gydkuda B (1.17) TakKe nepHoande-
ckas Qyuguna 0 nepuosa 2n. CaeR0BATEALHO, HHTErpai

8y+28

1= [ [00,(8)+p20:(8)+ ...]do
Ba

HE 3AaBHCHT OT ¥y M €r0 MOMHO 3aNHCATe B BHAE
!=2ﬂ(}lhl+ I.I.E.hg"“ . ..),

rae h; — BIOJAHE ONpelde/eHHbIE UHcAa, [akum o6GpasoM, NpH H3Me-
nenun 0 na 2n BpeMs { nodyvaeT mpHpanleHde T

T =2 (1 uhy +ptig + ), (1.18)

He saBucaliee ot g [Mycts teneps O(Q) — HekoTopan nepuoAnye-
ckas ¢pysxuus O nepuoxa 2m, TOrAa

D(0+2n) =D (0). {1.19)
PaccMaTpuean ee Kax dynkuno {, GyleM HMeTh
D (I+T)=0). (1.20)

Papencrso (1.19) cnpaBeanuBo jgas Jm0obbix €, caeloBaiedabHO, H
paBencTBo (1.20) cnpapeganno pas awobuix £, 1.e. O(f) — nepuno-
Anueckan ynkuna !, 3uauut, pesHunHa T, onpelenedHas dopMy-
Aofl (1.18) kax GYHRUWA p, W ecTh NMEepHOJA pelledda.

HUcnoasays (1.17), ™Mb MOMKEM 34anHcaTb €ro B CAAYHLEM
BHIEC!:

3421

- p 8 3
T (1. 0g) = ¢ Ap+YipcosH psinB)lcos®~ X (pcosB psinf) sinh ’

(1.17"}

npua pu— 0 nepuoa T CTPEMHTCH X TepHOAny JHHeNHBHIX KoaefaHHil
onfh, T.€. K neprody roneGaunil B cucteme (1.8) npu X=10, Y=,
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7. OpHo ceolicteo nepuoga. [Tokaxem Temephb, uyto T — ueTHad
pyHkuns p. BepHemca cuosa k mhrerpaay {(i.10). PaccmaTpuBas
€r0 KaK YPaBHEHHE QTHOCHTEJNLHO p, Mbl 0OAYYaeM B QKPECTHOCTH
rourd p=0 aBa petlenus. OfHo H3 HUX Raetca panom (1.11)

p=n+b:(0)n>+b5(8)p*+. . ;
K APYroMy pelleHHl0 NpuXOdHM, €CaH B {1.11) 3aMeHHTB p Ha ~—pn:
p=—p+0(0) 2 — by (M3 +. .. (1.21)

Tenepb 3aMeTHM, 4TO seBas 4acTb ypabuenHa (1.10} me wsmenurca,
ecad 3aMeHHM p Ha —p K O Ha 6+x. CnepaoBatenbHo, HA OCHORA-
Hur (1.11) 6yaem umeTh

—p=p+ &2 {0+ )2+ b3(0+nIp-+. .. (1.22)

3nayenne p, onpegenenioe pajom (1.22), Oviaer KopHeM ypaBHeHus
(1.10}, ne copnagawowum ¢ {1.11}) {xora 6w notoMmy, ¥TCc RAA Ma~
avx p #3 (1.11) caeayer p=p-+0(n?), a ua (1.22) p=—p+0(u?
CrenosateanHo, cHo Gyner onpejenfitbea paaom (I, 21} CpaBHu-
Ban (1.21) u {1.22), nronydaem
b2(8) = —b3(84-11), bs(8) = b3(0+x)

HT A

Orciona creayet, 4To ecsi B BEIpaxkendH (1.11) saMeunTb p aa
—p, a 9 Ha G4, TO BeNlHYMHA p NMPHMET CBOe 3HaueHHe ¢ obpar-

HbIM 3HAKOM:
e(—n, 8+5)=—p(n, 6).

BeiputieM tenmepk Boipawenue aaft nepuona T. Ha ocHomahuu
(1.17) uMeem
n

—= pab
T, 0)_6[ M+Y(pcosh psinBicos®—X(pcosB psinB)sinh ~ (1'23_)

Caenaem B (1.23) 3aMeny w Ha —u, a 6 Ha O+ m. Toraa noayuum
BENHYHHY
n42n
_ = | = p{—p, 0+mn)dd
T(—pm |. Ap (=, 04+ Y cos (B+n)— Xsini@+na) -~

CornacHo [IO0KA3aHHOMY BeduudHul pcos0 u psin @ coxpawaior
cBoM sHauenna, CAenOBaRTENBHO, TO e CAMOS MOMXHO CKa3aTh M
o byukunax X u Y. B 1o XKe Bpema p, cos & # sin O uaMeHsT cBoiI
sHakd. CnepoBaTe/ibHO, 3HAMEHATEE M3MEHHT 3HaK Ha oOpaTHBIH,
HO W YHCAHTENb M3MEHHT 3HAaK Ha obpatiuill. ClefoBaTensHo,

Tip, ) =T{—p, ).
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Ho nomsikTerpasbHas $yHKuMA B BblpaxeHuu (1.23) — nepuoAu-
weckan GYHKUHR mepeMeHHolr 6 nepuoaa 2m, H, CJEL0BATENLHO,

T(—p,, ﬂ) = T(_"p-'v O)*

T(—p, O)=T(n, 0,

T. €. NepPHOL — 4YeTHasA (PYHKUHA BeTUYHHE! .

& ®opmyauposra Teopembl Jlanynopa, Mu goxasanm caeayio-
LYo TEOpeMY. B

Teopema Jlanyuosa. Ecau nocroswsas p docrarouno
Mazra, 7o ace pewenus cucremot gpasuenus (1.8) — nepuoduveckue
Qynkyuu {, nputes nepuod — 4eTHAR PUHKIKA SCAUMEMBL I U npU
p—0 crpesurca & 2nfh. Pewenus cucremer (1.8) seasrorca ana-
AUTURCCKUMIL PYHKYUAMU BEIULUNGL ¢ — HAHAALHO20 OTKAONERUS
NepeMenHHol x.

HUmea B Bany dopmyay (1.14), sbipaxenwe nepunoga (1.18)
MOXHO flepeNuCcaTh B CACAYICUIEM BHAe:

r=%(1+c%2+c3h3+ co) (1.24)

Hirak,

§ 2. ¥cnosHs CYWIESCTROBAHNA NMEPROOHUECKHX PELICHHA

1. Tipeamer wccnenoranus. Bee paceyaeHHs 3To# rhabb Gyayr
TaK HJAH HHaue cBA3aHB ¢ YMeHHEeM PeIUaTh BONpPOC O CYIIeCTBOBRA-
HHH NMEepPHOAHMULCKHX PEMeHHH B ¢HeTeMe AUHefHbIX OOBIKHOBEHHSIX
AHddepeHIAANBHBIX YPAaBHERHH BTOPOro Mopaika

£=a||x+a;2y+F](f), }

§=ayx + any + Fy (), 2.1)

rie a;; ¥ F; — HekoTopue nepHoAlveckHe (YHKUWH BpPeMeHH re-
profa 2n. B arom maparpabe Mb pacCMOTPHM YCIAOBHH, KOTOpbie
LOJEHBl ObiTe HanoXedbl Ha QyHKUHA F| u Fo, HEOGXOAHMbBlE H AO-
CTaTOYHEIE A48 Toro, 4To6b cucrema ypasheHuil (2.1) momnyckana
nepHoAHYeCKRe peweHus nepuoda 2m. Ocoloe BHHMaHNE UpH ITOM
Mbl YASAHM TOMY CREUHAMLHOMY CAYYAN0, KOTAA YpaBHEHHA

r= apx + dyolf, }

R 2.2
§ = Qg X -+ agy _ (2.2)

fpeAcTABAAIOT cobofl CHCTEMY ypamHeHHfi B BapHauusX ANS ou-
cTeMbi JISNYHOBA, 0 KOTOPOR W.ia peub B npeablAylleM naparpade.
Bonpochl, KoTOpule paccMatpHBalOTCA B 3TOM naparpade, HOCAT
BCNOMOraredibHBlA XapakTep, OfHAKO OHH HMEIOT H CAMOCTOATENB-
HBli ueTepec. IMo3TOMY MLl HX PacCMOTPHM HECKOABKO MoApobuee,
HeXenn 3T0 HeoOXOAUMOe JAA JanbHeflerg W3 0MeHNsn, '
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2. HeoOxogHMbMe H ACCTATOYNHGIC YCAQBHA NEPHOAHMYHOCTH, Pac-
cMOTpHM cHeTeMy (2.1), He genas cHavana HUKaKHX npeanoaoHe-
HHfi o npupoae KoadpduuHeHTOR @4;(f), KpoMme npeAnonoxeina of
HX DepHOAHYHOCTH No L.

Myers x(f) v y(I} — perenne cHctemsl (2.1), yIOBMETBOPAWD-
Uee CReAYIOWUM AaHiubim Kouu:

x(0)y=x, y(0)=ys

Hasa toro urobst 370 pelleHue OBIAOC NMEPHOAHUSCKHM € TEPHOAOM
2n, HeOGXOIHMO H JIOCTATOYHO, YTOOH OHO YAOBJETBOPHAC CAeAyi0-
KM YCJACBHSIM:

x(2n)=xq, y{(2n)}=yo {2.3)

OueBnano, ¥70 ycaoeus (2.3) neoGxoaumel, Tak Kak (yHKUMa Ha-
3BIBACTCA MEPHOAWYECKON, eCNH OHa YAOBAETBOPAET YCAOBHAM

x(b+2n)y=x{h), y{t+2n) =y (L), (2.9

KaKoBo Gbl He ObIo fy. ¥cioBud (2.3) ABJAAKOTCA HACTHBIM CAYYAEM
(2.3") npa f,=0. 3TH YCJIOBHA ABNAIOTCA TaKKe H JOCTATOYHLIMH,
B camoM aese, npaBee 4acTH cHereMbl  (2.1) — nmepuonmueckue
GYUKUEH BpeMeHH MepHona 2m M, cleloBaTelbHO, OHH HHBAPHAHT-
HEl OTHOCHTENBHO 3aMenw NepeMmenHoro f—{+42m, TOraa B cuay
(23) mo ¢ w ¢ MH Oylem uMeTb OAHY W TY XKe 3agauy Komn n,

CNe40BaTENbHO,
x(y=x(t);  y(¥)=y4(H)

¥{F+2n)=x(¥); y{{'+2n) =y(').

HAH

Tak kak 310 papencTBC COPABRAAMBO AAd A0GHX I, TO oHO coBRa-
naer ¢ (2.3) n, caepoparenrHo, dyukuun x(¥f) u y(f) — nepHoan-
YecKue,

IMpeanonoxum Aanee, 4yTo cCHCTeMa (GyHIAMEHTAMbHBEX pewleHHi
cuctembol (2.2) mHam naBectua. OOn3naunM 3TH QYIKUHE Yepe3 .y,
X3, §1 U Y2 H peumleHde cHetemubl (2.1) OyleM HCKaTth METOAOM Ba-
pHAlIHH TPOH3BOABHEX TOCTOARHLIX, NOAATAA

x=Axl+ B.L’g, y=Ay1+Byz, (2°4)

rie A ¥ B — nekoToprle GYHROUH BPeMeHH, MOANEKAILHE onpele-
JeHHIO.

[Moacrapum Bolpaxkenus (2.4) B (2.1). TpuanMas Bo BHHMaHHe,
uyTo QYHKIHY X\, X3, Y| H 2 YAOBJAETBOPAIT CUCTEME (2.2), MBIl noay-
YHM cheAyloulHe YPABHEHURt AAs onpelesneHHs dyHkuuit A u B;

Ax\+Bx,=F,, Ay +By=F,
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oTKYAa

£
A=fﬁﬂgﬁﬂm+c,
a
, (2.5)
B= | Lzt gy p,
il

rie C u D — HOBBle NPOH3BOSbHbIE MOCTOAHNbE, 2 A — onpededu-
Teab Bponckoro

Xy X
o Y

lMocroauubie C u D onpereafiorca 3 HauaNbHBIX YCAOBHA X=X,
Y=yo npn f=0. Tak Kak uHTerpafbHble ciilafaeMbie B BHIpaKedHAX

{2.5) npu {=0 ofpawaloTcd B HYAB, TO NocTOAHHBE C U D onpese-
JHIOTCH U3 YpaBHeHH

CX| (0) + DX2 (0) = Xy, }
Cy 0)+ Dya(0) = g

Henoabays nomyueHdhle BblpaXeHWA, BbINWIUEM Teflepk  YCAOBUA
nepHoadIHocTH {2.3)

e

*

(2.6)

an

o o
£,(27) f L2058 g 4y (2n) f o= Pdh iy
0 n

+Cx,2n) + Dx, (20 = xy, @.7)

n n
y (2m) I Mdr'% 2 (2m) J‘ ix'a__ﬂéﬂ, dt -+
0 0

+ Cy, (2n) + Dy, {2n) = y,.

Has toro arofer cuctema (2.1} Aomyckana nepHOAHYECKHE pelie-
HHA, HeoBXOANMO W AOCTATOUHO, YToOH (yHxuuu Fy u F; yaoener-
BODAMH ycaoBuaM (2.7).

Hayuum renepb 3TH YCNOBHS AR HEKOTOPHIX CIELHAJbHBIX CAY-
yaes.

3. Cayyafi, koraa dyHgaMeHTanbHble PEWICHHA YPaBREHUA
(2.2) — nepuopnueckne (PyHKuns BpeMerd. PaccMOTPHM cHAgajna
TOT YacTHHIl ctyyall, korfa OGyHAaMeHTA/bHLIe pellenus Xg(f),
x2(1), () n Y2({) — nepuonnveckne GYHKUKMM., 3aMeTHM, uTO
-YPaBHEHHA B BaPHALHAX, OTBeYAlOIUME H3OXPOHHBIM CHCTEMAaMm, T. e,
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CHCTEMaM, NEPHOA KOAeBaHHA KOTOPHIX HE 2aBHCHT OT HAYAJbHBIX
YCJIOBHH, BCETAA HMEIOT NePHOAHYRCKHE pelleHHA.,

Tax kak € n D — nocrosEHBe 4HCAa, TO B CHAY NEPHOLHYHOCTH
dyHKuHl & v 4; B3 (2.6), MUl moaydaeM creayloHiHe YCJIOBHS:

Cx | (20} + Dx;(2n) = x,, }

Cyy (21) + Dy (270) = g (2.69

Pagencrea (2.6°) TO3BONRIOT YOPOCTUTh CHCTEMY (2.7), KOTOPYIO
MOXHO Teneps PacCMaTPHBATb KAk CHCTEMY GAHOPOAHBX aarebpaH-
HeCKHX YPaBHEHHH OTHOCHTEAbHO HHTErPanos

n n
id

!]=I Flyzzfzx'z dl, f2=.| _F2xIZF]g] dt.
0

TepenuuieM 3Ty CHCTEMY B CIEAYIOLIEM BHAE!
xid |+ x2d9=20, gl i+ yof,=0. (2.8)

Onpefenutens cucteMbl (2.8) ectb onmpesenutens BpoHckoro
EAA (PYHKUANR X1, X2, H1 B &2 B cuay He3aBHCHMOCTH 3THX DYHKuUMA
oH oTauued or Hyaa. TakuMm olpazoM, cucteMa (2.8) uMeer TOMbKO
TPHBHANBHOE pellenne. [TosTOMY

n
f1=j- Flyzzf‘:’xz df=0,

(2.9)
i

on
Foxy=Fyn 4
oj' Fn—Fun gy,

Hrtag, MM 0DpHIAH K CAELYIOUleMY peayabTaty: ecnu ¢yRIaMeH-
TaAbHOe pellieHHe cucTeMbl (2.2) ebipaKaerca nepUOLHUECKHMI
QYHKUHAMH, TO ANA Toro, utolm JAwboe pellenHe cHeremsl (2.1)
QM0 IEPHOLHYECKHM, HEQOXOAHMO H AOCTATOYHO, MTOOB (hYHKUMN
Fi i Fy yrosaetBopanu yeaosuam (2.9).

~ 4. Mpumep. PaccmoTpum ToT vwacTHHB cayuafl, Koraa cHCTeMa
(2.1} umeeT BHA

i=—y+Fi(f), g=x+Fa(t). (2.10)
Cucrema (2.10) cBOAHTCA K YPaBHEHHIC KONeGaHHA MaTeMaTHue-
CROMO MAfATHHKA2 NOA MEACTBHEM NepHOAHUYECKOH BHeilHeH Cchabl
P+ x=F"(,
rae _
.F' = F; -+ Fg.
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JlhHefiHo He3aBHCHMbie pelleHAs cHeTeMmur (2.10) ameor sua
¥y =cosl, xp=sint, }

yy=sinf, y,= —cost. .1

BpoHckuan aTHX QyHKUNE paBeH eAHHHIE, MO3TOoMY Yycaosua (2.9)
OYAYT NpUBeAEHB! K TAKOMY BHALY:

M |
J (Ficost+ Fasinf) di =0, I

a

an ' (2.12)
| (Facost—Fysint)di=0.

; |

Ycaosne (2.12) 6yner wrparth B AanbHeRLWIEM H3NO0XeHHH ccolylo
poJb. _ _

5. Oano ypasHedHe sTOporo nopAaka. lpeAmonomHM, 4TO Mut
paccMaTpHBAEM OAHO YpaBHeHHe BTOPOro NOPALKa BuAA

E+o(Dx=F(l), (2.13)

rae @({), F{{) — nepuoanveckpe ¢ynruns nepuona 2x u x({f),
X2(f) — dyHAAMEHTANbHAA CHCTEMA peLleHH OAHOPOAHONO Ypab-
HeHHd

EF+o{f)x=0. (2.19)

Pemenue cucreme (2.13) 6yneM cHOBA HCKATh METOAOM BapHAUHH
NPOH3BOAbHEX NOCTOAHHLIX. [N 370r0 MONOKHM
x=Ax;+8x,, =A%+ B, (2.15)
Jduddepenunpys nepsoe u3 ycaosrit (2.15) w npupaBHuBaR BTO-
POMYy, nonydaeM ychoBHe coBMecTHOCTH Gopmya (2.15)
Aty + Bx,=0. {2.16)

IMoxacrasnan etopoe us yeaosui 8 (2.13) u yunthiBaz (2.14), no-
ayuaem :

Aéy+ Big=F (). (217}
3aMeTHM, YTO B LAHHOM C/YYAE ONPEeaHTe b
. XL X

A= . .
Xy X

€CThb BeAHYHHA MOCTOAHHAA, YTO ABAAETCA CAEACTBHEM H3BECTHON
Teopemel Jinysuana u  toro axTa, uTo ypapHenue (2.13) He
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COmepHUT nepsoil npousBoAnoi. M3 cucremm ypasneunin (2.16),
(217) Haxomum

i [3
A=——‘1AIFx2dI+C]: B=-;_J.Fx|dt+c2'
i V]

Takum obpa3oM, B OKOHUaTeNbHOR popMe pelleHHe cHcTeMul {2.13)
3anyuieM Tak:

[ 3
x=-£—l-x, fozdt+x2f Fx dt 4+ Cx, + ng2}. {2.18)
0 0

Tak kak, coraacHo BTOpoi U3z opmya (2.15),

3
I
'E J. Fxld{‘I‘Cz],

L

TO HEOGXOHJ‘IMHE H AOCTaTOUHBIE YCRNOBHA NEPHORHYHOCTH
x(2n)=x(0),  &(2n) =&{0)

t
i=:&,{—%J‘Fxth+C,’+:&2
0

MOryT GbiTh 3aMHCaHbl B CAEAYIOLIEM BHIE:
)

Fio o
+x2(27£)|% I Fx;dt+C2]=xo,
0

o
xl(2ﬂ) |—-i"' J‘ szd-t'f'cl
0

. - (2.19)
il(?ﬂ) l—%J.FXQdf'}‘CI}‘l‘Xg(Qﬂ)[:L‘J Fxldf-f Cg]=x'o.
0

1]
Ias onpepenenus noctomdublx €, n (o HMeeM crepylowe ycho-

BHA:
x:{0) €+ x5 (0) Cq = xp, }

£(0) €y + 2(0) Co = o, (2.20)
YenoBua, KOTOpuie HAA0 HaAOKHTL HAa GYHKIOHIO F Aaf TOro, 4Tobbi
pewenun ypapHennsa (2.13) Oblam NEPHOZMUECKHMA (QYHKLHAME
BpeMEeHH, CYLILECTBEHHO 3ABHCAT OT TOTO, ABAAOTCA WAK HeT QYHAa-
MEHTANbHBIE PEILEHHA Xy H Xy NEPHOAHYECKHMH (YNKUHAMH. Ecau
X1 H Xy — MepuofMuecKue (GyHKuum, To, cornacuo (2.20),

x (20} C, + x,(2m) Co = xy,
2@2r)C + 5 (2r)Co= X
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# ypastenna (2.19) npunuMalorT pua

Zn on
— %y (2n) I Fx,di + x9(20) J Fx dt=0,
. . (2.21)
— i (20 j Fxodf + k, (2m) j Fx di=0.
1] 0

Cucrema {2.2]) Momer paccMaTpPHBaTeCH KaK CHOTEMA 0A4n0Opod-
HblX YpaBHEHHH OTHOCHTERBHO ABYX HEH3BECTHBIX

2n Fad
- j Fiodé j Fx, dt.
1] i}

Ee onpemeauteas — sto AetepmuuanT Bpouckoro dyHkupri X 0 X,
otnuunelfi ot Hyan. CneacrareneHo, cucreMa {2.21) HMeer TOABKO
Hysneshle pemenns. Mrtax, ecan dyHiamenTafdbHble pellleHHs YDaB-
HeHua (2.14) — nepuognveckne QYHKUHH, TO IAR CYLLECTBOBAHHA
nepHOAMYECKHX pelteHuli ypapueHnns (2.13) neobxoanmo w Aocta-
ToYlo, yTobu GyAkiua F yioBnereopana CAeAYIOMHM COOTHOLEe-
HESM:

on n

[ Friat=0, [ Fxpdt=0, (2.22)

1} Q

T.e. yToOp (YHKUHA, CTOANIAA B NpaBofl uyacTH ypaeHeuus (2.13)
Obina OpPTOTOHAMbHA UYACTHLIM peUIeHHAM cHeTeMHl (2.14).

6. Opno ypaeHeHHe BTOpOTC Nopaaka. Cayuall HemEpHOAHYECKHX
dbyHpameHTa I bHBEX pementit. B reopun koneGaHNil HeH30XpOHHEIX
cHcteM MBI OOHUHO CTaJKHBaeMCcs ¢ ropasio Gosee CNOMKHBIM CaTY-
yaeM, KOrfa OHHO U3 DYHIAMEHTAALHLIX pelleHHlt ypaBHEHHR B Ba-
PHALIMAX He ABNASTCA mMepHoandeckodi ¢yakuuedt speMmenn. B stom
cayyde ycapBua paspeliMMocTH OyayT BHIMALETb COBCEM HHaye,

Hrak, paccmoTpum ypabHedne (2.13) n Npelmoqomum, 410 OHO
ABNAETCA YPABHEHHEM B BapHAUMAX A% YpPABHEHHS

s +f(z) =0. (2.23)

O6wu# nuTerpaa ypaeHeunn (2.23), coriacHo TecpeMe Npeabliy-
mero maparpada, A4a HOCTaTCYHO ManbiX SHEPrHil, ABAAETCH me-
proandeckoll QyHKUHEH BpeMeHn HekoTOporo nephofa I =2njw(c)
H aHanutHyeckoll QyHKiHed BeAHYHHB ¢ =Xx{0) =X

2=0q1(9) + cPga() +. .., (2.24)
P=0(c) (1+f),

FA¢
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w(€) HaspBaeTcA 4actoToOf. 2Ta (YHKUHA OnpegenseTcA TAKHM
oGpasoM, 410 $YHKUHH @i (P} oKasuBawTCA MepHOAHYECKHMA QYHK-
UHAMH apryMenTa ¢ ¢ MePHOAOM, paBHbIM 27,

CornacHo 1eMMe, TOKa3aHHOA B nochenneM naparpaq)e raaBu I,
yacTHHE pemeHHd ypasnedun (2.13) nMewT BAA

* oz
xl—;ﬂ—m(ﬂ)w,

(]
+_ 0z 6‘ dz dwo

X, +011> dct’

=
rae 0z2/dc osnauaer AnddepennupoBanne no ABHO BXOASINEMY ap-

ryMeRTY ¢. 3Ta ¢yHKIUA Gyaer mepHonHueckoR GyHKINHeR BpeMeHH.
Tak xak Qyakuua 0z/0p — neproandeckas GYHEUHA, TO H X, () —

TaK&e MepHOJHHECKan PYHKUHA nepoaa 2Zm mo aprymenty . YUro
kacaerca QGyHKuHH X,({), To oHa Gyjer nepHoAHveckoll GYHKIHeR
TOMAA # TOAbKO TOria, Koria dwfdc=w’ = 0. Bpeaem oBGosHaveHHA

H BBEAEM HOBYI0 CHCTeMY J/HHefiHO He3aBHCHMLIX peLIeHH ypas-
HeunAa (2.13) B BHAe

(2.25)

—
e et

rfie # H U— nepHoauyeckHe QyHKIUH BpemeHu. Ilepenmiuem Té-
neph YCAOBHA NEPHOZHYHOCTH (2.19)

-+

(27 ~%IF(0+ut}d!+C,
0

o
+ (2 (2n) + 2au (27)) %J‘Fudt+02 = Ky,
o ] ’ 2.19)
a(m! —;TJF(v+ut)df+C1I+
.I' 0

o
+ (0420 + 202 @) + u @ap |+ [ Fudt + €y | = ko
1]
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BuinuiieM €Ie yciaosHa (2.20)
u(0)Ci+ v{0)Cy=x,, }
G0)C,+(@0) 4+ u0))Co= 1.

Tak kax pyHKUHH u H © nepHomHueckHe, 10 ycxosna {2.26) coxpa-
HAWT CBOK CHAY NpH H3MEHEeHWH apryMeRTa Ha 2x

2(2%) C, + 0(270) Ca == xo,
£(2n) Cy + {0 (@n) + 4 (2n)) Cy = 1.

(2.26)

3710 NMO3BOJARET YIPOCTHTH YCJAOBHUA (2_.19)_

n . o
—2C0 [ (o4 utar + HEE2ED [y gy
1] 0

= — C2nu (2m),

- ¢
- .f F(o+ud)dt+ 2:27)
’ 1]

A

: 27 '
- ¢ (2n) + & (2n) 4 2 (2n) I Fudi= _.sz;(2ﬂ:) . O,

Paspewmnm cucremy ypasHenufl (2.27) oTHOCHTRASHO HITErpafos,
KOTOpble BXOAAT B €€ AeBYI0 4acTh. [IpHHAMaA BO BHHMAaHMe, 4TO
A — BpoHcKrad OYHKUMR Xy=# W X;=v+uf ecTh 8eNYYHHA NO-
CTOAHHAA, HAXOIKHM ’ ’

on _ : :
j FA (o) + tu (D) dt = 27AC,,
om_ | (2.28)
[ Fiyutyat=o.
1]

Taxum o6pasoM, GyHruHs F, Tak e KaK §'8 NPEAbIAYIIEM cAyuae,
AcNKHA OBITE OPTOMOHANLHON TOMY ¢ryHAAMEHTANLHOMY peuieHnIo,
 KOTOpOE ABNAETCA DEePHOAHYECKOR (PYHKIHEH BpeMeHH.,

Beawunna Cs, Tak Xe€ Kak u A, OnNpefenseTcs HaualbibiMA
3HaYeHHAMH GYHKUNA u A U M HavalbHBIMH 3HAYEHHAMH Xo H o
Ha ypasueunit {2.20) Haxoanm '

Cy= EoXy (0) — xo%1 (0) © -
. N .
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Hrak, okonuyatensuo yciosua (2.28) MomxHo nepenucate B Buie

n
[ Flyayar=o,
’ (2.29)

priud

j F (O {v (8) + tu () df = In (3 (0) + x4 (0) ). '
O

§ 3. Meron Jianynoea

1. Mpumep. B § 1 3roit rmaBel Myl YCTAHOBW/M paa oGLUHX pe-
3YJBTATOB, OTHOCAIHXCA K CHcTemaM Jlanynosa. Mul ycTaHOBHJH,
B YAaCTHOCTH, YTO AAA JOCTATOUHO MANBIX 3HAUYEHWHA NOCTOSHHON ¢
peweHus cHcteMbl (1.8} — neproauueckne ¢yukunn { Oanaxo
NoKa elle Mbl HHYETO HE [QBOPHUAH € METOaX OOCTPOEHHA 2THX
NIEpHOMHUECKHX pelledull. JIANYHOB npeatoXXKua npocTOd # O4EHD
5({0heKTHBHLA a/IrOPUTM NOCTPOEHHS 3TUX pewlenui. Anroputm Jlg-
NYHOBA MCil0Ab3YeT AHANHTUUHOCTL HCKOMSBIX pelleduit o napa-
MeTpY ¢ H AA4eT NPaBuio NOCTPOeHHA peweHuil B dopMe pAfoB
CMENMANbHONO BHAA, PACIONOMEHHBIX MO CTEHEHAM 3»Toro mapa-
MeTpa.

Hrak, Ha OCHOBaHUW TeopeMbl, AOoKazaHHOH B § |, pewenue cu-
crembl ypasuenufl (1.8) moxHO HCKaTe B BHJe

x(t)= kZ_]c*xk(t). gH= kz_‘; ctys (1), 3.1

[To nokasaHHOMY ANA AOCTATOMHO Manbix shadeHndi |cf psagwl (3.1)
CXOZATCH H Oonpemeasnor pemleHne cacremu (1.8). QuHako ucnoas-
30BaTh pelwreRna B dopme (3.1) okaszwBaerca HeymobubiM, [losic-
HHM 3T0 OOCTOATENLCTBO.

Kax ywe Oblio yCTaHOB/AEHO AJA AOCTATOYHO MadbiX 3HAYeHHH
w {#AH, 4TO TO XKe caMoe, JAA LOCTATOYHO MAJbX SHaUYeHAR |cf),
Bre pelsenus cucremsl (1.8) — nepuoanyeckne nepuoaa T(c). Cae-
A0BaTeAbHO, ¢yHKUKH, onpepefendvie pagami (3.1), yaoBneTeo-
PAIOT COOTHCLIEHRAM

£+ = 3 a4 T) = 3 ctay(f)=x (8),
o o (3.2)
JU+TI= Dy t+Th= 3 cPplt) =y ).

PapeHctBa (3.2} cnpaseiinusm AnA AwOHX (HO AOCTATOUHO Ma-
JAHX) anauenmii je|. OAHARO Ha STOIO liel1k3s CARJNATL 3aK/IOHEHHs,
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uT0 QYREUKH X;({) W y;(!) TNepHOAHUECKHE, T. €. 4TO
x(t+Ty=xi{f),  g:(t+T)=4:{f).
B camom nexe, nepuod T B oOlieM cnyuae Takxe seafercd QyHK-
useit mapametpa c¢. CaeloBaTerbHo, XOTH NpeAcTaBaetne (3.1) H
cnpefeasner NeproiHYeckYio (PYHKUHIO, YILHB 3THX PAAOB NEPHOAK-
yecKnMe dypkuHAME B oblieM cTydae He ABAAITCA.
Han nosicHesun PpacCMOTPHM NIPHMED CHCTeMbl

g=—y, yg=x+i3, : (3.3)

[Mopcrasasia 8 a1y cucremy pamsl (3.1) u cpasHMBRas kosddu-
IMHEHTH NPH OJHHAKOBBIX CTENMCHAX £, NOAydaeM CJAeAyioiide CcH-
CTEMBEl YpaBHEHHAA AAA onpeiesendd (QyHKUHA x; H gy

B=—yn  Hi=x; (3.9)
x.g = = Ia, !;'2 == X9, (3.5)
3= —Ys =%+ (.3.6)

HT O

HavaakubiMi ycnoBuaAMu AAs cuctemsl (3.3) Oyayr ycnosus
(1.13). Ha 3toM OCHOBAHHH HavaJdbHhie YCAOBHA QIJI7 CHCTeMBbl
{3.4), (3.5), (3.6) MH MOMeM MPHHATH B Bufe

i=0:. x=1, =0, l
=0, =0 (=2 38, ...}

Yenosua (3.7) eAnHcTBeHHBIM 06pazoM onpelelfiorT yHKUHH Xy,
Xz, 1 H Y2

3.7)

xi=cosi, gy =sinf, x2=10, yz =0. {3.8}
[Tepenuiuem Teneps cHcteMy (3.6) ¢ yuetom (3.8)
Ey=-—Ys, Ps=A3+cos3 L {3.9)

Hekarouas u3 (3.9) QYHKUHIO Y3, Mbl TPHAEM K CAEAYIOWIEMY YPaB-
HEHHK BTOPOro MOPAAKA!
¥zt x3= cos? ¢

HJH, 3aMeHAR cos?{ ero PAa3NOKEHHEM M0 KOCHHYCAM KPATHHX AYT,

3 |
7 08 !+ cos 3t (3.10)

Ofiuee pemenne cucremsl (3.10) 6yner

£3+x3=

xy= Acost+ Bsint + 3 fsind ~  cos 34, 3.11)

3neck nocrofuusie A u B pomxknsl Guith sHGpansl Tak, urobbl vAO-
BAeTBOpUTb YesasuaM (3.7).

Hrtak, mbl BHANM, 4TO DYHKIUMA X CORAEPNHT BEKOBOE chAarae-
Moe £sin{ B, CNENOBAaTEABHO, HE ABARETCH NepHOAHMecKoll. Jlerko
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yGeAnTbCA, 4TO W NOGIedyOllne YieHn pagcs (3.1) 6yayr Takxe

sin
COAEepP¥AaThH UNeHW BHIA tﬂmsf.

Taxum ofpasom, nocrpoeHne pelleruna 8 ¢opme pagos {3.1)
HPHBOAAT K TOMY, UTO NepuofHueckHe PyHkuuu x(f) u y(f) npen-
CTABAAIOTCA B BHAE PANOB N0 Henepuoaudeckum pyuxuusm. Takoe
npeacTapBideHue HeYNOGHO BO MHOTHX OTHOIIEHHAX H He MOMeT GmTb
HCOOAb3OBaHO B NPHKJIAAHBIX nenax. B camom Jene, Ha npakThke
Msl HE WMeeM BOIMOXHOCTH ONEpHPOBATh ¢ OecKOHEUABIMH DAXaMH
H BHIEVKIEGHH 3aMEHATb MX KOHEUHbIMH oTpeakaMu. Ho atW koued-
HBle . OTPeaKH He GyAyT NDEPHORHYECKHNMH (YHKUMAMH W, CAEA0Ba-
TeabHo, game npulmoxedHo He OGyayr comepxare HeoGXxoaumoH
uupopmauun, Takofl, HampUMep, Kak 3aBHCHMOCTL nepHoga T ot
CAMIVTUTYABI® €.

2. OGcyknckue anxropuTMa. Mbl yXe BHJeNH, 4TO NPHYHHA He-
yAaud, KOTOpaA HAC NOCTWrAa NPH NOMbITKE PAa3kbiCKaTb NEpPHOLNYe-
ckue petleHsd B tdopse pagos (3.1), coctoaNa B TOM, 4TO NEPHOL
pewennst T 3apucen ot ¢ {losTomy, ecTecTBeHHO, BO3HHKAeT B80-
npec: Heab3fl JH BHAOH3MEHHTb MaclTa® BPEMEHH TakK, 4Tobbi pe-
MIeHHA NOAYYeHHON CHCTEMB HMeak ©HKCHPOBAHHBIA nepHol, He
3aBHCALMA 0T ¢ {HanpHMep, pasusiit 2n).

O6parum sruManne Ha Qopmyay (1.24). Oua noxaseiBaer, uTO
eciHd CARNATE SaMeHY

t= (14 ey + ¥y + .., (3.12)
TO MEpHCA koseGanui no nepeMediodl 1 Oyfer papen 2m. CAenas
B cucTeMe ypasHeHdRd (1.8) saMeny (3.12), oonyuum

de ¢ 1+ c2he 4 chs+ ...
at "y‘l‘x(x,y)] A R

E&_' : . l+€2f!g+€sf!3+...
ax -[1x+ Y(x’ y)] A i ]

(3.13)

Tak kaxk npaBble dacts chereMut {3.13) Mb YMBOXKWIH Ha aHAMH-
THYecKHe - PYPKLWE Napamerpa -¢, 70 PelieHHA 3ToOf CUCTeMbl, Tak
We Kak W cucreMbl (1.8), aHanHTHUECKHe [O ¢ H Ina AKGOro go-
CTATOYHO MAaAOrO |¢| MepuoAnveckHe no t. Ho mepHod no Hesapu-
cHMOft fepemenHofi Tenepb yxe GHMKCHpoBaH, OR paBer 2.

[Tepuoanyeckwe pemenus cucremsl (3.13) 6ydeM HckaTh B BHAE
pALOR

r= Zetx®in),  g= Ly ). (3.14)
: k=l -

MoacTapum paan (3.14) B cHcremy ypasHesnit (3.13) # cpaBHuM
K02 HLUEeHTH NPH OAHHAKOBLIX CTEMEHAX napamertpa ¢ PYHKUHH
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x“?(t) u y(t) 6YAYT YAOBAETBOPATL C/AEAYILIEH CHCTEME ypaB-
H@HHH

{ ( '
e A RN (3.15)

B camom gede, pydknnu X 1 ¥, Syayuu aHadHTHUECKHMH DYHK-
NUAMH CBOHX MNepEMeHHBbIX, TAKOBbl, YTO HX pazfoeHHe HadH-
#aeTcs C WieHOB BTOPOTO Nopsiaka Majioctd. CiaefoBaTenbHO, RPH
noAcTaHoBKe B 3T ¢yHKuum pasos (3.14) éyaxunw X u ¥ ne 6y-
IYT COAepHaTb UYNEHOB, JHHEAHBIX OTHOCHTeABHO ¢. HavanmHwle
3HaueHHA AAS cucTeMut (3.13) onpeaeneHs paBeHchaMu (.13

1=0: x=¢, y=0.

Caneposatensro, yuguay 1 u g Syayr COOTBETCTBOBATL CJle-
AYIOUIHM HAYAABHNM YCTOBHAM!

=0 M=, yhH=0, {3.16)
@Oyagune X2 1 g 6yayT VIOBAETBOPATb CHCTEMe YPaBHeHHH
dx o Ly
B =P+ X9, | @17
dy'? _ o Ly )
prak S Y, j

rie X@ n Y@ — gpagparuusble ufeHbl pasiowends QyHxuuit X
W Y no crenensm napamerpa ¢ Tak Rak X n Y — ananutuueckue
GyHKIMA MepeMeHAbIX ¥ A Y, NPHYEM HX pasfioXeHWe HAUHHALTCH
¢ KBaApaTHuHBIX uAeHos, To X® u Y@ apnqiores kealparuunbimu
thopMaMH nepeMeHHbIX P g,

Touno Tak Ke Kaxpaasa napa ¢yukupd x® u g, sxoaawmas
B pasnoxkenue (3.14), onpeaenserca cucremofi ypaBHeHWH

dx{®
’:h = y® 4 .f_xtk_} _hk_lyn), ]
(& ' (3.18)
-4%1—)-=x‘k’+%}’(*.}+hk_1x“’, i

nprueM QyHKUHA X® u Y&} 6yayr cozepxartb benuuuap A9 gy
TOABKO TEX HOMSPOB f, KOTOpHIE MeHbille yeM .

Kpome Toro, pyakunn X® uw Y& Gyayt coaepikarb BeAHYHHEA
h;, npuvyem j=2, 3, , k —2, 3ametum, 9T0 BENHUHHLI A BXOJAT
B MpaBble yacTH (3 18} TonbKo ypanﬂeﬂnﬂ OTHOCHTENBHO X} | g,
IAA KOTOPHX § 2 3:

dx® 1
= = — yfa) + T X[SJ — h2y(l)’ )
g t (3,19
2D o 3@ L YO he® .

HT I
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H3 ycaosun (1.13) caeayer, yto dyHrunm ™ g y® npn &> 1
YACBJETBOPAIOT HAYATbHLIM YCAOBHAM

¥®(0y=0, H»(0)=0. (3.20)

Bepremcs cuoBa & ypaBueduam (3.13). Xora uvicna Ay Wam Hed3-
BeCTHLl 3apanee, HO OHH Ha OCHOBaHEHH TeopeMmul Jlanywosa {m. 8
§ | sT1ofh raaBb) onpeneanioTCH OAHO3HAUHO AMA JaHHOA cHcTeMbl
U HEe 3aBHCAT HM OT NAPAMETpPa ¢, HH OT HAUANLHBIX YCAOBHR.

Ianee unenn pagos (3.14) TakmKe onpefefslOTCH OLHOIHAYUHO,
npuueMm x*{r) u y* (1) — nepuosnyeckHe GYHKUHH TEPEMEHHOTD
T neproja 2n. B camom mene, x(t) u y(v) — nepuonuqecxue $yHK-
UHH, CNeZOBATEIBHO,

N+ =x(t+ ) =x(1) = X ctr® (D),
2ty M r+2m) = y(v+2m)=y(z) = Ae'y® (1),
Tar kak dyRKuuM x¥) B %) He 3aBHCAT QT NapaMmerpa ¢, & paBeH-
ctBa (3.2]) cnparefaansul Aaa A0doro Manore ¢, 1o
B+ 2n) =x® (1), Y® (14 2n) =y® (7).

Takum o6pa3zoM, MEl MOMEM YTBEepXKAATL 3apatee, 4To (GYHKIHM
8 1) n y*{r), KOTOpHle ONpPEASNAIOTCS KaK pelleHHe 3aAaul
Kouwn (3.20) mns cucremu ypaseenuit (3.18), 6yayr nepuoanue-
CKaMH QYHKUMAMA BpeMeHn nepuoga 2m. C Apyrofi CropoHw, ypas-
nenusn (3.[8) otnocaren k suay (2.10), rae

1 1
Fi=gX® —hyy®,  Fp= 5 VY 4 fy x®

8.21)

SBJSIOTCH  NePHOLHUECKHMH (YHKUHAMH BPEMEHH, MOCKOABKY
OHH OMpeleNAdTCA NepPHOAHYeCKHMH QYHKUMaMH x(), .. xB-1)
gy ..,y Mp yocTaHOBAAW, YTO CHCTEMa3 BHIA (2]0) HMEeT
nepnonnqecme pellleHHe TOTAA W TOABKO TOrAa, KOrda ¢yHkuun Fy
yaceieTrsopAloT yenosusam  (2.12). Ha 35ToM OCHOBailMH MOMHO
chOpMYAUPOBATE  CASRYIOIEE  BCNOMOTATENbHOE  YTBEDXKIAEHHE:
dyrxkunn X®, Y u ypena Ay Bceraa yHOBNETBOPHIOT YCJAOBHAM

o&n

n n
J Ficos tdt + J. Fosin fdf = %j {(XH — 2k gD ecost +
5 & ¢

Y™ 4 ah,_ xW)sin i} dt =0,
+( & )sinf} d (3.22)

J Facos fdf — j Fisintdt = J {(Y® 4wk xP)cos f —

—(X.“” Ay y"M)sin i di =0, |
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3. Pacuet npuGamkeHworo pewenus, PaccMoTpHM Teneps nof-
poGHee npoLeAypy pacuerd KOIM{PHUMEHTOB DPasl0omeHHn PRAOB
(3.14). ¥Ycnosua (3.18) BblfeanoT eJHHCTBEHHOE pElUeHHE YpaBHe-
Huit (3.15)

rD=co0s 1, yW=sin 1. (3.23)

Hanee paccMorTpum cuctemy ypasuewnit (3.17). QyHkumn X@ n
Y® 6yayr kBaApaTHYHBIMH (popmamu oT sint u cost. Ha ocuosa-
HHH TNIPeABIAYILErQ »TAa CHCTEMA HMEEeT MEPHOIMYMECKOoe pelleHHE,
KOTOpoe MOXeT OLITL MOCTPOEHO CAHHM H3 H3BECTHHIX cmocofos
HAH, HADPHMeP, METOAOM BAPHAUHM TPOH3IBOJIBHHIX NOCTOAHHBIX
WM NpejicTaBieineM pelleHns B BHAe oTpe3ka pAlxa Pypbe

2@ =Acost+ Bsint+g,
yP = Asint— Bceost + ¢, } (3.24)
rje QYHKLHH @1 H @2 HMEIOT BRI
@ =+ 0 cos 21 + Ay s?n 2, } (3.25)
Po = g + Ogy CO8 27 + @y 5in 27.

B camom Aene, Tak Kak dynkmun X@ u Y& cogepmar ToabKO BTO-
poie crenend GyHKLHA £ u @, 1o paznomenne X® u Y@ p pan
dypoe He GyaeT coAepIKATE NEPBHX TapMOHUK. KoY PHUHEHTH oy;
B pasnoXeHuu (3.25) 0AHO3HAYHO ONPEAENAIOTCH KO3(PDHIHEHTEMH
pasnoenud oyukunii X® u Y®, Yucna A u B B BoipameHHAx
(3.24) onpeneasiotes HavafpHbHIMH yesrosuamu (3.20). Amanornuno
BLIYHCAAOTCA H OCTAlbHLE WieHH pasnoxennsn (3.14).

PaccmorpuM Tenepk Gonee nompoGho yesaosus (3.22). Hpunn-
Masn Bo BHHMaHHe Boipaxendn (3.23) ana 2V n £, MOXKHO 5Tn
YC/IOBMA TIepenydcarTh Tak:

n »

j {X® (Hcos i + ¥ ({)sin £} df =0,
° (3.26)

n
- "_*ﬁ J.{X"h (fysin t ~ Y®) (f) cos £} dt.
[

Bropoe H3 3THX DABEHCTB MO3ROJAET BHMMCAWTL MONPABKY Ha ua-
cToTy Hgy. M3n0XKeHHan npouenypa pacyera NOKasbiBaer, YTo Aasl
prpenedeHdn MEpBOfi NONPaBKH Ha YacTOTY HeoGXOAHMO IPOBECTH
BLIYHCACHHR] NepBHX TPexX npuanxeHii,

lMMpumeuanne B npepsinymeM nyHxre OBNO YCTAHOBJAEHO,
uro Py X® y Y& tagoBH, uTo oM Beeraa YAOBAETBOPHIOT
YCAOBHAM CYILECTBOBAHMA NEPHOAMUYECKHX pewennii, 3101 akr
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JIErKO MPOBEPKETh, HeMmOCPeACTREHHO MONb3YACh CTPYKTYPOH .3THX
dyukeuid. Tak, HanpuMep, Gydkunn X3y Y2 ymelor npencrapie-
Hua THna (3.25). Tloacrasnns nopoGHoe Bolpamerne B (3.26), yOe-
HAaeMca B TOM, YTO OHO YAOBJACTBOPACTCS TOMIASCTBEHHO NQ Gy

Mbl nokazann, yto paael (3.14) asasiotca popManbHbEIM pelue-
HieM cHcTeMbl ypasHewuil (3.13), #o, cornacHo Teopeme JlanyHoBa,
peleHHe 3TOA CHCTEMB ABAAETCA AHAJHTHYECKOR (yHKuHeA napa-
METPa ¢ B OKPeCTHOCTH TO4KH ¢=0. 370 3HaYuT, YTO AAA AOCTa-
TOUHO Manux 3uauennlt |c| pamst (3.14) cxoxaTcs u Zalotr pe-
LieHHe,

Wrak, merosn JIanyHoBa nossofifer MOCTPOHTH pellleHHe B BHAE
paacs (3.14). Bosepawance K nepemenHoMmy ¢, nony4nm

X =cCros [M) + 2@ (M ) +3(0G.0+...,

I+ et . 14 by ... (3.27)
y=csin (I-:}!(:c—jﬁ) + 2@ (-H.lk(s-—%i’-]-—) +3(.)+ ..., '
ree x4 u y® - nepHoaHveckue (YHKLUHN CBOEro aprymMeHTa
1_-1-;%(,%:%? nepHeAa 2m.

Jltoofi oTpesoR, coCTOAILAN H3 KOHEYHOrQ YHCAA WIEHOB PAACH
(3.27), MB MOMEM HCNOABL30BaTh AAA RPHGAHMKEHHOTC OMHCAHNH
KoAefaTeAbHOro mpouecca. 3aMeTHM OAHOBPeMeHHO, YTO, NOCKOAb-
KY YacTOTY Mbl BCerZa ONMpeAeaseM ¢ HEKOTOPOA MOrpeLIHOCTBIO, TO
C yBeauyeHnem BpeMeHn ! omubka B BuUHCHeHAW haznl Gyaer Bee
BpeMa HaxanaueaTecA. Metox JIsnynoea ne naer, Takum oGpasom,
BO3MOKHOCTH ROJYYHTB papHOMepHoe NpHOAHMeHHE No ¢ase Ha
BceM GecKoHeYHOM HHTepBafe BPeMeHH.

Bruipamenne (3.27) amaer oOGiuu#i wHTErpan cuctembl JlsnyHosa,
MOCKOABKY DpaBbie uacTh (3.27) comepaT ZBe MPOH3BOJbHBIE 1MO-
CTOAHHLIE: AMIVINTYAY ¢ H AAAHTHBEYIC TOCTOAHHYIO /. Crnenosa-
TeNbHO, MeToj JlamyHOBa TNO3BOAFET HCCACAOBATE 5TH CHCTEMBE
B OKPECTHOCTH MOJOMeHHR paBHOBECHA ¢ HcCuepnbiBalollel mon-
HOTOM.

B sarnmueHHe paccMOTPEM ABa nphMepa.

4. Ypashnenue Hwdbunra. B Gespzsmepnnix Koopa¥HaTax ypas-
netune Hiopthunra umeet sna

F4x—x2=0. o (3.28)
210 ypaBHenue H3yuanoch B rAape [; Torla Mbl NOCTPOHAH ero
TOYHOE pellenle B BAIANTHUECKHX Oynkumax. Meros JlanyHosa
No3BOARET Jerko HafThH ero npnﬁ.rmx{eﬂuoe pelleHHe B TPUTOHD-
METPHHECKHX (DYHKOHAX. :
HauanbHbie ycAoBun 3alaflHM B BHAe

=0 x=¢, y=0. - (3.28")



§ 3] METOM NAMNYHOBA (1.

¥YoaedeHne Hwoddunra onucbidaer KoaeQaHue HEKOTOPOR KOHCEp-
BATHBHOM CHCTEMbl, @ MNOCKOAbKY (1OCACAHAA ABAAETCA YACTHLIM
cnyyaeM cHerTeMbl JIANYHOBa, TO A4S €e HCCACAOBAHKA MOKHO HC-
nonb3oBaTE MeTol Jianyrosa.

IMpu pellieHHH 2aaau, CBOAAIMHXCA H OJHOMY YpaBHEHWIO BTO-
poro MOpAJKa, HET HeoOXOLKMOCTH NEePeXCLHTb K CHCTEMEe YpaB-
HEHRA nepsore nopsika.

B ypapuennu (3.28) cnenaem sameny (3.12), nocae derc oHo
EPUMET BHI

— 2} (L + 2R+ .. 00

Ionoxum
X=cxV+c2x@4 |

dynkuun X9 yAOBAETBOPAWIT CAEAYIILHM YPaBHEHHAM!

dieli) A2z 1
= _ yll} — — i@
d1? 0 d=? A l (3.29)
2.(3} .
,%. [— xtal —_ 2h2x([] + x“?a ]
HT A
Hauaabhble YCIOBHA AJAA ITHX CHCTEM ONpeAesAIOTCH Tak:
(=0 xh=1 N=xP=30=_ =0, (3.30)

[TepBoe # BTOpOE YpaBHeHHs cHcTeMbl (3.21) c yqe‘rom HauaAbHbIX
vemoenil (3.30) mam zaayr

xil=cost, 1A=

Torga Tperbe ypamheHHe cHCcTeMbl {3.29) npHMmer Bua

2 (3}
% =~y - 2h,cos T+ cos?r,
Tak rak
cosit = % cos T+ % cos 3t,
TO
d?x?) 3 3 L
b — x! —-cosr(2h2 —-T) + 4 cos 3t {3.31)

Jas tore ytofel ypasHeHHe (3.31} umeno nepHORMYECKOE pelleHHE
nepuofa 2s, HeoSXOAHMO W AOCTATOYHO, UTOOH B npaBoll QacTtu
3TOM0 YpaBHeHHs He OBUIC caaraeMbiX, CoAepXallX CcosT HAH
sin t. Orcioda

3
hy=-.

Hrax, (
d2ye (D 1
—dxt_2 = — x® ~ 2 cos 3r. (3.32)
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[Nepuoanveckum pewennem ypasHeHua (3.32}, yHOBIETBOPAIOLIHM
HavyaasHuM yoaoBuaM (3.30), Oyner pyHxuna

. 1 !
() o
X 35 COS T — 55 €03 3.

Co6Hupas nofyuesHele pesynbkTaThl, oOlUlee pellleHHe ypasHeHHH
Hwodduara Mo MoKeM 3anncaTh B GopmMe

i+t !
X =CCos %— +c3l_3|§c05 _mf_""_ﬂ_)_
—_ 2 Phaligpt-4
[+86+... I—I—Sc +..-
—gpeos [—2EEL N s gL, 3.33)
|+—‘8-'Cz+...

5. Npumep BekoHcepeaTHBHOM cHcTembl, Kaace cuerem JlanyHo-
Ba 3HAYNTEAbHO LWIHPE KAaCca KOHCEPBATHBHBIX CHCTEM, H B IPH-
KJAafHbIX 3afadax TMOAOOHBIE CHCTEMBI BCTpPeUaloTcsl AOBOAbHO 4a-
cro. PaceMoTpam ypasHeHHe, KOTOPOE BCTPEYAeTes B TEOPHH BOJIH,
BOSHWKAIODILMX Ha NOBEePXHOCTH TAMENOi BS3KOH MHAKOCTH, cre-
KaloWel I0 HAKAOHHOMY JTOTKY,

& — pra+Aix=0. {3.34)

Toura x=2=0 gapIdeTcA NOJOXKeHHEeM paBHOBecHs. YBeamMcd, 4To
ypasHerue (3.34) oTHocuTca K uHcAy cheteM Jlanydesa. das storo
HaM HaJ0 NPOBepHTL [Ba YC/NOBUA: NePBOE — KOPHH XapaKTepH-
CTHYECKOro YPaBHEHHS JHHEAPH3OBAHHOA CHCTEMB! AOJKHB OHTh
YHCTO MHHMBIMH: BTOpPOe — cHcTeMa {3.34) moaxHa uMmerh nepsbil
HHTErpaJ, aHaJHTHYECKHH B OKPECTHOCTH NOJCMKEHHA DaBHOBECHA,

ITeppoe n3 3THX ycnosuit oueruaHo. [as BeIACHERHA BTOPOro
0003HaYUM

E=y
W fepennuleM ypaBHenhe (3.34) B cJaedyioleMm Buze:
o
§ g =By — A x. (3.35)

B 3T0oM ypaBHeHHH HepeMeHHble PaznedfdloTCHd, # NOCAE HHTErPHPO-
BAHHA Mbl 0OJYyTaeM

B npy-my=crC, p>E,
BB P (3.36
2y | 22 . 2 Al 49
‘B—-]-F"]n(?h ‘—ﬁy)zx‘l"CE! y<T"

Bupamenna (3.36) roxasHBalOT, y4TO OEPBBIA HHTErPaJ, KOTO-
pHlii IoRyckaeT ypaBHehue (3.34), 6yaeT aHaAHMTHUECKHM B Oxpect-
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HocTH Toukn Xx=y=0, Utak, ypaBHenne (3.34), coraacHo teopeme
JIANYHOBA, HMEET B OKPECTHOCTY MOJNOHKEHHA PaBHOBECHHA MEPHOLH-
yecKHe peweHusi. B aToM moxuo yOeAnThC TAKMKE H allafHIHPYH
dasosyle naockocts, (Obosnavan

2+ S n(y -1

B 2
AJa y.‘>—';—'
Ui =
2 4 21002 —gy)
BB
a2
i3} 59'(_5" ,

MB MOXEM 3aMHCATh NepBuili HHTE-
r'pan B BHIAE

x=xVU(y—-C. (337

Brpaxenue (3.37) Ham nozeods-
eT MOCTPOHTb OGLIYHBIMH chocoba-
MH (a3zoByd NJOCKOCTL ypaBie-
uns (3.34). Puc. 13 MOKA3bIBALT,

A
UTO MNOJAVAJOCKOCTh <— 3anon-
Y Y=< Pac. 13.

HeHA 3AMKAYTHIMH TPaeKTOPHRMH,

KOTOpHIE PACTIONONKEHE HECHMMETPHYHO OTHOCHTeNbHo ocH Ox. Mas
HAXOXJSHUA 3THX pelleHHH MOwer OLiTb HCNOAb30oBAaH MeToa JlA-
nyHosa. Beluncaenns nposefeM, ciefvs Toft Ke cxeMe, KOTODYR
Mbl HCOOABAOBAAH NPH TNOCTPOEHMH pelleHuli ypasHeHud [iod-
unTa.

§ 4. Cucrema Jlanynsopa. Cayuait NpoH3BoIBAOTO YH{NA
creneHeil cpo6oabl

B npefbliyiinx naparpadax paccMaTPHBANKCE HEKOTOpbIE CBOR-
¢TBa 000GHIeHHBIX KoHCepPBATHBHBIX CHCTEM, HJAW, KaK MEl HX Ha-
3BaAH, cacteM JlanyHosa. [1pw 3ToM Mbl OTPaHUYHAHMCE H3VYEHHEM
TONBKO CHCTCM DBTOPOro fopaika. OIHaKD H3INOKEHHBIE MeTOALl
O03BOMAKT H3YYHTE HEKOTOpPBIE CBOHCTBA CHCTEM NPOHABOABHOTO
nopaaka. B wacrthoctu, meron Jlanyhoea moxer 6uITh pacnpacrpa-
Hed # Ha oCLIMA cayuafi cucrem JIanyuora, OAHAKO ero BO3IMOK-
HOCTH OpK 3TOM CTaHoBATcH Gosee orpanHueHHbiMH. B caydae cu-
cTeM BTOPOrQ NOpaAKa MeroA JlAnyHORa MO3BOASET MOJYYHTL HC-
YepNLIBAIOWYIC HHPOPMALKIO O NOBeAeHHH cHCTeMBl. Kak Mt
5TO YBHAHM HEXe, B Cjayuae CHCTeM MPOH3BOJIBHOIO MOPAAKA 3TOT
METOL TIO3BORSET OTHICKHBATD TOAbBKO Ol'lpe,[l,e.l"leﬁﬂhlﬁ Kaace
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neproguueckux pefuennfi. HecMoTpa wa orpanuvenmuifi xapakrtep,
Meron Jlanyuora B pafe chyuaep SBASETCA €[Ba NN He eIHHCTBEH-
HuIM COOCOBOM, KOTOPHIA HMEeTCd B pyKaXx HCCAeloBaTens 1af
APPEKTHBHOrNO NOCTPOEHHA TNEPHOAKYECKHX pelleHHl HeanueRHbX
KoNebareNbHBX CHCTEM CO MHOTHMH CTéfleHsaMH cBoSoanl.

1. Onpepenenne. CHeremy IudPepeHlHaAbHLIX YpaBHeHNH

Fi=F(Fi, ..., En) i=1,2 ..., n) .1

6yneM Has3blBaThb CHcTeMoft JlanyHoBa, eciiM OHa YAOBAETBOPAET
CACAYIOIHM YCAOBHAM:

a} ®yugkuun F; — aHanuTHueckHe PYHKUMH CBOHX apryMeHTOB
B OKPECTHOCTH TOYKH ;=0

T
- K o ~
F = E a %+ Fi(%, ... B) (4.2)
34ech @;; — MOCTOSIHHbIE YHCAZ, F; — aHanuTuueckue QYHKUuH, pas-
AOKeHHe KOTOPHX HAaUMHAaeTcsl ¢ 41eHOoR BTOPOro fopajika

oo
]

FI - 2 a(sl, Sganen sn)is]fsn, oy fs"'.
sl+ss+...+sn=2 ' 172 r

6) ¥Ypapnenue .
Dy=|a;—18l|=0 (4,3)

HMeeT 110 KpafHe# Mepe OAHY Napy YHCTO MHUMBIX KOpHed /A,
BeNMURHE &) — CHMBOJ K pouekepa; 8 =1, ecan i=j un 8{=0,
eenu i 5§

B) Kopuu =i\ mpocTee H, KpOMe TOTO, CpelH KOpHEH ypaBHe-
Hua (4.3) Her wkopHefl BuAa Liph, TAe p — DPOK3BOMNBLHOE LEJIOC
YHCAG.

r) CucreMa (4.1) vMeer aHanUTHAYECKWH NepBHIE HHTErpan

(%, %, ..., ) =const. (4.4}

2. Npueeaeyne K KAHOHHYECKOMY BHAY. Brnipeab BMecTo cHCTEME
(4.1) Mul Oynem paccMaTpuBaTh CHCTEMY CAedylOUlero BHAA:

x= '_ﬁ'y'l'X(x! 2y ... Zp),
g=rx+Y(x, g, 21, ..., 2
L% ' (4.5)
zs-_—jzlb”z;+25(x, Yo 200 o ovs Zm)
(s=1,2 ..., m m=n-—2).

Paccmorpense cucreMut (4.5) Bmecto {4.1}) He mHapywaer obut-
HOCTH, TaK Kak cHcTeMma (4.1} sMoxer OwTh BCeria npusejeHa
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K BHAY (4.5) nuHelinmM npeoGpa3zoBaHHeM nepeMeHHbx. Jlna Toro
41008l 2TO [IOKA34Th, PACCMOTPHM CHCTEMY ypaBHeHHH

i .
g = E agiky (4.6)
4 BBEJCM HOBYIO HEpPEMEHHYIO
n
= 2’ Ags (4.7)
i=

agect A; — HexkoTOpble MHCaa, BHIGpanHble TakuM o6pasoM, 4ToBH
ANA MOBBIX &; UMEIO MECTO PABEHCTBO

2 Ak = LP. 2 Aty (4.8)
i i

rre | — HEKOTOpOe, cneuHaabHuiM o0pasoM nogofpaHHoe 4HHCHO.
CnenoBaTeNbHO, BeAHYHHH A; YAOBNETBOPAIOT CHCTeMe ajre0pan-
HECKHX YpaBHEHHH

g Alwsi—a)=0  (j=1,2, ..., n), 4.9)

rie & — cumeon KpoHerepa, Has toro uroful cucrema (4.9) aony-
CKafia HeTPHBHAJBHEIE Pellenyd, HeoOXOAHMO W AOCTATONHO, YTOGHI
i Obinc KopHeM ypastenun (4.3).

BrluicaEM Tenep, NPOU3BOAHYIO #f B CHAY YpabHeHHH (4.6)

"
O

i = Aa; ks
= &

Hcnoassya (4.8), Haxonnm
f]=l'-; Ak == un.

TakumM of0pasoM, KaXKAOMY H3 YHCTO MHHMBIX KOpHefl YpaBHEHHA
{4.3) MOMHO NOCTABHTE B COOTBETCTEHE PYHKUHUM 1y W 72, YAOBJE-
TBOPAICLLLEE YPABHEHUAM
=, g = — ik,
NpHUEM BeNHYHHBl 1y H 12 ONPENeAIOTCR PaBeHCTBAMH
71

ne B e fa,

=]

rae ncaa AP u AP onpedenentt us ypasuenut (4.9) tipn peik
4 p=—{} COOTRETCTREHHO, BMECTO NEPEMEBHLIX 1, H Ma, KOTOPLIE
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YAOBACTBOPHIOT ypaBHEHUAM ¢ MUMMBIMM Ko>bduuneHtamy, ynod-
HO BEBECTH APYrue nepeMeHHble

X=f+ns  Y=Ei(nz— ).
3TH BEJUUWHE] YAOBNETBOPAIOT CHCTEME YpaBHEHHI
#=—AY, y=hx

Ecau tenepe B cHcteMe ypasuennn (4.1) caeaats SaMEHy nepe-
MEHHBIX

e= B0+ 4z
=]

it
S e~ a0,

2}'=f; (j=l) 2;-0-;“"‘2),

To oHa Gyaet NpyUBeJeHa K BHIY (4.9).

dopmy ypaBHenuit (4.5) Mbl 6yaem HasbiBaTh KaHoHqucxoﬁ
dhopMon cucteM JianyHera,

Fepewiti uaTerpan (4.4) B 3THX nepeMeHHBIX MOXer ObITh NpH-
BedeH K BHAY

Ry + Wiz, ..., 2)4+S(x, y, 21, ..., 2Za)=nt, (4.10)

rie W — kBanpatuynan dopMa CBOMX NepeMeHHBX, a S — aHanm-
THYeCKas GYNKIMR, PasioMmeHHe KOTOPOR HAUHHAETCH € 4YjeHoB
TPeTHEro MOPALKA MaTOCTH.

3. Teopema Jlanynosa. Ilycte TOUKa x =g =2,=... =2y =0
AshseTcA NonoXKeHneM pasHosecud. [loeTopAA AocnoBHO paccy-
KAeHuA, npusefedHble 8 § 1 3ToH r1asbl, NPHXCAHM K Clelyioweid
TeopeMe.

Cucrema {4.5) donyckaer 8 OKPECTHOCTU HAXAAQ KOOPOURAT
X=p=2y=_..=2,=0 nepuoduuecKkoe petueHue, anaAiUuTHHECKU 34-
sucawee or 00n020 napamerpd. B kauwectee Taxkozo napamerpa
MONET DiTo NPURATO HA4QAbHOE 3navenue eeaudunvr x: x(0) =c.
Havaaeroe snadenue seaudunol § MOMET CHUTATOCA APU ITOM pas-
Hotm myato. Hauareuvie snauenus seaudun z; onpedessioTcs OOHO-
BHAYHO U ABAIOTCR TAKKE QHAAUTUYECRKUMY PyHKUUAMN napamer-
pa ¢ [Tepuod pewenus T — Tome anaiurtadeckan Qyukyua 37104
seauaanes, nputem gyusyua T umeer aud

T=25(1 4+ e+ by £ ..) {4.11)
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u, cAe006aTEALHO,

. 2x
m7T =-<=.
o> A

Camno nepuodu4eckoe peulenie AGAACTCA AHAAUTUYECKOL QyMryieti
napamerpa ¢ u obpawaerca 8 Tpueuarsnoe npu e=0.

Tagum o6pasom, cucrema JIsnynosa NPpoH3BOALHOMG YHCna CTe-
nerefi c¢BofOMbl TaxKe ofGhajaer NUEPHOAHYECKHMH pelUeHHAAMH
B OKPECTHOCTH Havana xkoopauHat. OfHAKO B C/IyMae CHCTEMbI C Of-
HOH CTEMeHbio ¢B000Abl OHH HCYEpPRLIBAIOT BCE BO3IMOMHLIE JBHMKE-
HHS, KOTOpLe onuckiBaer cHeteMa Jianynosa. B caydae npoussons-
HOTO UYHCJa CTeneHelt CBOGOILL OHM BBIAEAOT TOMBKO OfHOMApa-
MeTpHyeckoe cemeiicTso takuX peweHHA, [loduHbilt walop pewenui
AOAKEH 3asuceTb OT n— | papamerpa (NOCKOABKY OAHA H3 fAO-
CTOAHHBIX aAJHTHBHA), HO CBOACTBA OCTAABWBIX pelUCHHI 3apHedAr
yXKe OT APYFHX TOYEK CHeKTpa Matpuus {ayl.

{lpumeuad e [lycTe Mbl ONpefieSiIH OAHONAPAMETPHYECKOR
CeMeHCTBO MePHOAHYECKHX PelleHHA

x(“: C)r t’)’(()! Z|(f,€),..‘,2m(f, C}.
OyeBHHO, YTO peilieHdeM OyleT TakKe H Takad cHcTemMa dyHKUHR
x(£+h! c)t y(t—i—hs C}) zi(t+hr c)l"‘!zm(t+h)c)

aaa aw6ore A. Taxum o6pasoM, Metoa JIanyHORa MO3BOJAET Bbine-
AHTh ABYNAPUMETPHYECKOE CEMEHCTBO MEPHOSHUECKHX pellieHHH,

4. Me7oa JianynoBa, MeToa, KCUOJAL30BAHHBIE JJA 1LOCTPOEHHA
eprOAHUECKNX petleHnit cuctembl (1.8), Moxer ©OHTbL HCMOAB3O-
BaH W AAA peilenna Gonee CNOXHOH 3aflaud — OTBLICKAHHA NePHO-
Andeckux petllesnit cucrembl (4.1). Caenaem cHavana craspapr-
HYIC 3aMeHY He3aBHCcHMOI nepemeHHol (3.12)

i=%(l+h?6‘2+hg_£3+ covh

rae h, —uMcaaz, nopnemamue onpelefieHHIo.
Cucerema (4.1) toraa saMmeHuTes caesylouei:

d [+ k624 ...
d: - “ay+X(xr Yy T vees zm}] 26;" >
14 At ...
=[x+ Y(x, ¢, Zis ooy 2] —-uij——,

(4.12)

1+ A+ .0,
l sJZ;‘l‘Z {x, e Zis vv vy zm)jl_._zc.r_.

(s=1, 2, ..., ). j
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TMeproanueckne pewleHHs cueTemn {4.12) 6yaeM uckate B BUAe
pAfoR :

o
£ = 2 ctx® (v),
k=]

- k()

o

25 = 2 etz (x)

=1
s=1,2,..., m.
Moacrarum paau (4.13) B cucremy (4.12) # cpaBHMM Kosbdu-

IHEHTH NpH OAHHAKOBHX cTenesax napamerpa ¢. Oyngmum x,
y? m 20 Syayr yaosjersopath cHcreMe JuddepeHuHanbHBIX

YpaBHEHHEA

dx(]) dy(l)
=,  #Y_ oy
dr ¥ dv o
PRI (4.14)
e b =12, m).
i=1

Hdan dyexunn x@, y@ n z® nojywuM cienylomylo cHCTeMy ypas-
HEHH;

dx® o T yipgom oy _d
DD o P L XORY, 2,
dy'? i 1 L Do il
;7 =x2]+TY l(xt , yt . 21,
(4.15})

dz2 1 m'\ 1 B I I
g Mo + 2200, 4 o)

[—

s=1,2,..., mh

BrinnmeM eile CHCTeMY YPABHEHHR TpeThero NPHSMHIKEHHS

dx'3) i

= _y{3}+7xm (x"’, £, g 2(3", zf)}uhﬂyw,
dy'3) 1

gr = x® + Tym (xm, 9, 4, 4@, 20, Zf})+ h kD,

dZ® 1 A i 4.16
- —_— 3 —_ 7 1 I 1 .
- 2 b P o 29 (1, 1O, g, 4@, 20, 20) + (4.186)
, =1

"
& Y
+ 82 Np 20 (s=1,2, ..., m).

si%s
i=i
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B kauecTBe HAUAABHHIX 3HAUEHHH BASN Ompenefeddqg PYAKNHE x¢)
n 4" npumeM

=1, y=x®=yB=0 (ks£l). (4.17)

[Teperte npa ypaBHeHHs cHcTeMH (4.14) H HAUanBHLIE YCAOBHA
(4.17) eanucTBeHHLM ofpasom onpeaeasior Gymruu# x m yO

sMW=cost yP=sin1. {4.18)

Havaabupe yeaosus aaa 200 e sajaun. Mu AOTKHMW HX NOZO-
6path Tak, urobut QyukunH 2{) GLAH TMepHOEHMTECKHMH (YHK-
oHsMH T nepuoda 2n. Tak Kag, N0 UPeLNOCAOKEHHIO, Cpein cof-

CTBEeHHHX 4YHeeA Marpuus! ||l Her xkparHux A, TO cpenH He-
TPHBHAJBHBIX peileHHii CHCTeMBb

PR

had SR in =

L= Wb (s=1h 2 ..., m) (4.19)
=1

HeT MepHOAHYECKHX HCKOMOTo neprofa. B caMom Iese, mepHodxdve-

CKHe pelicHMA cHCTeMb (4.19) nepHoma 2n BOMMHLI HMETB BHA

= pif
xs e J“s_

n, caefoparteasdo, (4.19) ceoauntcst K clienywlled aaredpanyeckod
CHCTEMeE:

Dbyri=ir,  (s=1,2,..., m). (4.20)
J=1

Ho papenctBo (4.20) B0o3MOMHO TOMI2 H TOABKO TOCJa, KOraa
i3 — cobcTBeHHoe yucao maTpuin |1b;ll.
Takum obpasom,
z}"=0.

ChezoBartensto, pasjioxeHns GYHRUHN 2, NO CTENeHAM napaMerpa
¢ HaYHHAETCA ¢ YIEHOB BTOPOTO NOPASKA MAJOCTH.

Mepeitnem tenepes K cHcreme (4.15). Ee npasole wactH, ecas
B HHX NMOACTABHTL peuleHHA (4.18) # notokuts 2P=0, 6yayr He-
" KOTOpbIMH H3BECTHEIMH NIEDHOAHYECKHMH DYHKUHAMH T,

PaccMOoTpHM mepBoleé ABA YpaBHEHHA 3TOA cHCTeMLl. OHH HMEIOT
dopmy yparuenud (3.17) u, cnemosatennno, AN CYMECTBOBAHHA
nepyoAxHYeckux pewmeHuit ¥@(t) n () HeoGXONKWMO H AOCTATONHO
BUNOAHEHHA yeaosuit (3.22). OnHako B CHAY TeOPEMB ¢ cyule-
CTBOBAHHY  NEPHORMYECKHX  pEUIEHHH 3TH  YC/I0BHA  JAOJKHM
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BLIMONHATACA ARTOMATHUECKH. HOSTOM}' HCKOMO® MnepHoldHyecKoe
PEIHEHHE HMEET BHA

D= Acost+ Bsint+ ¢ (1), }

y(?) — Asin T — B COS T _l_ ':I32 (T), (4.2[)

rie g; W ¢z — YacTHHEe pelueHHs cHcTeMmbl (4.15), KoTOopHle cTpoAT-
CA M3BECTHBIM crmocoBom, a unucaa A 1 B Bubupatotca Tak, uToOb!
dvHKuHn 22 7 y@® ynoBNETBOPAJH HYJEBbIM HayadbHbIM YCJIO-
BHAM.

Pacemorpum Ty uacth cucreMet (4.15), xotopaa onuchizaer H3-
MeHeHHe OYHKuHH 29

d'zf}
dx

I % !
= Vo @4 20D (=1, 2,..., m), (4.22)
i=1

rie Z.) — uaBecTHbIE MEPROAMNECKHE fryHkuHH 1 neproga 2m. Tak
Kak cpein coGCTBeHHBIX uHcen MaTpHUb [|b;il Her KpatHeIX A, TO
y cucteMul (4.22) cyitecTByer eRHHCTRCHIIOE MepHOAHYECKDE peile-
HMe fepuoga 2m. 3TO pelleHHe CTPOMECH H3BECTHBIMH METONaME
(Hanpumep, MeTOACM HeonpefedeHHBY KO3(PODHUHEHTOR), npuyeM
ANA HayaabHBIX 3HAY9eHHA 2% FOAY4alTCA BIOMHE ONpeReVIEHEbIC
3HaueHus.

[Tocne Toro kak mbl noctpowan pellesne x3, Y@ n 29, B nep-
BLIX IBYX YpaBheHmsix cuctempl (4.16) ¢vuwkupn X9 p Y@ Gyayr
H3BECTHBIMY NePHOANYeCKHME (QVHKUEHAMM Tepuofa 2x. ¥YcaoBud
(3.22) cywecTBOBAlIHA TMEPHOIHYECKHX DelleHMH 3anHILYTCH B BHAE

o2n on
I X@ costdr+ J‘ Ygintdr=0,
o 0

. - (4.23)
— ho+ ﬁﬁ[ X®Psintdv— -Q—LT&[ YPcostdr=0.

MepBoe u3 5TUx YCAOBHA AOAXKHO BBIMOJIHATLCA ABTOMATHYECKH.
Bropoe u3 ycaopuit (4.23) noseoasier BHIYHCAHTL YHcao F. Ecnn
UHCAO hp BHIGPAHO HaAMeXKallHM o6pas3oM, NMepBLle ABa ypaBHEHNHA
cucTeMbl (4.16) AonycKawT nepuoAnveckne pelienus THoa (4.21).
Uto racaeTcs Qydarunii 2'¥, 10 OHR YAOBIRTBOPAIOT CHCTEME YDPAB-
HeHn#l Tuma (4.22), KoTOpad B CBOW OUepelb KONYCKACT eIHHCTBEH-
HOE TIePHOAHYECKOE pelleHHe sz} (t), npuueM HayaabHble 3HAYEHHA
3THX QYHKUHH NOAYYAIOTCA BNOJHE onpeRenedHbIMU. Jlerko Buaers,
YTO HEpouECe MOIKET GbiTh HEOTrPAHHYEHHO MPOAOANKEH H Ni0ble
yiaeHbl pAnos (4.13}) moryr OLITh BbHYHCAeHB. 3aMeTHM, 4TO Ha
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KaXJ0M 1are HaAM OPUXOZHTCH onpefeasarts wucno fi,. Tak Kak
YpaBHeHHe [On8 OfpefereHus f, JuHeiinoe, To A, onpelenstca M
ODPHTOM OIHO3HAUYHO.

HTak, H300KeHHbIA MeTO NMOSBOMAET MOCTPOKTE ePHOLHYECKHE
pELICHHA CHCTEMBI JISANYHOBA {IPOH3BONbHOIO NMOpaAka. B ciywas
CHCTEM BTOPOTO TMOPAAKA 3TOT METOX A4€T BO3MOXWHOCTH MOCTPOHTE
OBWKA vHTErpan CHCTEMBl, T. e, A/ AOCTATOYHO MajBIX 3HAUeHHH ¢
NO3BONAET NDOBOLHTh WCYEPNBIBAIOHIE: UCCAELOBAHHE 3aAUH.

B cayuae cuerem n-ro nopagxa Merod JlfnyHoBa ZaeT BOIMOK-
HOCTb MOCTPOHTE TONBLKO CEMEHCTBO HACTHHX PEHICHHHA, 3aBHCAILUMHX
OT ABVX NPOH3BOAbHBIX MOCTOAHHBIX! MApaMeTpa ¢ H AMAHTHBHOI
noctosaHol A. HecmoTps Ha 70, yto Meroa Jlanynosa nossoaser
B CAyuae CHCTeM MPOH3BOJBHOTC MNOPAAKA NCAYHMHTL Ha NepBbid
B3rN1#A Pe3yaAbTAT O4YEHBb OI']JaHHIEEHHbH?l, TeM He wMeHee ¢ro sHave-
HHe ANR TeopHH XoaebaHnit BeckMma Beduko. Jlan moacHeHHs cka-
3aHIOre PacCMOTPMM KOHCEPBATHBHBIE CHCTEMBI,

5. KOHCEPBATHBHBIE CHCTEMb MPOH3BOJBHOTO HHCAA CTeneHed
coGoap, PaccMoTpnM KoaeGaHHs KOHCEPBATHBHOH CHCTEMBl OKOJO
noNOKeHHA papHOBecHA. [lpeimonouM, ¥To NOAOMKEHHEM PaBHO-
BeCcHA ABASAETCH HAYaNo KoopAuHar. B 31oM ciayyae KHHeTHHECKas
4 MOTEHUHAIBHAA SHEPTUs MOryT GbTb 3allHCaHbl B BHIE

T = 2];[ a;,ffx”j,
?

(4.24)
H= ;{2 b;;xgx;+ IF(JC,', ey Xﬂ),
v !
rae a;;=a;;, 8;;=b;; n pasnomenne hynkunu ¥ navunaeren ¢ we-
AAYME TPETBEro NopAaiKka ManaoctH. (Mel paccMaTpHBaeM 3anaun
TONbKO ¢ AHANUTHYECKHMH JYHRKUMWAMH.}) Y paBHeHHA IBHIKEHHS
3TOR CHCTeMu MOryT ObiTh 3anucadiwl B (opme Jlarpanxa

d ar an .
at .35‘5; + 0;?; (4.25)

HiH & DACKPHITOM BHAE
n H
_Zla,,,f,+ gbuf,+¢,=0 (i=1,2, ..., n), {426}
i= i=

rze 1; — KOMAOHeHTH BekTopa VW
oF
"= 5z

ABAAIOTCA HeAHHeNHBMH (YHKIHAMH CBOHX APrYMEHTOB, pasnoe-
HHe KOTOPBIX HadHHAeTCd ¢ UJEHOB BTOPOTO [OPAAKA MaAOCTH.
OGo3Haunm yepes Aq, As, .. ., An KOPDHH YPaBHEHHA

| —Aai;+bi;| =0, {4.27)
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YpasueHne (4.27) HaseBaetcd sexogeis. Tax kKak kpaApaTHUHas
dopma Za”i‘;tf AONOKHTENbHO OMPefeNeHnan, To, CORMAcHO H3+
1

BeCTHOH Teopeme, KOPHH BeKOBOMG YDaBHEHHA AeiicTBHTenbHnl. UYne-
Ja A; MOTYT OBiTh KaK TMOJOMHTENBHBIMH, TAK H OTPHILATENLHEIMH.
[ToBTOpHM Temepb pacCyKACHAR, KOTOPBIE HAC FPHBENH K CHCTe-
me (4.5).

Beenem BoBhle mepeMeHnbie

X = % Al ay %, (4.28)

[3
rAe 4Yucia A{;l onpeReNATCA TaK, UYTOOH PABEHCTRO

Y ik o 1 k)
2‘ Ai ]'ag,x, = Hz bf{A{g ’x;
i i}

HMENO MeCTo AJA NIo6WX %;, T. €. wrobH AP yIoRJeTROpRIH
CHCTeME OIHOPOILHBIX ypaBHEHHﬁ

Ax Zf] AP gy = @ APby  (7=1,2, ..., n) (4.29)

Cucrema ypaeneHufi (4.29) paspewuma, Tak Kax Ax — KOPeHb
ypasuenns (4.27). '

Hrtak, 417 KaXAOTO KOPHA Ap MLl OMpefenseM CHCTEMY UHCen
AP u nosyo mepeMeHHYIO xy. PaccMaTpupas paserctBa {4.28) xak
CHCTEMY YPaBHeHHH OTHOCHTENbHO X;, TOAYUHM

n
% =k§amxk (=12 ..., n). (4.30)

Moxuo mnokasath, ure cHcreMbl (4.28) — (4.30) HeBLIPOKAEHHHE.
Coctapum Tenepe ZHdhepeHUHANLHHE YPAaBHEHHS, KOTOPBIM YAO0*
BJICTBOPAIOT HOBLIE HepeMeHHHe .

. W 5 _ WAy = oo (R F

¥, = EAI a, k= g A; b”xj+q;:k( RIS

iy

- : (4}
rig @, = — 2,‘41‘ P

H

Hcnonbaya onpenencuns uHcen AP w genas aameny (4.30),

MOJYYHM
xk+}"kxk=q)k (xls e ay xn]: (4'31)
rae
q)k(x;, ehey xn)=¢)k(fj (I], ey x,,), ey f,,(x,, e ey x,,)}

npeacrapasior cofolt amanuTHYeCKHe (QYHKUHH CBOHX NeEpPeMEHNbIX,

Pa3nomeHile KOTOPLIX HAYHHAETCeA ¢ 4YWieHOB BTOPOTO MOPstAKa ma-
NOCTH.
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DOYHKIEH % (f) Ha3LIBAIOTCA TJAABHEIMH KOOPAHHATAMH CHCTE-

Mbl (4.26), a uncna wy= Y A, (mna Ax>0) — coberbennbiMp (pin
FRABHLIMH) vacTtoTaMH, B¢y OTpaHHYHTLCS AHHERHBIMH UReHAMH,
To cHctemMa {4.31) npumer BuI

Ex +Apxr =0 (k=1, 2, ..., n). (4.32)

Popma cucremul {4.32) moxaswbisaeT, 4TO JuHeAHBe Koae0aHHA KOH-
CePRATHBHLIX CHCTEM MOMHO NPEACTABHTE KAaK CYNEPNOIHIHIO KO-
NebaHuil MareMarHUeCKHX MafTHUKOE (4.32).

KuHeTHYeCKaa ¥ NOTeHUHANbHAA 3IHEPTHA cAcTeMul {4.32) nMeer
BHA

r=3x, M=, (4.33)
&
Taxnm ofpaszom, npu noMowiH npeoGpasnBahua (4.30) Qopmbl
T=2‘ia”k";f; H H=Zb”fiff
i i

NpHUBeAEHB OJHOBPEMEHHO K AHATOHATLHOMY BHAY.

Boipaxkenne ans sueprufi (4.33) nokasvlBaeT, 9TO SHEprHA Ka-
#AOTO H3 MaATHHKOB (4.32) octaerca Bce BpeMsa nocrosaunoin. Hu-
gKakoro o6MeHa PHepruy MeXIy NIasHuIMH KoJeSanuAMH AuHef#HbIX
CHCTEM He cyllectByeT. B HeauHednblx cHcTemax (4.31) curyamus
3HayRTeNbHO Gonee cAOCKHaA.

6. Merox JlanyHosa B HeJHHERHBIX KOHCEPBATHBHBX CHCTEMAX.
3TOT MeTOL MO3BOMALT ONPeNcNUTh KodeBaHHA CHCTEMBE, GAH3KHe
K riaBubiM KOeSanuam. FloBropuM paccykiednd n. 3 53T0oro mnapa-
rpada AAA CAYUas KOHCEPBATHBHRIX CHCTEM.

@QuxcHpYyeM HEKOTOPOe YHCAD &, 1A KoToporo hx>>0, u caenaem
3aMeHy He3aBHCHMOMN nepeMentol (3.12) '

f—F(l + c*hy + 03h3+ o)
Fle ¢ —3T0 3HaueHHe X (0).
Cuctema (4.31) npumer BHA

’ L+ chy 4.2
N (T PR N E x,,)i%’—,

ds | As (L4t t. . ) ,
dnfﬂ +1: xs(l+02h2+...)2=qjs(x|, ey x,,)—f;__) (4 34)

(s%=k).
Pemenne HileM B BHAe PANOB

X, = Emm () (=12..., n). (4.35)

rm=l
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Tlozcrapana paaw (4.35) B ypasuenus (4.34), moayuaeMm ypaBHe-
HHS aAA x¥

£t
Al =0, ecan i=k,
A (4.36)
-d—T‘gu+Ex§'?=0, ecnu ik,
2
d,‘g + P == ip“) (xP), ecam i=k,
P Y i (4.37)
i xﬂ’ = 5= q)*'”(x") ecqr  iFER,
d? ® 3
o x® = e q){m (x0), x®)—2h A, ecan l=k,
d? @ g (4.38)

L = 7{; oP (2, *PY— 2040, ecm ivEk,

H T. A 3zech @™ —Ko3QOHUHERTE pasoKeHus (QYyHKUEH @,
B pAAbL. .
Hauaabuble yenoBus AJas X WMeEOT BHA

P O=1, P (O0)=0, }

*0 (0) = £ (0) = (4.39)
ecan r> 1.

Hauanpaete ycioBHa aast x$ (i k) HOMKHE GHTh HALASK AINHAM
obpa3oM noJoGpaiH,

YenoBuMca paccMaTpHBAaTh Caydall OTCYTCTBHA KPATHBIX KOp-
Het, 1. €. 6yJeM Npesnonaratb, 4TO As¥As, ecilu k=~s. Torna eaun-
CTBEHHLIM NEpPHOAMYECKHM pellieHReM mepuofia 2n cHereMb (4.36),
yaoBAeTBOPsIOLel yeaoBuaM (4.39), Oyler

P =cost,
=0 (s==k). (4.40)

Moacrapann dopuynnl (4.40) B npaBole uacth cucreMsl (4.37) n
pasnaras GyHKOHn ¢ B paa Pypee, NoayyaeM npu SFkR

dz 2)
2 = 2
e 2 +xk —ak0+a.k2cos T,
o£22 2 "
3l =
o TR % @, + o, cos 2T,

Nepuoanyeckne peilllenus 3TOR CHCTeMbl, YROBAETROPSIIOUHE YC.a10-
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BuamM (4.39), onpezeantoTcs OLHO3HAYHO, OHH HMEIT NpH S+ Bujg
e — it - Bi2
X2 =ua,, (“ko 3 )cost 3 cos 27,

2 — Bspht _ Ay
Al e T A, o8 27,
[Meppoe w3 ypabuchufl cucremed (4.38) mower OHTh npeactasaeHO
B dopme
d2 3

+ £ =By, + B, cos v+ Py, cos 2v + f, cos 3t~ 2h, cos T.

HJ‘IH TOTO YTOOHI 3TO YPAaBHeHUE HMeNo MepHONHYECKoe pellenue,
HeoOXOAHMO H AOCTaToqHO, uTodBl nocTosHHas #s onpeaeasaach

paBEeHCTBOM
25

= 3 B0 = Tiem f O (£) cos (£) dt, (4.41)
O

HPO,IIOJI}Kaﬂ AHAJOTHUYHLE BLIKMAAKH, MH CMOXEeM BBIYHCIAHTH JIO-

60f uned B pasnoxednnx (4.35).

Taxum obpasom, Meton JIAanyHOB2 AaeT EO3MOMHOCTH Pa3biCKH-
BATb NMEPUOAHYECKHE pewleHNA, OaH3KHe K rMapHblM KorefauuaM
AHHEHHOR cucTeMbl. JTH KoMeBaHHa HeNHHEHHBIX CHCTEM ecTe-
CTBEHEO MO aHanOTHH ¢ AHHeHHHIMH KoMeGaHHsMU TaKXKe Ha3bBaTh
IVIaBHBIMH KoaeGaHuAMY.

[TpeanoaokuM Tenepb, 4to Bce Ax>0, Toraa MbB! MoMeM pasbl-
CKHBATH BCE FIaBHbe KonteGanus H3aywaeMofl HedWHeHHOR CHCTEMBI.
Ecnu 6ol peys wia o AHUeHHBIX KONeGaHHAX, TO pellcHHe 3a1a4H
0 NIaBHBIX KoJebanHAX HCHepiano b Bclo npobJeMy, MOCKOABKY
110608 ABHMKEHHe AHHEHHOH CUCTEMBEl MOXKHO NOAYYHTH CYMEprosH-
nuel raaBHBIX KogefaHufl. B HeaunelHBX KodefaHWAX NPHHHHT
cynepnosuiumnn otcyrctByeT. [TosTOMY, HeCMOTPA HA TO, 4TO MEl
yMEeM CTPOHTb 1 OJHONAPAMETPHUECKHX CEMEHCTBE YACTHBIX pelle-
HHHA, MH elle oyeHb AaAeKH OT MOJHOro pelleHusn 3ajaun. Hanpu-
Mep, B paMkax Teopun JIANYHOBa MBI He MOXeM OTBeTHTb HA BO-
RpPOC O TOM, CYLIECTBYIOT JIH, KPOME DacCMOTPEHHDBIX, APYTHE NEPHO-
IHY9eCKHe PelieHHs AaHHO# KGHCepBaTHBHOH CHCTEMH, H HaXoAHTh
pewreHne 3anayd Kok ¢ GHKCHPOBAHEEIMH HAYANBHBIMH AaHHBIMH.

§ 5. AsToxonebanus

1. Mpumep asrokonebanuit. PaccmorpuM ypaBHeHue
¥+f(x) =0, (5.1)
B KOTOPOM PYHKLHA [ YAOBNETBOPAET YCJAOBHAM

F0)=0 (%}x.ﬁ“-
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Ypasuenne (5.1) onnchipaer ABHMEHHe HEKOTOpOH KOHCePBATHBHOR
CHCTEME! ¢ OJHOH cTeneHbld cBoOONR. B Manoll OkpecTHOCTH ROAO-
WeHun paBHoBecHs (x=x=0) ypasuenwe (5.1) onperensier Koie-
aTenbHbie ABHMEHHA, KOTOPbi¢ MDOHCXOAAT ¢ MOCTOAHHON AMIK-
tynoil. PasoBas NAGCKOCTh 3TOTO YPABHEHHA B OKPECTHOCTH ITOH
TOUKH UEHKOM 3aN0JHeHa 3AMKHYTEIMH KPUBbIMH. Dynem HaswiBathb
HeKOTOPYI0 CHAY @(£), 3aBHCANLYIO TONBKO OT CKOPOCTH, AHCCHMA-
THBHOI, ecad AR Adoro £5-0 0Ha YAOBAETBOPAET YC/JAOBHIQ

(%) £ <0. (8.2)

TlpennofoxuM Tenepb, uTe KoJAeOaHHA MAATHHKA NPOHCXCGIAT Nox

NeHCTBHEM KOHCEpBATUBHOA cHabl — f(x) W AuccHnaTHBHON CHAbE

ep{s), rie & — HEKOTOPHIA MaJbli na-

.z'-“ pameTp

E+[{x) =ep(a). (5.3)

Ecau Teneps ymuowuts (5.3) ua #, to
OHO TIPHMET BHJ
dE

-% 2 =@ (%) 1,
T rpe E— NosHas 9HepTHA MasTHHKA

| E=%E+jf(x}dx.

Tak KaK HMeeT MecTo HepaBeHCTBO
(5.2), To B n0GO MOMEHT BpeMeHH

Puc. 14, %S:.O,
IpHUEM pPABEHCTBO HMEET MECTQ TOJAbKQ JAAS TeX 3HauyeHu® f, mas
koropeix £=0. Takum ofpasoM, KoaeGanud, OpoHCXOAsLIME nog
JeficTBHEM KOHCEpBAaTHBHON W AWCCHNATHBHONA cuAbl 3aTyxanT, Pac-
CMOTPHM $a30BYID NJIOCKOCTL YpaBHenna (5.3).
Iyers B HeROTOPEIfl MOMEHT BpeMeHH f={; cHCTeMa HaXOQHTCA
B cocToAHnM x=0, &=4#y>0. Hauanbnoe suauenne sdepruu Gyner
EO=£§/2. ITo npowecTBHH HEKOTOPOrO BpeMeHH H3oGpaXkawman
TOYKa, ABHFAACL BAONL (1330BOH TPAEKTUPHH, COBEPLLIHT MNOJHbIH
0oGOpOT BOKPYr Havada KOOPAWBAT H CHOB# NepeceyeT oCbh OpAHHAT
B HEKOTOPOH ToYKe &), nphuem E,;< E,;. ChaenomarteabHo, ;<% 3a-
MeTHM eille, uTC ABe (a30Bble TPACKTOPHH He MOrYT nepecekaThe —
Yepes KaXAyile Touxy $azoBoil MIOCKOCTH, KOTOpas He SBIAeTCH
0co00l, NPOXOAUT TOABKO oOfHa (asoBan TpaekTopun. Cucrema
(5.3) umeeT TOABLKO ORHY 0cofyl0 TOMKY — Havalo xoopauuar. Ta-
kM 0Gpasom, drasosbifi noptper ypasnedus (D.3) uMmeer BHA, H30-
Gpaxennsifl Ha puc. 14. Havano koopantar Asasgercd ocobo# Toy-
Kol THNA ¢doKyc. VMsobpaxawiinan TOYKA ABHKETCA B Hampas/ieHnd,
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yKasanHoM cTpenkol. Pa3oBbie TPaeKTOPHH HAMaTHIBAWTCA Ha $o-
kyc. CneposatensHo, B paccMaTpHBaeMoM ciyuae ¢okyc Oyner
VCTOHYKBOH 0CO00H TOYKOM.

PaccMoTpum Tenepe HECKOAbKO Gojce CNOMHBIH npuMep. Ycao-
BHMCH JONOMHHTeAbHO, YTO |@(£)| — MOHOTOHHO BO3pacTaloulas
dyuknua (puc. 15), B NpeAnosOKHM, UTO HA TOURY HefcTBYeTr He-
KOTOpan aKTMBHAA cuna P(x, &), npauem {0, 0) =0. Iycte 3714
cunia o0NaNaeT TeM CBOHCTBOM, 94TO 3a KaxAblil fiepuoa koaebaHwum
OHA BHOCHT B CHCTEMY HEKOTOPYIO NMOPLHK 3HEPTHH. TaKHM Ospa*
30M, NMPH OTCYTLTBHH ﬂHCCHHaTHBHOﬁ CHJBLl SHEPrHa B CHCTEME BCe

AF
lect

=7
Puc. 15, Puc. [6.

BpeMsa Bospactana bl M, CNeAOBATENBHO, HHKAKHE CTallKOHapHbIE
PEXHME!, KpOMe COCTORHHA MOKOH, B Hell §LaH Obl HeBO3MOXKHBIL.
IMonpoGyem Tenepb npeactasure cebe xapaKkrep koaeGauuil 8
TaKOH CHCTEMe!
F+f(x) =z lp(£) +9(x, £)] (54)

apeanofaraf, 4TO CHAa § TEM CAJbHee «PacKaYHBaer» MafATHHK,
ueM OAHME €ro COCTOAHHE K MOJNOKEHHIO PaBHOBECHS, T. €. UEM
menbwe amMnanTyAa x. Ha pue. 16 uzobpaxena 3aBHCHMOCThE mop-
UHH 3HepPrHR AE, nocTynawoweit B CHCTEMY 3a OfMH NEPHOA, OT
AMIIATYAR KoneOanuA.

Takum obpasos, KoneGaHue HPOHCXOAHT NOA AEHCTBHEM CHA,
O0lHA2 H3 KOTOPHIX ABJAAETCH KOHCEPBATHBHOM, BTOPAad MAMCCHNATHB-
Haf — OHA PACCEeHBAeT 3MePrHH 33 OAHH TEpHoA TeM Goablue, yYeM
Gonblle AMIIHTYAA, H TPETBA, KOTOPaA BHOCHT TeM Hofbille 3HEPIHM
B CHCTEMY, UeM MeHbllle aMIAHTYAY.

[Tonoxenue - paBHOBECHA 3TOA CHCTEMB! HAXOAMTCA B TOYKe
{£*, 0}, rae x* — KOpeHb YpaBHeHHH,

f{x*) =2 (x*, 0),

H NYCTh BHAuane H300paxarilas TOUKA HaXoAWTca BONK3H ToAO-
XeHua pasHoBecHf®. B 31oM chywae sHepras, koropas paccenbaerca
3a oaun ofopor, GyaeT MeHbWle 3HEPrHd, KOTOPaA MOCTYNAeT B CH-
cremy. CnegoBaTenbHO, B HEMOCPEICTBEHHON G/H30CTH DOMOKEHHA
paBHOBecHST AMNAHTYRA KoAeBaHui ¢ 6yfAeT yReANUHBATHCS,
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[TpeanonoXum Teneph, YTo B HAYANBHBIR MOMEHT H30Gpaxalo-
(a7 TOYKA HAXQAWTCA AOCTATOMHO AANEKO OT Hadada KOOPAHHAT.
Toraa sa oanu oBopor Gyder pacceHBarbeA SHepruu GoAblle, YeM
nocrynath B cucteMy. B sTOM cliyyae amnantyaa ¢ Gyaer yMelt-
aThen.

Taxnm o0pasom, ecqH HauasabHad aAMOAHTYAA KodeGauuil GoJsb-
waa, 1o KonefaHHA 3aTyxamor, T. € aMoiuTyia yGoiBaer, a eciH
BelHYHHA AMIVIHTYILl Mafgaf, 70 OHa ¢ TeUeHHEM BpeMeHH BO3pac-
TaeT. 370 JaeT OCHOBaHHe OYMAaThb, YTO B CHCTEME MOKET YCTaHo-

. BUTBCA TAKOH DeXuM KoneGanui (c Ta-

T KOH NOCTOAHHOH amnautyacii c¢*), npw

KOTOpPOM 3HEPTHA, [OCTYIHBIIAA B CH-
eTeMy 3a oAHo KoaeGanue, GyAeT paBlia
3HEPTHH, KOTOPAaa 3a 3TO XKe BpeMsa pac-
CEHBAETC AHCCHIATHBHON cHAO, 3T0T
peXHuM HaswiBaeTCH  aprokosnedaresdb-
neiM. Ha $aszoeol MAOCKOCTH eMy CoOT-
BETCTBYET HEKOTOPanA 3aMKHYTas KpH-
BAfl, Ha3biBaeMan npedetonbim [UKAOM,
®azopan NAOCKOCTE aBTOKOMEGaTENBHOM
cHeTeMer (5.4} nmaobpaxena na puc, 17,
g Crpeaxa noKazabiBaeT HanpaBieHHe fABH-
Pue. 17. Hekna uiobpawatonleli toukd. ITonoxe-

HHe paBHOBecHA OVIeT HeycTOHUHBLIM

pokycom. DazoBbie TpaexTopuu BYAYT cMaTHBaTbCH ¢ $OKyca n
HAMATLIBATECA H3HYTPH HA Dpedeablitlii UHKA, TpaexTopin, Koro-
pble HaXOAATCH BHe NpedefibHOr0 LHKAa, TakKKe GYAYT HaMaThl-
BAThcAl {H3BHE) Ha npepeabHblil uuka. Takum 06pasoM, aBTOKOAe-
faTenbHbIA peKHM B PACCMATPHBACMOM caydae GyaeT yCTOHUHBLIM.

2. ®opmysupoBka maremartHueckofl 3anaun, PaccMmartphsaemsrit
NPHMEP ABAfAeTCH OUeHb YACTHLIM CAYYAEM ARTOKOAEHATE/BHLIX CH-
CTEM, HMEWHX CIHO NON0OHeHHe PABHOBECHA W OLHH ONpeleseH-
HBlf HHKA. CyIEeCTBYIOT CHCTeMBI, SHAYHTENBHO Oonee CAOXKHbiE,
HafmpUMep TaKWe, KOTOpHie HMeioT OeCYHcsieHHOe MHOMecTBO Mpe-
JeJbHBIX UHKIOR.

MaremaTHueckan 3anaya TOCTPOEHHS aBTOKONeOaTERbHBIX pe-
MHMOB B CUCTEMaX ¢ GAHON CTeneHkbio cBOOOAH CBOAHTCH K OTHICKA-
HMK) BOSMOKHBIX NePHOAUYECKHX pelleHnil ypaBHEHHA

E+f(x)=eF(x, ), (5.9)

rae ¢ — napamerp. Pyuruny F g | 6ygeMm cuUHTATH AHANHTHUECKHMH
(GYHKUAAMHA CcBOHX TNepeMeHHnX. B 3Tofl KHMre MBI OTpaHHYHMcH
H3YYeHHeM TOAbKC TeX [epHOAHYECKHX pelledHll, KOTOpble npu
g=0 mepeXoAAT B NepHOAHYECKHE pelleHHd NOPOMAAIOLIErQ ypas-
Henus (5.1).
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Ecnu sheprua cucTeMbl ROCTATOMHO Mada, TO, KaK MH. 3HaeM,
mogoe perieHde cucremut (B.1) apnaercs nepuoaudeckuM. Ho npu-
Mep, pacCMOTPeHHbIN B Hauaje naparpada, nokasbiBaer, 4TO He
BCAKOE Peniedne NOPOKIAICUISro ypPaBHEHHA ABJASTCA <HOPOMAA0-
muM», B ofulem ciaydae CYLIECTBYIOT TOABKQ HCK/IIOUHTENhHLIE pe-
wenns ypaguenun (5.1), xotopue spAsoTea npenedaom (npu e=0)
AepHOAHUSCKUX peuleHUit ypasaenns (5.5). X 10 mMbl u OyreMm ha-
3bBaThH NOPOXAAICIIMMY. B paccMOTpeHHOM OpuMepe CYLecTBo-
BaJ0 TOJNbKO E€AHHCTBEHHOE PpelleHHe NOPOXKKAIOUWEre YPaBHeHHS
{5.1), xapakTepusyeMoe nmapaMerpoM (%, B OKPeCTHOCTH KOTOPOTrO
CYUIECTBOBANH DEpHOAKUECKHe pelleHHs YpaBsHeHHa (3.5).

Takum 06pasoM, 3anaua, KOTOpPaA PACCMATPHRAGTCA B 3TOM Na-
parpage, COCTOUT B TOM, 4TO Mbl AQMHL OAHOBPEMEHHO Pa3biCKaTh
NEePUOAHYECKHE peilenuss ypasHerHus ({5.5) kaxk (yHKUHH BpeMenu
M MapaMeTpa &€ M Té H3 MEPHOAKUCCKHX peuleuufi ypasBHewua {5.1),
B KOTODHE NepexoAaT neproiWuecKHe peilleHust ypabHeHus (5.5)
npy g — 0. CyuwlecTBYeT MHOTO MeTOJOB pellleHHA 5TOH 3anauwn.
B Hacrosmem naparpade Mbl OyJleM H3Y4aTh METOA, TNPEANOHKEH-
Heiit [lyankape. C HeROTOPBIMH H3 JPYFHX METOAOB MBIl MO3HaKO-
MHMCS TIO3AHEe.

3. AIropatM nOCTPOEHHS ABTOKOME(ATEAbHHIX PeKHMOB B CAy-
yae KBasnnnHeilunx cucreMm (metoa lyankape). Hauuem nsyuenve
3 PeKTHBHBIX METOAOE NOCTPOCHHS aBTOKONeGATENbHBIX PEHHMOB
¢ HCCNEAOBAHHS KBAZHNHHEHNBIX YpaBHeHHA BHda

i+ratr=eF(x, ). (5.6)

Crenyer oXHIATH, YTO NEPHON ABTOK0ACOATEABHOIO peXKHMa 3aBH-
CHT OT NapaMeTpa &:

n
wfe}

T=T(8)=

npuieM w{e) YcI0BAMCA HasbiBaTh uactoTcli. Byaem muckats pe-
KHMEI, 4acTOTa KOTOPbIX oO6faiaet cnelyioliiM CBOHCTBOM:

lim @{e)=A.
E-31{]

Ha stom ocHoBaHUA IONOMHM

A
@) =T ne T 6.7)

i caenacM 3aMeHY HE3ABHCHMOrO NepeMeHHoro

t= 2 (l+getgs’+...) (5.8)
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3nauennio {=7T oTsedaer 3xa¥eHHe v=2a, T. €. NepHOld HCKOMOro
penicHHUA OTHOCHTEMLHO HOBOH nepemeaﬂoﬁ renepb CHOBA EIJHK'CH‘
poBan — oH papeH 2m. Uncaa g; A0MNKHE ObITh Onpenenenu B Mpo-
Hecce noctpoenns peweHus. {lepennitem ypaBHenue (5.6}, caenas
B HeM 3ameny (5.7):

S b r(itget . F=eF(x,

dx A ) (+pge+...1°
dt | +ge+... A* ‘

(5.9)

[Mockoabky ypasHenus (5.6) n (5.9) e coaep:at BpeMeHH N ypas-
nenxe (5.9) WHBaPHAHTHO OTHOCHTEALHO NpeobpasoBaHus {— {+1,
HaM AOCTATOUHG PACCMOTpETh Cieldylolyiy 3aiady KowmH: "

=0 x=xle), =0 (5.10)
: T
3aMeTHM, YTO BeAHuHHA Xp(e) Takke sapaHee Hem3pecTHa. Hrak,
Mbl MPHILAY K 3a0a4€ OTHICKAHHA 4HCAa Xo{e) H NEPHOAHYECKOrO
pewrenys ypapHenusa (5.9) nepxoia 2m, KoTopoe onpeaensercs 3THM
upeaoM. Pedienne Takofi 3apaun 6yjAeM HCKaTh B BHAE psARa, pac-
NMONOKEHHOTO [TO CTENeHAM MmapaMerpa e,

Xx=xO4exN (1) +e2@(v) + ... (5.11)
Dyukuun AP yIOBAETROPAICT CASLYIOMHM YPABHEHHAM:
Y P y Y
LI AT
ot =0, (5.12)
dtxint dxt
- +x‘”=F(x(”’, D) - 2g00. (5.13)

T T L T T B ]

BuinHuieM ofmice pellenHe ypaenedns (5.12)

x® =ccost+dsinT,
no B cuay (5.10) d=10, 7. e.
: - 9 =¢cos 1. (5.14)

Beauunna ¢ — aMAOAHTYAa NOPOXKAaLlero pellleHus — HaM  Heus-
BecTHa Ha »ToM ware alropHTMa OHa OCTACTCH HeonpeaeneHHod.
Paccmorpnm Tenepb ypaBHenne (5.13). Ero MomHO nependcathb

B BHIE 24 (1)
L g = F = 9g 0 cos 7, (5.15)
rae

I -
Fl = 57 Flecost, —icsin 1)

4BJARETCA HEKOTOPOR Mepuoandeckoli ¢ynkunen t nepruoaa 2am. i
Toro 4Tofbl ypasleune (5.15) aonyckano nepHOAHYECKHE DEUICHNS,
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HeoBXOhKHMa K AOCTATOUHA OPTOTOHAJNEHOCTR MPAROH UacTH 3ITOTO
ypaBHeHHs QyHKUMAM Sin T H €OS T:
n

f{c)sj F(ccost, —hesint)sintde=0, (5.16)
1

an
g ()= —Qajd—g j Flccost, —Acsint)costdt. (6.17)
0

[TepBoe H3 3THX YpasHeHHR npenctapnaseT cobofi HEKOTOpOe TpaHc-
UeHEHTHOE YpaBHEHHe [LIA ONpefeieHHs ¢ — aMNAUTYABl MOPONK-
Aalouiero pelneHns. YpasHenue (5.16) momer poolule He uMeThb pe-
weHnk. Dto Oyaer B TOM chayvae, Korda cucrema {b.5) He aomy-
cKaeT aBTokoMeBaTenbHBIX pelKHMOB, HanpuMep 8 TOM Cayvae,
KOraa cuiaaz F ossadgercAa AUCCHMATHBHOH. ¥Ypasdenue (5.16) moxer
UMeThb KOHEYHOE YHCAO pelueHdll, KAk 3To OWA0 B MpPHMeEpe, pac-
cMoTpeHHoM B N. | aroro naparpada. Ypasuenue {5.16) Moxer oka-
3aTbLCA TOKASCTBOM, CNIPABSAAMBLIM 151 M06Or0 3HaveHHA ¢. Takan
CHTYallUR HMEeT MeCTO BCAKHA pas, korila <BO3MYillalowas» HyHK-
uua F spaserca koncepsaTheHOM. B camom faene, nycte F=F(x);
Toraa
o]

F{e)= J Flecos1)sintdr.
L3

®ynkunaa  F(ccost) —yerHan nepuoAHdeckan (YHKUMA T Te-
proaa 2n. ChepoBaTennHo, OHa pa3naraetcs ¥ pad Pypoe, colep-
KallHi TOABKO COS 2T M, CAeJOBaTeNbHO, B CHNY OPTOTOHAABHOCTH
sin T ¥ cos kt pan moGoro k

1{cy=0.

YcnorHMen B JanbHeHLIEM CYHTATH, YTO ¢ -— 3TO OTMIHYHBIA OF HYAR
KOpeHb ypabHeRHa (5.16) KpataocTH eaunuus *), Toraa ypashe-
nne (5.17) onpenensier egnHeTBEHHO® 3HaueHHe g(¢). Takum obpa-
30M, Ha 3TOM 1Iare a/COPHTM TNO3BOAAET CMPEAENHTH AMIAHTYAV
NOPONKAAWUIELTO pelleHHss d Oepayd MonpaBKy Ha YyacToTy, T. €.
[HONHOCTLIO paccuuTaTth Hynesoe npubanienHe. Ecny orpaHnuiibes
HY/EBBIM NpUBAMKEHHEM, TO Mbl NOAYYHM NPHONHMKEHROS DelleH)e
B BHOe

At

{7
x £ €08
F+me

. (5.18)

-—

*) Moryr G6HTbL paccMoTpeHs H Gonee ofmue chydad. OAH2KO NpH 3TOM
MOMET O0KA3ATECA, YTO [peElIeHHe HEJb3H NPeACTaBiT> B BRAe patob (5.11):
Pyrkuen x(¢) noamna ObiTL npeicTaBaela b BHAE pPALA, PACOORCHEHHOrT no
OPOSHHM CTENeHAM HapaMmeTpa L.
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Bepuemcs Temepo cHoBa K ypaBHeHWw (5.13). Onpepenup ¢ ¥ £
u3 ypasHedufi {5.16) u (5.[7), Mbl npuwie K ypaBHEeHHIO, B KOTO-
POM Npapaf Yactb — 3TO néproAudeckan QYHKOHA BpeMeHH. Dra
byaxuus 00AafaeT TeM CBOHCTBOM, YTO OHA He COREPMHT NMepBHX
WICHOB pa3joKeHuA B pad Pypbe. Ypashenue (5.13) teneps MOXKHO
nepemnucaTe B BHIE

d2ell) .
;12 + xM = Fy+ Fgo 08 2T + Fpasin 2t + Fiyco8 31+ . . .,

rie Fij — HEKOTOpLIE H3BECTHRIE YHCAA,
Ero pelleHue UMeeT BUL

xM=g,(t) +M, cos T+ N, sint, (5.19)

rie ¢i{t) — nepHonHYeckan QYHKUMA, Pa3NoXKeHue KOTOpoi He co-
JEPRHUT SiN T H COS T;

F Frs . F,
0w 102 ~ A — -
@ = Foy——— €08 21 — —=sin2v— ... —7_7 COSAT
Fiu .
_'nz_[ SINAT— ...

Cyuxuus x' yposneTBopser yCAOBHIO

dxt
( dr )1:-020’

KOTOpOE NO3BOASeT BLIYUCAHTD NOCTOAHHYIQ N

2 3
N|=“3—F12+§F13+---+,;THIFIH+"' (5.20)

iloctosndan My B sToM npubamKeHHn onpejededa ObITE He MOMKET,

CieloBaTeNbHO, A4S TOrQ YTOGH ONPEACHNTDh PElieHHe ¢ TOYHOCTBHIO

J0 uAeHODB, COAEpKamHX €%, Heo6XOZHMO paccMOTPeTb BTOPOE MpH-

HnHxKeHne. '
¥YpaBHerne ansa x® uMeer Bun

2,.(2)
L5 4 x® = F® —9g,c087, (5.21)
Fje
i\ oF 1 aF a0
{2y — — {1) LI LA | § Y 2
F 28XVt gy or ¥t o e T

npuuem FP — QYHKUHS, He CONEPKAIIAT BEIHUHH go U X

[ aF 3z 1
Fi=—2e—5ore 5 +arf2en

3gech ¥ 03HAYAeT NPOH3BOAHYI 7O apryMenty t. Pymgumn F,
OF[0x u OFj0x" BuuRCJIeHH npa x= t'®,
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ITpeo6pasyem ypaBeerne (5.21), saMeHns B HeM BeamdnHbl x©
n xW nx sepaweduamn (5.14) u (5.19):

d?:jj x® = —9g.ccost—2g,M,cost—2¢g N;sint+
+-;:T£(M,cosr+leinr)+
=25 (= Misint+ Nicost) + F2,  (5.22)
rie
Fa=F0= 20 e S 2 2

ABNAETCA H3BeCTHON dYHKIUHEH BpeMeHH, 3JaMETHM, 4YTO BeAHUYHHA
N., Bxoaswas B ypaBHenue (5.22), Taxme H3BeCTHa, OHA OMpene-
nnrercs gopmysoil (5.20).

Brimulllem Tenmepk YCAOBNA CYILECTBOBAHHA NepHOAMUECKHX pe-
weHnfi. X Mo#HO NPeACTaBUTH B CABLYIONIEM BHle!

i

—2g,—2g M\ + =% nlﬂ I (ﬁcos'c——hg—jsint)costd-:+
I

ax
2n
N, OF . F )
+W J. (Wsmt-i-?uax, cost)cosTdr 4

an
—:1— J F@costdr =0,
o

25 (5.23)
-2g1N|+£{f§*j (gi costT— A. = sm-r)sm'cd‘r
1]
on
-I-%f(g'p ln‘t’+?u—~—-COS'F)Sll'l‘l.'dT+
1]
n

+Lﬂf F2 sin v de= 0.
0

[IpeoGpazyem ypapueHus (523). Cravana pacCMOTDHM BTOPO# HH-
TerpaJ, BXOAALLNH B TIePBOe H3 3THX YPaBHEHHH, B MPOUHTETPUPYEM
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€ro Mo 4yacraM:

on
Fa I (gF sint+ 4 'COS“)Cosrdzw
0 o
= rg;c f 4P focos Té.l,_ Acsint) costdr=
’ o
T ﬂ‘:’lc J. F{ccost, —Acsint)sintdr=0

14

NOCKOJEKY aMNANTYAA ¢ SBAAETCA KopHeM ypashenus (5.16). [Tpe-
o6pasyem Teneph nepeblil H3 HHTETPAJIOB, BXOJAUIHX B 3TO YpaB-

HeHKe:
2n

__M J‘(Ei — 128 sin )
I = Py 55 COST—A—osinT €0s T dr.

Iaa sToro saMeTyM cHavana, 4tTo

3F {c cos T, == A¢ sin T) =iF_ __)“‘OF
Je . CO5 T FYg SII".IT,

T. & BHPaXeHHe /; MOXKHO nepenucath TaK:

n

I,=-%,~J. gi cos T dr.
0

PacemorpyM Tenepb paseHctBo (5.17) W nepenuueM ero B CAeAyo-
el dapme:

= 2g|CM1.

HudbepeHunpyn 310 BEpaKeHne N0 ¢, TOAYHHM
Ii=2g,\M, -+ 2cM; 28

Taknm ofpa3zom, nepsoe w3 ypaBHenu# (5.23) B okoHuaTenbHOM
Bige Gyler HMeTh CNeayYILyo GopmMy:

n

ga=M, -‘i;% + ﬁf F&cosdr. (5.24)
0
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[TpeoGpasyem Tenepb Bropoe ypapHeHue (5.23). [pexze Bcero ne-
penHuieM €ro B BHAe

o m
—2g1N|+&J —aﬁsiﬂ‘td‘t- il Id—Fsintdt+
0

nA? de cnA® av

on
1 o
+?j f,, sintdv=0.
0

Henoasgys (5.16), moayuum

an
aF . daf
5{ <. sin Tdr= R

HaJjee
n
aF

o
c—;ﬁjl E%*Sin‘td‘t="5%xlyj Feostdi= —2g,.
0 0

Takem oOGpasoM, B OKOHUAaTeNBHOM BHAE 3TO YpaeHeHHe GyAer
HMeTh CACAYIOWRH BHA:
2

I di .
M5z = —-J Fi?‘sm-rd'r. (5.25)

Tak kax ¢ — npoctoil Hyas dyHKUHN [{¢), 10 difdc+0, n ypapHe-
Hue (5.21) ompeaensier eAuHcTBeRHOe 3Hauenne M. [locae onpene-
nedHa M; BenHuuna g, onpenensercs TakXKe eAHHCTBeHHBIM 00pa-
oM no Gopmyae (5.24),

Onpezenns M| 1 gs cornacro (5.24) u (5.25), Mel ofecneunm
paspellyMocTb ypasHenus (5.21):

xB=gpy(t) + Mz cos 1+ Ny sin 1,

rae q)g(-c) — HekOTOpad nepuojiuueckas @ydxusa 1 nepmona 2x. [lo-
CTOAHHAA N ONpPeAeiaercy U3 yoloBuA

(dxm ‘) -0,

dt jrag

IMocrosunas M, B atoMm npubluieHud 0CTaeTcs HeonpeleneHHOMH.
Ecan Mol XOTHM DOCTPOHTH pelieHHe, YYUTHIBAKLIEe BTOPOE npH-
Ganenne, TO HYKHO pPacCMOTPETh TakKe H TpeThe mpubinkeHue
HT A

Jlerko BHAETH, UTO STOT MPOUECC MOXHO HEOTPaRHYEHHO NPO-
RONKHTE H BRIYHCAUTL JI0G0H unen passomeddn (5.11). 3ametnm,
YTO TOABKO Ha NEPBOM Lare HaM HNPHXOAHTCA PeLIATh HeJaHHEdHye
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ypaBHenHe /{c) =0, xoropoe uMeer, RooBlle TOBOPS, NPOH3BOJbROE
KonunuecTro petlleHHA. Ho onpefenHE aMIVIMTVAY NOpOXRIAWONIETO
pelleHKHA, Mbl B JadbHedlleM HMeeM JeA0 TOAbKO C JHHeHHbIMH
YpaBHCHHAMH H BCE OCTajdblible HCKOMBIC BeMHYHHLE OnperenATCd
O]HO3HAUHO. 3aMeTHM elug, uTo HailleHHoe pelieHle YAORNETEOPALT
CleAVIOIEM HayalbHLIM VYCJIOBHAM:

d

=7=0, x(Q)=c+elp O)+M)+e{p (0)+ M)+ ...,
rie ¢ —3T0 Kopeilb ypaBHeHus {(c¢)=0. 2to pemeHue npu e=0
Nepexo T B pelieHHe YPABHEHHH '

¥+ A2x=0, (5.6")
ONpeeieHHGOE HAYANbHBIMH YCJOBHAMM
#o=0, Xp=¢,
T. €. B pellleHMe
X=(cos Al

Paaw (5.11), kak ato nokazan [lyankape, cxoasTcs maa gocra-
TOYHO MaJBlX 3HAYeHHIt napaMeTpa &.

4. AJAropATM TIOCTPOCHHA ABTOKOIEOATeALHBIX PEHMOB B CAY-
yae CHCTEM, OAH3KHX K KOHCePBATHRHBIM. PacCMOTPHM Tenephb
ofwni cayuaii ypapHerwna (5.5). IMepuoa uckoMoroe pewenus 6ymer
CHOBa (QYHKUHeH Maqaoro napaMetrpa &. KpoMe rtoro, on Gyzer sa-
BHCETh OT TOMO, KAKOH OKameTcda aMMHTyla TOpPORAaKilers pe-
inenusd ¢, 1. e. T=T(c,e), TlepHon H uacToTa 3TOr0 KoJeGaHHR
OyAyr aHaAHTHUSCKHMMH (QYAKUHAMH 3THX nNapaMerpor. 1Tonoxuw

Aied
1 +eg () +ega (e} + ...

rle L(c) — vactora Konefanuil <¢nopoxgamulero» pemwerns. Cae-
Jaewm mpanee 3amMeHy He3aBuHCHMOrQ nepeMedHoro

olc, &)=

T .
1=W(l+gls+...).

VYpanaenune (5.5) npumer Tenepe BHI

dix (l4+oEe+...0° _ . dx A {c) (l+ge+...)°
e T AT () “x)‘EF(x’ dT !+g.s+...) AZ () .
(5.28)
Mpn e=0 ypapnenne (5.26} nepexofut B clenyioiliee:
o} 1)
LAY AC.a Y (5.27)

dt? At ()

3aMeTHM, 4YTO JUIA JOCTATOYHO MaJibiX 3HaueHHfl ¢ BCE pelieHua
ypaBHeHHs (5.27) mnepuoAnveckHe, OpHYEM NEPUOI ITHX PeuleHHR
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paBen 2m H He 3ABHCHT OT aMmaaTyaw ¢. CoracHO pe3yasTataM
§ 3 stoft rnaBe pellende YpaBueHns (5.27) MOXHO DpeACTaBHTHL

B BHIE
*O=c cos T+t (1) + .. ., (5.28)

rae §; (1) — nepuosuveckue $yHxuwn 1 nepuofa 2n. O6e mpons-
BOJHbLIE

e, 1) = %%t)—=cost+201|32(t)+302¢3(7)+ ves l

r (5.29)
{0)
¢(2) (c| T)= axa: =—Csin t_l_ 82 d‘b;‘t(‘r] + .

6yayT nepuoAnuecknMu GyHkunsAMu t mepuona 2m. HMcmoabsyn 3to
06CTOHTeﬂbCTBO, MBI MOXKeM ﬂOCTpOHTb aarceprTM BbIMHCREHHH Mé-
PHOAHYECKHX PELIeHHH, c/ellyst cXeMe, KoTopas Gblia HCMOMIL30BaHA
B NpeALIAYLIEM NYHKTE 3TOrC naparpada.

Meprnonuueckoe peutenue cHcreMp (5.26) GylAeM HCKath B BHAS
paaa (5.11}. Tlonoxnm

oo
x= &z,
fuwl

Jasg dyuknud x 6ygeM MMeTb caefyloillHe YPaBHEHHS:
d2x 1
L = 1) 27

dre 1 d ] dx®® |
Gt ww () Y = (0 S h) = @ )
(5.30)

HT I

QyHkig x% yaosgerropaior yoiosuam (5.10). [Mepuopaveckoe
pewenue ypasHenns (5.27) neprona 2w, yHOBAETBOPAKILEE YCJIO-
BHIO {5.10), 0603HauHM yepes

W= (c, 1},

rile NocTodKHad ¢ B 3TOM OPHOIRMEHHH OcTaeTcs HeonpedeaeHHON.
PaccMoTphM tenmeph ypaeHedhe (D.30). Tak xak ¢yHKUIHA
Q(c, v) apaserca nepuoandeckol pyHxuued T nepuoga 2w, To npa-
Bafl 4acThk STOrO ypaBHeHHA M (PYHKHUA (L‘(:‘}-) TaKMe HB-
xmxd
JAFIOTCA TEPHOAHYECKHMHA QYHKUHAMH T NepuHola 2m.
YpaBHeHHE
d"'x(“ i (df) 1)
et 5 | M =0
d'l's ?I.2 dx Kmx?
ABJAAETCH YDaBHEHHeM B BaprHauuax ansa ypasuenna (H27), w ero
PyHaaMeHTANBHbBE peieHHA — pYHKIHH Y # PP — H3pecTHH.
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Onu onpenensaworca dopmysamu {529} u sABAAOTCA nepHOARYE-
CKHMH QYHKUMAMH T nepuoia 2..

Hnast Toro utofel ypabHeHue (5.30) HMeno neprHoAHYECKHe pe-
WEHHA, HEOOXOIMMO H AOCTATOYHO, YTOOM NpaBas YacTh 3TOTO
ypaBHeHHA Oblia opToroHanbHa QyHkumam ¢ n ¢ T, e, yrobH
oHa YIobaeTsopiia ycnoeraM (2.22)

2n n
0 | 1w @ar={ Fg, 138)4 @ dx,
. » (5.31)
£1(0) ﬂf F(Q) 92 (x) de = 5[ F(Q. 2%2) 4@ @ dr.

[ToayueHa cucTeMa /JBYX TPAHCUEHAECHTHMX ypabHeHa#t (531) or-
HOCHTEABLHO ABYX HCKOMBIX BeJHUHH: «aMOJHTYIR» ¢ H <IONPABKH
Ha uacToTy» gi. Onpenends 3T BeJHUMHBI, Mbl MOXeEM HalTH pe-
IeHHe Hallel 3afauH B HY1eBOM npuOARKERHH

iy Adc) ¢

x= Q(c’ U+eg: (o) ) (6.32)
Itas rtoro ytoGel noayunte dyHkouio (5.32), MM DoAXHB GbITH pe-
WHTh CHCTeMY [BYX YPaBHeHHHA, B KOTOphle g, BXOAHT MUHEHHO,
HckaioudB 3TY BeAHYMHY, MBI NPHXOAHM K HEKOTOPOMY TPaHCHEH-
ASHTHOMY YpaBHeHHI0. KaX10MY KOPHIO 3TOFO YpaBHEHUA OTBedaeT
0JHO BMOJHE ONpeReaeHHOe 3HaueHHe MNONPABKH Ha dactory Zi{e).

Ipouenypa MOCTPOGHHA NOCASAYIOIHX APHOGIHMEHHA COBep-
IeHHO ACHA, OHAa ABAAETCH MOYTH ADCJAOBHBIM NOBTOPEHHEM MpO-
neaypbl, paccCMOTPEHHOA B npeibliyllleM NMyHKTe 3TOTO Nlaparpada.
Ecau ¢ aBnsercd npocTHIM H OTIHYHBIM OT HYJAA KOPHEM YpaBHeHHA
(5.31)}, To pacyeT KamKAOro NOCALAYICLLETO MPHOMHKEHHS CBOAMTCS
K pelleHHl0 JAHHEHHMX ypaBHeHHH M 3TH yDaBHeHHA Bcerda paspe-
LHMBL.

NpuMeuaHue YCIOBHe, UTO ¢ ABNAETCH NPOCTHM KCOPHEM,
cyecrseiiio. OTKa3 OT 3TOr¢ YGJIOBHA PE3KO YCAOMHRET TEOPHIO H
neJaerT HALCHKeHHYI cXeMy pacyera B OOLIEM chyyae NpPOCTe He-
BepHoH. Paanoxenua tuma (5.11) nepecraror ObiTe cnpaBelin-
BoIMH. PewleHust NPeJcTaBHMBl B 3THX CJYYanX B BHAE PAACB, pac-
MONGHEHHBX Mo ApoGHBEIM cTeNeHAM mnapaMeTpa = MaioxeHue
NOAOGHBIX TEOPHH NANEeKo BHIXOAUT 38 PAMKH 3/€MEHTApHOTO yyel-
HHuKa, KakvM ABJRETCA 3Ta KHHra.

5. Tipumep. B KkauecTBe npuMepa AAA MPHAOKEHHE MeT010B
1aHHOrO Naparpapa PacCMOTPHM H3IBECTHOe YpabHenue Bam-gep-

Toas :
_ _ E4rlr=g(l - ax?)z (6.33)
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H HOCTDOMM €ro BO3MOMKHLIE DNEPHOAHYECKHE DPEXKHUMLI B HYICBOM
npubauxennu. Ilocne npeoBpazosannn (5.7) ypabuenne (5.33)
UpUMET BHI

d%x

= dx 14+ g8+ ..., (5.34)

+x(1+2g+ ...)=8(l—ax9)F-T.
PaabickuBas pem'euue B BHAe paaa (5.11), rae dyHkuun & yao-
BAECTBOPAIOT yeioBrAM (3.10), Myl Halinem, 9T0

@ =ccosT,
a xV yropneTBOPAET YpaBHEHHIO

A2y
dr?

V=~ L& (1 —ac?cos?t)csinT—~2g,ccost.  (5.34)

PackaanpiBad npaByir uwacth ypasuenus (5.34) B pas Pypre,
NOJYYHM

g2y ¢ . ac? ; act
ate +x“)=—-x~{sm1:(l—T)-51n3tT}—2gIccosr.
{5.35)

Ana roro urobul ypaeHeHue (5.35) uMeno nepHoIHYeCKHe pelleHud
nepuoaa 2w, HeoOXOEHMO M ZOCTATOYHO, YTOGLL PAsfOXKeHHE MPaBOH
yactd B prl $ypbe He COZEpPMANG NEePBLIX FADMOHHK, T. €. YTOGHL
Ko3QdHUHEHTE NPH sinT 4 cost GbUIH paBHBI HYAW. ITO Aaer
NBA YpaBHeHHs AAA oNpefesieHHA ¢ U gy, OTKyJa

Takum obpasoM, ypasHeHue (5.30) umeer apa c*rauuoflapﬂmx pe-
HHUMa :

£=0, xi=—2 cos. (5.36)

Va

[TepBbifi M3 CTAUHOHAPHBIX PEXHMOB — 3TO COCTOAHHE nokos. Bro-
POA CTAUHOHAPHBLIA PEXHM — 3TO peXHM aBToKOAe(aHHH.

Mp BHEHM, 4TO ypaBHeHHe {5.33) JomyckaeT aBToKoOdebaTeNb-
HBIE peAHM TOJIBKO B TOM CIYY4ae, KOrla @ MOAQHHTENLHO,

6. ABTOKONEOAHWS B KBAZHAMHEAHMLIX CHCTEMAX €O MHOrHMA
cTencAAMA cBofoan,. HccnemoBanHe aBTokoneSauuit B cucreMax
Sonslioro yucaa crepedefi cBOSOAH CTAAKHBAGTCA C LEABM PALOM
Tpyanocrefi. ITpexae Bcero, ata Teopua OveHb rpoMoanka. Kpome
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TOFO, AOCTATOURO O6LLEe H3NOMeHHe Takofl Teopun TpelyeT npeapa-
PHTENLHOTO W3YYeHHMA PAfa BONPOCOB TEOPHH JAHHEHBX YpaBHEHHH.
[ToaToMy 3neck MBI OFpAHHUHMCA PACCMOTPEHHEM OAHON YacTHOH
3afaun 3TOf TEOPHH — 3aJa4H 00 aBTOKO/AeGaHHAX KBazWAHHelaoH
CHCTEMbl B TOM CJAYy4ae, KOrla NOpoMAamliasd CHCTEMa KOHcepBa-
THBHA.

HcnonezoBanie KAHOHHYECKHX NEPeMEHHEIX TNMO3BOJAET OrpaHU-
YHTbCA PACCMOTPEHHEM CcJeaylollell cHCTeMBl ypaBHeHHM:

RptMx,=eF (% ooy Xy X 00y £,)
=1 2,..., a). (5.37)

Ilpr e=0 B 37Ol cHcTEMe CYLIECTBYIOT NMEPHOAHYECKHE pellleHHs —
CAaBHBle KOAeOaHWA ¢ 4YacTOTAMH A;, MO3TOMY B PaMKax TEOPHH
MAJIOTO TIaPAMETPa HMeeT CMBICA CeIyLlan 3aJava: ONpefeduTh
BO3MOMHBE MEPHOLHYECKHE pellennn cucTembl (5,37}, KoTopele npH
g — 0 nepexomAT B OIHO H3 IVIABHLIX KoJeGaHHA CHCTEMEL

¥+ ax,=0 (i=1,2 ..., 2. (5.38)
Hasa onpedeneHHOCTH YCAOBUAMCA [Pa3bicKHBATh TEPHOIAYECKOE pe-
enHe cHcTembl (5.37), nepexoisliee B NepBoe TAaBHOe KoaeGa-
HHe cHcTeMbl (5.38). ¥cnopHMCA npu 3TOM, YTO BCe }; B3aMMHO

NpoCThie.
Crhenaem 3aMeHy He3aBHCHMOFO mepemenHoro {5.8):

t=%(i +get+gRt+ ...

INocne atoit 3aMennl cacTeMa ypabHeRuit (5.37) npuMer oun

d*x
'F,r—.‘.!'+xl(l+2gla+ R
_ dX1 ,vl
“eFl(x“ rees Em Tt [+get ..." """
dx, Ay I+ 2g:e+ ... (5.39)
T odr l+gEd ... A: '
die, AL 1+2ge+ ...

Pemenne cucremo (5.39) GyaeM HekaTb B BALe PRLOB

X =0 fex? el 4oL (5.40)
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4 .
OyHKUMH ¥ YIOBAETBOPAIOT CAGAYIONIHM CHCTEMaM YPaBHEHHA:

2 (01
el + {}—{]
d2x‘s"’ 2 G.41)
A
dr? A5 J
2 (1) L
ax dx)
Mo — 0y
dtg + V= F(xl,...,.\:u, = Ay oo
(0
dx
d: l,)—lex;')l,
2D 73 (O (5.42)
— = “*——F X®, 40, g
dt? 12 3 )u I * 4 3 dt *
dx(O}
. l)—QnggW {(s=2,3,..., 8)
H T. O.

Havaapuele yeaosusa Aaa GYHKORA X; MBl LOJMHB HAAJLKALLIKM
o6pasoM moso6path. Oanako, HCHOAL3YA TOT (GAKT, UTC fIpaBLie
YacTH cHCTEMBl (5.39) He 3aBHCAT OT BPEMEHH, Mbl MOXKEM NOTpe-
GoBaTh, uradhl npn =0

ax,
=
Orciona BaxonuM, y1o npu v=0
axf®
=0 (k=0,1,2,...) (5.43)

[Teproanueckoe pewenne cuereMul (5.41), yAosnerBopsicilee Ha-
YaANBHBIM YCA0BHAM (5.43), eAHHCTBEHHO H HMEET BHA

0 =ccost, x9=90 {(s=2 13, ..., n), (5.44)

rne C—HpDHSBOﬂbH&ﬂ NOCTOANHAA, KOTOp&H Oﬂpeﬂ.eﬂﬂETCﬂ B {he-
AyloleM TPROANKEHHH.

Cuctema (5.42) ¢ yuetrom (5.44) Moxer OblTh nepenucana B
cneaywuieii fopme;

(1
aaxf +x“‘=+£-F,(ccos1- 0,...,0
de 1 R? + ] > ]

—¢chsinT, @, ..., ) —2g,ccos T,
i a2 1 {5.45)
—_— W=— F {ecost, 0, ..., 0,
a7’ a? s P
—chysint, G, ..., 0) (s=2,3,..., n). |
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Oaa toro 4todm cuctema (5.45) HMeEAa nNepUONHYECKHE PELLEHHH,
HBe0GX0AHMO H A0CTATOYHO, YTOOH

m

j Filceost, 0, ..., 0, —eA;sint, O, ..., O)sintdr=0,
O

- (5.46)

g = _[Fl(ccosn Q0,...,0,

2&2

—chsint, 0, ..., O)costdr.

TlepBoe H3 3THX YPABHEHHH CAYKHT ANS ONpeieedHs aMIAHTYAL
MOPOXAAOULETO TMABKOro KoaeGaHWA, BTOpPOe ONpeleisieT NepBY
nonpaexy Ha uactoTy. Onpemenkp 9TH  BeJHYHHb, MBl HaXOOHM
dyukumio ¥ s puge (5.19), npuuem N, moxer GuTh onpeneneHa,

TaK Kak 374 OGYHKIHA JAOMXKHA YIOBJETBOPATE yeaosuwo (543},
Hraxk,
V=g, () 4- M cos T+ N sinrT,

rie GpyHKUHA @ — HEKOTOPAasd BIOJHE onpeaeseHHas NepHOANYe-
ckad byHkuua, M; — mOCTOAHHAR, KOTOPAA ONPENENSETCA H3 Cae-
AYWOUWETD npHOAHKeHHA.

Pellenne ypagienss s x‘” HMeeT BMJ,

xfgl' = q)s (t)'

rie @;{t) — ENCAHE ONpeiefeHHbie NepHOAHUECKHEe GYVHKLHH [0e-
puoia 2n. AHAJOTHYHO BBIYHCAAIOTCA W OCTafdbHble #1eHb pasfo-
xKenur pagos (540},

Mpumedanue Jlna mocTpoeHus NepHOAHYECKHX PelleHHi Mbt
HCNOABL30OBANH KaHOHH4eCKOe NPeACTABACHHE [OPOKIAIOWEN CH-
creMbl. B Takoit ¢opse Bce BHIYHCAEHHS 3HAYHTEABHO YNPOIKAIOTCH.
PasymeeTcsl NpH pellleHWH KOHKDETHBIX 3aAau B npoueaype npeipa-
PHTEBLHOrO BEIGOPA KAHOHHYECKHX NePeMEHHLIX HEOGXOAHMOCTH HeT,

§ 6. Meron I B. Kamesnkora

B npeaviaymnx nmaparpadax ObUTH H3N0MEHH METOSHl OTBICKA-
HHSl NEPUOAHYECKHX PENIEHHA; HCNIOAB3YICILHE PA3/IOWEHHE B PAIL
CMegHaNbHOro BHIA, PaciioNoKeHHLE N0 CTeNeHAM MaJgoro mapa-
MeTpa, ITH MertoAbi Obip pa3paloTadpl B KOHUE NPOLLIOrO Bera
JinaydoseiM M [TyaHgRape H NOCAYKHNH HCTOUHHKOM MHOFOUHCAEH-
HuIX HecdefoBanuit. HHOR noaxon k pelleHHi0 3THX e 3anay Obin
npeiaoxed cosceM HefasHo I'. B. KamenxosbiM. 3101 mMeTo1 obna-
Raer BbicOKOH (PekTHBHOCTRIO. Ero BO3MGKUOCTH, NO-BHAHMOMY,
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He HCH&]}I’[I:IB&IOTCH TE&MH Saﬂﬂl{aMH, A3 KOTOPRIX oH Grn ¢co3naH,
Haa anaoctpaunu metona T'. B, KamenkoBa paceMoTpum ABe mpo-
cTefiline 3a4aqyi OFbICKAHHMA TIEPHOAWYECKMX DelleHkd, OrpaHudu-
BAACE NPH STCM HANOMEHHEM TOABKC $OPMaABHOR CTOPOHH BO-
apoca.
1. KsasuauHehinaa teopna. Teopema I B. Kamenxora, Pacemor-
PEM cHcTeMy fHdbepeHHATbHbIX YPaBHEHUH BHAA
i=—Ay+pki (e, )+ 0t ., }

= x4 uty (5, ) F (5 @)+ o) ©.0

rie p — Mananfi napamerp, X; # Y; — oAHOpORHEIE NOAHHOMB OT-
HOCHTEAbHO NepeMeHHEX X H .

Tlycth x=0 # y=0— enuHcrBedHad ocoGasd TOUKA CHCTEMb
(6.1) AnA AOCTATOYHO MaABLIX 3HaYeHHH NapaMeTpa .

Boenem noNApHble KOOPAHHATH

x=rcos0, y=rsind (6.2)

A coctaBHM AnddepeHiHANBHBlE YDABHEHHA, KOTOPHIM YAOBJETRO-
pAIOT HOBHle He3aBHCHMBle nepeMeHkbie r u 6. Huddepednnpys
(6.2) u ucnoassyn (6.1), noayunm

Feos® —rOsinf=—Arsin® 4 pX,(rcos®, rsing) +

+ 12Xy (rcos®, rsin®)+ ...,
Fsin@+4rdcosO=2Arcos 0+ uY, (rcosd, rsinB)+

+u?Y,y(rcosd, rsin®)+ ...

Paspemas 3TH ypaBHeHHS OTHOCHTENIbHO / H &, Mbl TPHAEM K CH-
cTeMe YPABHeHME clieayrllere Buja:

F=uR (r, )+ nRe(r, )+ ..., }

@=2+uF (r, 0) + 2 Folr, 0)+ ..., (6.3)

e
Ry =X,{rcos8, rsinBcos8+ V,(rcos8, rsin@)sing,

Fp = % [Vilrcos®, rsinB)cos 0 — X, (rcosB, rsin®)sind),
byHKOHH Ry H F,— NOAMHOME OT ¢ HEKOTOPOH CTENeHH m,

R, =rRY®)+r"RO®) + ... +r™eR{™) (),

6.4
F,=F)®)+rFl @)+ ... +r'"*-lF§;“*"J(B).} (6.4
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3nece oyrkunn RY m F{’ — HexoTophle NMONMHOME OTHOCHTENBHO
sinf n cosH. _
Onpeneann Pynkuuwo Vir, 0) npn nomouwn pasedcTsa

r=V+u@UP+VoP+ .+ VUM)
+2vUY+ VO L+ V™mUs - L, (6.5)

Tae U‘,-”—Heuompble MOJHHOMBl OTHOCHTENbHO Sin© W cos B, KoTo-
pblMl-I Mbl 6)’}(&1\{ paCl’IOpﬂ}KaTbCﬂ B npoHecce p'emeHnﬂ 3aA0a4%H.
3aMertuM, 4TO ANA AOCTATOYHO MaAubx w ¢yiuguua V, onpene-
JIeHHAs TpY NOMOILH paBencTBa (6.5), Oyaer onpejenerHs TON0XKHU-
TeNbHOH ¢yHKUMEN f, KaKoBo OW HH 6binio 0,
Paspemnp ypapieHne (6.5) orHOCHTERbHG V, noayuumm

V=r+uVi{r, 0)+pn2Vo(r, 8+ ... {6.5")

Tak kak {/; — noausomel oT sin€ W cos®, 10 0 yHkunn V; —
TaKke NOAHHOMDI OT TéX e BeAHunH. B aToM Jerko yGednTbes He-
mocpelcTBEHHON NpoBepkofl, paceMaTprBas (6.5} Kak ypabHeHHe
OTHOCHTeNbHO V H pa3hIicKHBAA ero pelleHds B dpopme paga {6.57).
Takum ofpazom, byukuns Vir, 8) B ofiuem chyvae Gyaer nepHoan-
yeckofi ynknHeir O nepnoaa 2.

Bepuemcs Temepb x Bbipaxenuio (6.5) H nonoxum B Hem V=¢,
rie ¢ — 3aJaHHAA AOCTOARHAA, TOrAa MBI TOJYHHM

r=®(c, p, O =c+plcUP+ ... +™UM™) +u*( j+ ..., (6.8)

rae @ — nepuodndeckan gyexuns 0 nepuoda 2gx. Ypasuenne (6.6)
Jyipeflenser B 3ToM caydae B (ha30BOH INIOCKOCTH HEKOTODYIO 3aM-
KHYTYI0 KpHBYIO — unkA. TaknM oGpasoM, 1Js AaHHOH KOHKPETHOH
cHereMnt pyakina U xaxmomy suauennio ¢ popmyaa (6.6) crasur
"B COOTBETCTBHE B (a30BOH NAOCKOCTH HEXOTOPYIO 3aMKHYTYIO TpaekK-
TOPpHMN). Ha OCHROBAHHH 3aMCYAHHA, KOTOpPOEe Mbi cAenaiu I'IpH BEI-
BoAe {(6.57), MEl MOMKEM YTBEpPIKAATh, YTO AJS [AOCTATOYHO MafbX i,
JIBYM Paz/in4HblM 3HAYeHMAM TOCTORHHOK ¢ OTBEYAlOT ABa Heiepe-
CeKalolluXes NHKAA, TIPHYSM LHKJ, KOTOPHH OTBEYaeT MeHblueMy
3HAYEHHIO TIOCTOAHHON, NEKHT BHYTPH APYFOTO LHKMAA.

Unesn, nexalnan B ocHoBe Metona I'. B. KaMeHkoBa, coctouTt B
CEAYIONIEM. ﬂpeﬂnonomum YT0 HaM yAanock nonoﬁpam NEPHOAH-
veckue Qynkunu UY(6) Taknm oBpasom, uto npoussounan dV/d,
BHIYHCAEHHAA B CHAY ypaBHeHWl (6.3), Gyner pasua 0, 7. e. V Gy-

- DeT HHTerpanom ApmixeHus. Torga xpuead, 3ajadHan ypasueHHeM
(6.5), GyaeT HCKOMBIM MEPHOLHYECKHM DEllleHHEM,
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Mpoauddeperupyem {(6.5) B cuny ypaeHeHrfi {6.3)
u[rRi“(e)+. +rmRI )] + ' IrRE B)+ .+ RO +

[ dU{l} Ul?' {#m,)
2 it

) U("
Favaliop .

auP d
[V Fi+ ... +V™

l’-‘ﬂ a2

+ V™

Jﬂt[ J+ ... 8.7
rae
He e u(UP 420U, L ™0

+ 1 ( n + ... + mng.’_].U{m’)) ( ).,I_ e (6.‘8}

3aMeruM, W0 AAA JOCTaTOYHO MadweX p penwunna A crtporo
Gonblue Hyaa, 3amenHd B paBedctde (0.7) BennuyHHy r npu no-
Moutn (6.5); Torpa (6.7) MOMXHO TpHBECTH K clHelyiOlleMy BHAY:

(1 dbrﬁ.']]

H%ﬂi'v[ ‘”(e)—x—v-]ﬂf [ (B) =1
ol

+ ...

i) 2 ik U"]
S VT RMNB) — 4 +u=VR (6) - + ...

dufma:'
+VM2[REMJ)(9)__Ld—QBjI}+ P (ﬁg)

HcnonpsyeM Tenepb MPOU3BON DYHKIUH U w pacnopﬂnumm HMH
TaK, YTOObi BbIpa<enud, CTOAlHe B KBajPaTHBX CKOOKax, Oban
HEKOTOPBIMHI TOCTOAHHBIMY YuCAaMe. DTO 3HaduT, 410 hysxuun i

JAOMAKHD YAOBACTEBOPATL YPABHCHHRAM

dU{h
A 0 = R (6) — g?f", (6.10)

rae gl — HekoTophle NOCTOAHHKIE, KOTOpble AOMXHB ObITh HaMH

OonpefefeHsl TaK, 4TOOB (BYHKUHH U sman NePHOLHYECKAMH-
dns dyngumin Vi (k>>1) MH uUMeeM VpaBHeHHR, aHAJAOTHUHbIE
{6.10), roe BMecto neprmoamueckoll QyHKUHK RY crour HeKoTOpad
cymma pyuxuun Ry (8) u rekortopoit Apyroft mepHomMUECKod dYHK-
IHH, ROTORas MQ}KeT OBITb BBITHCGCHA.

OyHKIUA U monkHbt YAOBAETBOPATH yparHeHHAM (6. 10). Ho
€ OpYro# CTOPOHBI, OHW [0JXHbl OHTh MEPHOLMYECKHMH, @ A3
3TOTro HeoGXO0AHMO H AOCTaTO4YHO, YTOOH Ccpealee 3HaUeHHE Mpasoi
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4acTH 33 Nepuod Zn BhLAIO PABHO HVAKW, 3TO VOMOBHE elHHCTBEHHBIM
G6pa3oM onperenser nocrofuny gt B sune

o

g = %J " (o) ao. 6.11)
]

Hz ananorAuHbIx coobpanendii BHYACAAIOTCA H APYrHe TMOCTORH-
Hee g4 (k=2, 3, ...). Pynkuun U} onpeseasorca Teneps Keaa-
paTypoit

2
UP =+ f [RI(6) — gif] dB + i, 6.12)
1]

rie nocrosnube cf’ mponasobku. He orpandunsas ofuinocTH, Mb
MOMKEM MOJOXKHTL UX PABHLIMH HyAw. IJTo Gyaet 03HA4aTh, 4TO

sce UV (0)=0. Urtak, anq nponssotnoi $yuxunn dV/di mpl noay-
yaeM CJAEAYIOUleS BhIpAKEHHE!

HEL = pL (V) + WL (V) + ..., (6.13)
rre
LiV)=Vgl+Vig®+ ... +V™g™,
L ('V) = Vg(l) + VI'?! l‘m:}}

- v x e - -

PaceMOTPEM ypaBHeHHe _ .
Li(V)y=0. (6.14)

. B. KaMeHKOBHM AOKA3aHA CREAYIOWAA Teopema *).

Ecay cucrema ypasnenuti (6.1) takxoea, 410 ypasuexue (6.14)
umeer k HOAONUTEABHBIX KOPHELl HeteTHOU KPATHOCTH, TO KANOCOMY
13 ITUX KOPHEH Gyder ¢OOTEETCTEOBATL RO KpadHel mepe 0OHO ne-
puoduxeckoe pewetine cucremst (6.1).

Hrax, cyllecTsoBanyde NMepHOAHYECKHX pelUeHHdl B cliyyae Kop-
Hell HeyeTHON KpaTHOCTH vpaBHedHdA (6.14) onpesesseTcd HCKIIOUH-
TeNBHO cBOMCTBaMH NoAWHOMA L;(V) W He 33BHCHT OT CTPYKTYDPH
noanaomMos L; (i>>1). Ecau e KopHH ypeBHeHus (6.14) uMerwor
YeTHYI0 KpaTHOCTh, TO, Kak nokasaa [. B, KaMeHkop, ans pemetus
BOTNIPOCA O CYLLECTBOBAHHH LHKNOB HeoO6XOAHMa Gojee NOAHAA UH-
dopManug ¢ NpHpofe UPaBoH YacTH ypasHeHua (6.13).

*y Cw. T. B. Kasewrkos, Wcenenosawne wenwrelinvix wosebannft ¢ no-
mowblo dyuxunh Jsnyeoea, Tpyas Yuameepcrtera ApymGhl naponon uM., IMatpu-
ch JlymyM6e, T. XV, 1986, crp. 3—35.
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2. KpasmauHeitHas Teopua, Piacuer NepHOAHUECKHX pelleHui.
Metoa I'. B. KaMeHKOBa MO3BO/IACT HE TOJNbKO HCCAEREOBATDH BONPOC
O CYUECTBOBANHK NEPHOAHYECKHX peUIeHHH, HO H ZaeT cnocob 3¢-
(beKTHBHOTO TMOCTPOEHHst NepHORHYecKHX pelneunil. Tlokamem, Kak
3T0 MOMHO CAENATh B NpOCTEAllEM chnydae MpOCTHIX KOpHed ypas-
Henust (6.14).

O6osnaunm yepes V¥ kopehn ypasuenun (6.14) n KopeHr ypas-

HeHHA

Li(V) +!,LL2(V) + ... =0 (6.15)
6yseM MCKaTh B BUIe pAda

V=V*tnVi+p2Vo+ ..

Toraa Vy 6yaer y1oBieTBOPATh JHHEAHOMY aqreGpanyecKoMy ypas-
HEHHIO

VS 1, (v, (6.16)

[MpoussoxHas B ypasHeHuu (6.16) pbluucaeHa ans 3HaveHus V=V*
Tax kak V*, no npeanonoxesuio, NpoCcTofl KOpeHb YPaBHEHHA
(6.14), To dL,/dV+#0 u ypashenre (6.16) 01HO3IHAYHO Pa3PeUIUMO.

Jlerko yBenurbcsi B TOM, UT0 B OCTajbHble caaraembie Vi yio-
BAETBOPAIOT ypaBHeHHI0 THRa (6.16)

di 3
Vt'd_l;' = Lh

rie L;— HekoTopoe H3BECTHOE YHCAO, 3aBHCALLEE OT BeJMYHH
V*. Vi. ety Vi—l-

Hrak, nycTs ¢ HeKOTOPOH TOUHOCTBIO MBI ONPeAe/HAH KOPEeHb
ypasHenua (6.15). OGosuaynm ero yepes V**

V=V 2Vl 6.17)
P=]

Hoacrapans Tenepb pupaxerue (6.17) B ypasuenns (6.5), Mp 1o-
JYYEM ¢ OMpedcaeHHOofl TOUHOCTBK) HCKOMOE NEePHOAHYECKOe pelle-
HHe

r=V rp( VO VIUR L ) 0 ) e,

rae xoaddHUEEHTH U (8) onpereasores popmyaamu (6.12).
B 3akJ0¥eHEE 3aMEeTHM, YTO ypabHeHHIO (6.14) MoXKHO npHAATH
HeCKONIBKO HHO BHA. PaccMOTpHM HHTerpan

0
fe= .f [X,(V cos®, VsinB)cos®+ Y, (V cos 8, V sin 8) sin 8] df.
0 . .
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Cornacno offo3HaueHHsM, BBeLEeHHLIM B YpaBHeHuax (6:3), sror
HHTErpall Mbl MOXeM NeperHcaTh B BUIE

2n 2a
I=[ RV, 00d0= | VRO@O+VRP @)+ ... +V™R™ (0)) do
0 0

HAH, TPHHHM A9 BO BHHMAaHHE paBencTBo {6.11),
I=2n(Vg"+Va®+ ... +V™g™) =2nL, (V).

Takum obpasoM, ypaBHenne (6.14) 3KBUBANEHTHO CAEIYIOLEMY:
n

_[ [X;(Vcos®, VsinB)cosd+ ¥, (V cos®, Vsin0)sin0]46 = 0. (6.18)
]

B cneayouel rrage Mbl yCTaHOBHM, UTO ypabBHedwe (6.15) HaM
ZacT 3HaveHne CTARHOHAaPHOH aMILTHTYAHL, CJH ee ONpeledaTh Me-
TOLOM OCPeHHEHHA H OrPAHHYUTLCA
NpH 3TOM [ePBHIM TPROJHKEHHEM
(mpuGauxenweM Bau-aep-[lons}.

Uaea wmerona . B. KameHkosa
rMeeT npocTOH reOMETPHUECKAH
CMLICAT. MBIl yXKe 3HaeM, UTO KAXKIAOMY
MOCTORHHOMY 3HAYEHHIO BeAWuHMbl V
8 (a30B0f NAOCKOCTH OTBEYAET 3aM-
hiytan kpusas {puc. 18). Ilycts Mu
HMeeM HBe TaKHE KPHBbIE, OTBEYAKD-
wHe V; v Vo<V, u oGnanamwpue
TeM CBOWCTBOM, YTQO NPOH3IBOIMBIE
dV/d!, Bbiuncnennsie apu V=V, u
V=V, & cuny ypasHeru#i (6.1} ume-
Puc., 18 0T paaHele 3HaKH, JTO 03HAUAET, UTO

jazoBble TpaeKTOpHAH cHcTeMH (6.1)
lepecekaldT BHeIIHHH 3AMKHYTHH KOHTYP H3BHe BHYTPb, a BHY-
TPeHHHH KOHTYD H3HYTPH BO BHe, KaK 5TO MOKA3aHO CTPEJKAMH
wa pue. |8 Torua, cornacno Teopeme DBenennkcona, cyume-
cTByeT No kpaitieA mepe OZHH Takodl 3aMKHYTHIA KOHTYp V=V**
KOTOPBLIA ABNSeTCH NpeleabHHM LUKA0M vpaeHewss (6.1). O jge-
Kutr Mexay konurypamu V=V, u V=V, Ha pnrc. 18 on nokasan
nyiktapoM. . B, KameHxoB ykaszan sddextupusit cnocot ompe-
AeNeHHs BeAuuHHu V**,

HUrak, Apolelypa pacueTa NepHOAENECKHX pelUeHHH B MeTone
KaMmeHxoBa COCTOHT B peIIeHHH TPaHCUEHAEHTHOrO YPAaBHEHHA
(6.18}, KoTOpoe NO3BOAAET ONPEAEAHTD 3HaUYCHHE V™, W BBIYHCACHUH
kBanpatyp (6.11) u (6.12).
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B naHHofi KHHre MBI PacCMOTPESIH TOJIBKO OAHY M3 3ajlay, KOTO-
pas MoxeT ObiThb n3yyeHa B pamkax Metoua I. B. Kamenkosa, —
3ajauy pacuera mepuOAHYECKOTO PEILIeHH B KBA3HAHHEHHBLIX CHCTE-
Max. [. B. KaMeHKkos B cBoefl cTaThe, UHTHpOBaHHOA Ha cTp. 100,
pPAccMOTPeN ellle meJelil PAA 33134, B TOM YHCARE 3afa4y [OCTpoe-
HASAL TepHONMUECKOTO PEIIEHHS B CHETeMaX, GAH3KHX K HeKOTopof
KOHCEPBETHBHOFL Ero METOA MO3BCGAAET TAKKEe HCCNEA0BATh HEKO-
TOpLIEe 3aiadd TEOpHH HEaBTOHOMHLIX CHCTEM.

& 7. HeasToHOMHBIC KRBASHAHHEHHLIE CHCTEMD,
Mevoa Tlyaukape

Hayuenne 1eanroHOMIBIX CHCTCM Mbl HAYHEM ¢ DACCMOTPEHHA
KBasnNUHeRHbIX cueteM. OHU HMEIOT HEKOTOPHE 0cOBEHHOCTH, KPoMe
TOro, 3afaua H3y4eHus KBa3HIHHERHLIX CHCTEM TOpasio mpoile ob-
wefl 3aga4d 4 NOITCMY MOXKeT ObiTh H3YUEHA €U 3HAUKTENBHO O0/1b-
et AcCAHOTOH,

I. 3ameuanne o IuHeiinpx cHcTeMax. PaccMOTpHM AHHEAHbI
OCLHANATOP, MNOABEPMHKEHHBIH JeHCTBHIO BHEIUHHX TEPHOAHYECKHX
U

E+olx=F(t). {7.1)

Neproa dynkuwun F({f}, He orpanpuiBas oGIAOCTH, MBI MOXeM MpIL-
HATh paBHbM 2m. (DyHKunH F(#) pasnaraeres B psig ®Pypbe

Fity=a +k21 ay cos ki +k2{ by sin &t (7.2)

YeaoBAMCA, UTO YHCAO o He ecTb Leaoce. PellleHne ypaBHeHHa (7.1)
MOMEOC NPeACTAPHTD B BHIE

X=F4x*
roe ¥ — obulee pelneiine 0AHOPOAHOLO YPaBHEHHA,
F=A cos of + B sin wf, {7.3)

a x* —4acTHOe pelleHHe ypaBHennn (7.1). Jta LIJ}'HKLLHH HMeeT
nepHon BHewiked cuaw F{f},

X =y + E cp cos ki + 2 dysin kt. (7.4)

I'Ioacranmﬁ Bhipamenue (7.4) B yparaeHne {7.1) HCNMOAB3YA
{7.2), serko HaxonnM KO3IQOHUHENTBI Cp 1 dy:

b .
=—-—-—-w2_kk2 (k = l, 2, .. .). {7.5)

g

e L

a9
.Co= a?‘ Cp =
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Tax ke npocro paccMaTpHBaeTcA d OBIMHA cayyall AHHEAHBX CH-
CTEM NPOH3IBOMLHOrO YHo/Aa cTeneHell ceofoab

rn
f;+§]la,-,xj=ﬂ i=1,2 ..., n), (7.6)
JT-

rae F;(f) npeacTaBuMB B BHIe pAL0oB Pyphe
Fe(H=ad +k2 af cos kf + 2 b sin kt.
=1 E=I

JAa oTblckaHHA qacTHOTO pewleHusn cuctembl {7.6), nepuoa goro-
poro pagseHd 2x, noaaraeM

xy=cP +'€2‘i P cos kf + kZ} d sin kt. (7.7)

HOaa onpeneneunn Kospduuuentos pasaomensid (7.7) nmonyuaem
CleyIoLLHe CHCTEMb THHEeARLIX ypaBHeHKH:

n

A = gti)
1,‘_‘-‘J G %=

n -
e (a; — 8fk%) = aff, (7.8)

=l

(3
IE]df’(u;;—ﬁﬁkz)sz” (i=1,2 ..., n)

rae 8/ — cumsoa Kposekepa. B nanbHefiniem mb SyleM paccMa-
TPHBATh TONBKO TaKHe CHCTeMul Buia (7.6), xoropoe npu F;==
npeBpamamnTea B KoHCepBaTHBRBe cucTeMbl. Ho B sTOM cilyyae B
CHCTEMe CYLLECTBYICT TIaBHbLIE KOOPAHHATH U BMECTO H3YUEHHSs CH-
creMbl Baga {7.6) LOCTaTOYHO pPAcCMOTPETb CHCTEMY

i+ olx,=F, () (i=1,2 ..., 1), 7.9)

rae F;(f} — o6oGuleHHan BHEWHAA CHNIa, OTHECEHHAH K [NABHOR
KoopauHate x; PelleHie 3THX CHoreM HMeeT 8HA (7.4), npuueM Ko-
3¢ hHIHEHTE Pa3/ioxeHHH onpeneasoTey dopMmynaMu (7.5).
Pellende audefiHoll cucTeMbl APeACTAaBHMO B BHAE CYMMbL ABVX
byrakunii. [lepsaa n3 3THX GYHKUHA HWMeeT nepHold BHEWHEH CHAH,
a apyras Asaserca cynepneavuuefi raaBabx konebanuil. Hanbonp-
WHA TPAKTHYECKHA HHTEDeC MpPeACTaBNAET HiyueHHe MEPBOH PYHK-
uud. B caMom fefe, X0T9 Mbl paccMaTpPHBAeM KOHCEPBATHBHYIO CH-
CTEMY, HO NMPH 3TOM MOHMMAEM, YTO pedb HACT O HeKOTOPOH ModenH
pEaJ]bHOﬁ CHCTEMbB], T. €. CHCTeMGbBl, KOTOP2aA HaXO0JHTCA Bceria non
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AeficTBHeM HEKOTOPbIX (IYCTh OMEHB MaaAbiX} CHI, pPacCeHBalcILuaX
suepruo. CnenosarenbHo, ¢BOGOIHBIE KOAEBAHHA CHCTEMBI HeH3-
GelKHO 3ATYXHYT C TEUeHHeM BpeMeHH. UTO Kacaertcs BBIHYMEeHHBIX
KoneGaHuiA, TO OHH BCe BpeMf OYAVYT MOAEPIKHBATbCA HefiCTBHEM
BHEWHHX CAT H, C/IEN0BATENbHO, YEPE3 HEKOTOPLIA NPOMEKYTOK Bpe-
Meud Habnwiatens §yleT oTMeuaTh B CHCTEME TOABKO Te Koaeba-
HH$, KOTOpBIe IeHepHPOBAHBI BHEUIHWM BoaielicTeHeM. [losTOMY
OCHOBHOE BHUMaHHE B AafkHefilleM Mbl TOCBATHM H3YUCHHK) 4aCT-
HbIX pewleHHH cucrem Buaa (7.6) wam (7.9), WMelomHx nepuon
BHELIHHX BO3MEACTBHHA (KOTOpbIH, T NPeANOJNOXEHHIO, paBeH 2m).
@opMyam (7.5) v (7.8) HMewT cMbiCad NHWB TOra, KOFAa cpeild
COGCTBEHHBIX YACTOT OTCYTCTBYIOT YACTOTBE, PABHBIE UETbIM HaTy-
panbHbBIM yHcaaMm. B npoTHBHOM caydyae B cucteMe (7.6) He Moryr
ObITE HHAYUHPOBaHE! NePHOIHYECKHE KOJeO0aHUA: HACTHBIE peuleHUs
cHeTeMbl OYAYT COMEpiAThH BEKOBhle caaraeMble. JTO 3HAYHT, 4TO
amMnautyna kKoaeGaHui, KoTopble BO30YXKAAWOTCA, HEQrpPaHHUEHHO
BoapacraeT. B 37omM cayuae rosopAT 0 ABNEHHH pesoHaHca B JHHel-
HbX cyuasx. [lepexoin K H3YYeHHK KBASHIHHEHHBIX CHCTEM, €CcTe-
CTBEHHO MOCTABHTE CJSAYIOLME BOTPOCHL.

a) IlycTh cpeay coGCTBEHHEIX UaCTOT HET MACTOT, PABHBEIX LENBIM
yuedaM. 27107 CAyyail HA3BIBASTCH HepesoHaHCHbIM. Kakoil B 3THX
ycaosHax Oyaer dopMma koJebaHui, reHeDHPyeMbiX BHEWHAMH BO3-
JeHCTRUAMN?

6) TlpennonomuM, UTO HMeeT MeCTO pesCHalig, T. €. cpelH col-
CTBeHHbIX KojefaHuil ecTb konefaHusa, nepuoh KOTOPBHIX pased (HAR
KpaTeH} 2m. Moxer Jik cyllecTBOBaHHE Manaod HEAHHEWHOCTH OpH-
BECTH K BO3ZMOIKHOCTH FEHEePHPOBAHHA B CHCTeMe kojebanunl ne-
prosa 2n?

_B) Kaxkue apyrne GopMb NepHOLHYECKHX ABHKEHHA MOryT BO3-
HHKaTb B KBa3HAHHEAHOH cHcTeMe Mo AeHCTBHEM BHEWHHX NMEpPHO-
AHUSCKHX CHJ?

2. KoaeGanua saaJH o1 pesonanca. HauneM H3yueHde KBa3HaH-
HeilHbIX cucTeM ¢ HanGodee mpocroro Bompoca a. Has storo pac-
CMOTPHM CHCTEMY C OAHOJT cTeneHbio CBOGOAB

Ftalx=F(f) tep(x, £). (7.99)
Gynunmo F(f) yeaosumca Gpath B Brie
F(ty=acost.

He npeacrasaser BHKakoro tpyaa paccMoTpeth H oSwul cayvair
Hanaraemblli metoll no3poafer GYHKUHIO @ TaKXe CYHTATD NEPHO-
Anueckol QyHKUHEH BPEMERU £ TepHods 2n

p=9{c 3, &),
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Bynem paccMmaTtpuBaTs peuleRHa ypabaeius (7.9}, xoropbie npu
£ — 0 NepexolnAT B pelleHHA HOPOKAANWErD YPABHEHHA
#= —wx+tacost (7.10)
nepwora 2.
[Tonomum
x=Xxo+exi+e2he+ . .. (7.11)

[Moacrasann pap (7.11) B ypaenwenne (7.9'), packrapmipas
dynkuuio ¢ B paa Tefinopa mo cremewsM napaMerpa e

acp(x, .ir)=aq:{x0, f0)+82 [‘prx[_l_q}x‘x'l] + .. =8q}ﬂ+82(pl+ b

M cpaBHuBas Ko3(rpHuweHTH NPH OOHHAKOBBIX CTENEHAX £, Mbl 1O~
Jydaem CAeAyIollHe YpaBHeHNd A7 ONpefeeHHs! HEeH3IBECTHBIX
byHRuul x; (i=1,2,...):
%o+ @’y =acost, |
£+ o'x = qq, [
T ¢ (7.12)
Byt 0% = Qpoy, }

Jlerko yBeauTbes B TOM, 4TO BE/U4HHA, CTOAUIAA B MPABOf YyacTH
YpaBHeEHA HOMepa R, 3apucut ot (yHKuuii x;{{), npuuem i=
=1,2, ..., B— 1, CaegosaTeasiio, pemad NOCJAeAOBATEIbIIQ YPaB-
HeHHa (7.12), Mb MOXKeM onpeaeluTh JI0GOH ufeH pasNoKeHHA
{7.11).

Tak kak Mo ycaoBHW @ == |, TO GOYHCTBCHHOE TePHOTHUECKOE

pelleHHe nepHona 2Zn. KOTOPOC A0NYCKaeT NMepBoe U3 yPaBHEHHN CH-
cTeMbl (7.12), nMeer BHA

x0=m+‘_lcos . (7.13)
[Toactasnag ¢pyrkupwo (7.13) B BoipaxkeHHe AMA g, ydemdaeM-

CA, YTO PYHKUHA @p §yIeT NepuoiHyecked nepHoAa 2n H, CAeA0OBa-
TeAbHO, RPeACTaBHMa B BHIE pala Pypbe

Fo = Poo + k§ Qos COS kot +k§ Gpp SiN RE.

CnefoBatenkio, BTopoe ypasHeHHe cHeTeMbl (7.12) takme nony-
cKaeT pelledHe nepuoia 2nm

oo - @y e ‘P‘ .
X = F-'—;rkkgcoskt‘l'kzl mzikkz Slnktt (7'{4)

HOCKOJbKY w'==k (k=1, 2, ...).
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Penienna ocranpHuix ypaBHennd cucremel (7.12) moryr OwiTh
NOJNYYEHB! 110 3TOH e CXeMe,

Hrax, pemenne ypasHeduns (7.9°) moxer ObiTh npefcrasieHo B
cACAYIOUEeM BHae:

o3
-3 B0 Pok
x——wg_lcost+a e +;_! pre e k2coskt+
a0
2 smkt +e{...}+ ... (7.15)

310 pelueHHe YAO0HO NEpenHcars B dopme

x=Ay+ Ajcos (t+0)+ Azcos 2(¢ 4 0o + .
rae 1 '

A= levn+ et ..

Al:ﬂ)’-l {a+8|p0,+£2(...)+ .-.}.
Ak=+k‘-’{3'/-¢%k+q);: +e8(.. )+ }’ (7.15’).
H = (.. )+ ]l

t}k=arctg{——+e(...)+ }

®opmyan (7.15) noKaskBawT, 4TO B HEPE3OHAHCHOM cayuae
BCe OTANYHE BLIHYIKACHHBIX KOMeGaHHi KBasHAHHeHHOH cHCTEMB! OT
goneGaHuit JuHeRkHOA CHCTEMH, BHI3BaHHBIX TOH XKe CuAoOf, cBO-
AHTCH K CHAERYIOWEeMY:

. Beanuuna aMonutyibl A, OCHOBHON FaDMOHHKM H3MEHAETCH
Ha BeJIHUHHBD nopAaika 0(g).

2. BosHukaer pasHocte a3 y BRUHYNKAEHHBIX KoneBauwii no
cpapHeHHIO ¢ ¢$a30f BHewHeHd CUNB. DTOT CABHT TAKMKE HMeeT fio-
panox 0{e).

3. HMmeer mecto cHereMartuueckoe cMenieHne Ag, 1. e. KoaeGa-
HHA [EPOHCXOAAT OKOJAO MOAOMEHHA, CMEIIEHIIONO OTHOCHTEABHO [O-
JIQ;KEHHA PaBHOBECHA, JTO CMELLEHHE TaKXKe HMeeT Mepabifi NopRioK
MAaNOCTH. . '

4. TloaBasiOTCA BBHICUIME FApMOHHKH, aMNAHTYAA KOTOPBIX HMeeT
nopanox 0{e).

ViTak, MBI BHAMM, 4TC B HEPE30OHAHCHOM cAydae Manas HedH-
HellHOCTb BHOCHT B XapakTep KONeDakuil cuCTeMbl JHWbL Maasle
KOJHYeCTBeHHble M3medennd, [loatomy B paccMarpuBaeMoM cayuae
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NyHeHHAA TPAKTOBKA 33a/a4H IPHBOAHT TONBKO K HeGOJbLILEM KOJIH-
YeCTBEHHBIM OIIHOKaM: KAYECTBEMHRBIH Xapaxkrtep KBaswIuHeAHBIX
KoneGanui GYLEeT TAKHM 7K€, KaK H B nHAeiiHoM ciyvae. Ha nepebift
BONPOC, NOCTABASHHBIH B MPEILIAYIUEN NYHKTE, Mbt OTBETHJIH NGJ-
HOCTBIO.

Mu pacemotpenn kojebaHHA B cHCTeMe ¢ OLHOR CTENEHBK) CBO-
Soabl. OaHaKo Jerko yOeOHUTbCA B TOM, YTO H3AOKEHHAA CXeMa MO-
#eT OblTe HCMOAb3UBAHA ANA HCCTEAOBAHHA KoNebaHHi CHCTEM Npo-
H3BOALHOLO UHCAA cTeneHel cBo6OAL, ecAd TOALKO CPeRH KopHedl
XApPaKTePHCTHUECKOTO YDABHEHHA HET LeJbIX YHCen.

3. PesonamcHele koseGanmsi. Cayyaid ofHOR cremers cBoGoabl.
PaccmoTpum cHosa cucteMbl (7.9) # 0peanodamkum, 9410 wf=1.
B npeabiayulem pasiene Mbl paccMaTpPHBaNH 34434y OTLICKAHMA Tie-
PHOAHYECKHX DelleHHH cHcreMsl (7.9°), koropele npu &— 0 nepe-
XOAAT B NEPHOAHYECKOe PellleHRe MOpoKAaiollero ypastenna (7.10).
B Tom cayuae, korna w=1, Takad NOCTAaHOBKA HE HMEET CMbICAY,
HOCKONBKY fIOPoMAaKiiliee ypasHeHHe He HMeeT NepHojUYecKHX pe-
mennit, [lostomy B Teopeme [lyaHkape paccMaTpPHBAlOTCS TOMABKO
T€ 3aKaYH, B KOTOPHX HHTEHCHBHOCTE BHRINHET O BO3OYNALHUA Mana.

Bynem paccMaTpHBaTh YPaBHEHueE

¥+ w2x=ca cos f+eplx, &) (7.16)

H TIPeLmodONHM, UTO
wi=1—gh.

MTpnweuanne Merold, KOTOpHl OyaeT usa0KeHn, MoxeT ObiTh
6e3 KakuX-1166 OrOBOPOK TMepeHeced Ha chayvall ypaBHeHHn

it+alx=glacos nt+elx, £}]+F(), (7.167)
rae
w’ = n? ~ gd,
F(t)=Fo+ 3 FPcoskt+ 3 Fsinkt,
hmp kssn

3 caMoMm Jede, AJA ITOrC ZOCTATOUHO NMPHHATb X=X+ x*, rie x* —
qacTHoe pelieHHe YpaBHeHHA

Ftelx=F(1),
umeloulee nepuoa 2. dyHxuus I nocnie Takoi samenel GyAeT YAO-

BAETBOPATE ypaBHeHHIo THOA {7.16).
PaceMOTpHM NopoXaalolilee ypaBHeHHe

F4x=0. (7.17)

Ypaprenue (7.17) nomyckaer JABynapaMeTpHuecikoe CeMefiCTBO ne-
PHORMUECKHX pellleHuit nepuoia 2n

x=Mcos i+ N sin L (7.18)
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B npeaniyleM cayuae mopoxialollea ypaBHeHHE HMENO0 TONBKO
OQJHO NEPROGHYECKOE PelUeHBe YKa3aHHore nepuoaa. B manHoM cy-
4ae ni0Goe ero petlleHHe NePHOIHYECKOE.

[TonpoByeM oThiCKaTL NepHOAMUECKOe pellende ypaBHeHHA
(7.16), xotopoe npu & — 0 iepexoddT B OAHO H3 peIEHH ceMel-
crea (7.18y. Dpyrumn choeaMu, cuutas M 4 N BeAHYHHAMU, KOTO-
PHIMEE Mbl MOMEM PACOOPRMATLCA, NOCTapaeMes HX nofolpaTh Tak,
qrobel B OKpecTiOcTH pemenns (7.18) ypasnenun (7.17) obecne-
YHTb CYLLECTBOBAHHE HCKOMOTO [EPHONMUECKOrd pelleHHa ypaBHe-
aud (7.16).

Peinenne 6yaem HCKaTe B BUAE pAia

x=x04exhpelx@4 | (7.19)
rie ¥ — onea us dyuxuuil cemeiictea (7.18). PyHkuna XX ygo-
BJETBOPARET YpaBHEHHKD

#pytli=g cos I+ @(Mcos I+ Nsini, — Msin f+ N cos ) +
+8M cos £+8N sin i, {7.20)
Jna Toro yroful ypasmenne (7.20) Zonyckano NepHOAHYECKHE pe-
uenna, Heo6XOAHMO M AOCTATOUHO, YTOOL Pa3foXeHHe MpaBOd 4a-
cTH B pag ®ypee He comepxano uneHos BuAa A cos i+ Bsinf 2tu

YCIIOBHF[ HaM JalorT OBa& ypaBHEHHH JTH OIIPEJIEJTEHHH HeH3BeCTHBIX
yucen M u N

PM, Ny=a+Mé+

2n

l [ o(Mcost+ Nsind;, —Msinf+ Ncosl)costdl =0,

+;“
. {7.21)
QiM, N)=Nb+ :
2:;
+% p{Mcost+ Nsinf; —Msint+ Ncost)sintdf=0.

1]

Tagum obBpasom, Ans toro 4ToGuH ypaBHeHHe (7.20) umeno ne-
pHOAMYECKHe DPelledufl nepuofa 2m, HeobxoauMmo, utobul ypashe-
ausa {7.21) uMenn geficteureneHule kopHu M a N.

B stom enyuae GyHruH:

x=Mcos 1+ N sin {

MoXker OLiTh NpeAeJoM TMEPHOIHYECKHX pelleHuit ypaBHenus (7.i6)
npi e —0.
Ecay M=# w N=N, 10 nepuofuveckune pellennsn ypasBHenua
(7.20) umeor BHA _
W=D+ M, cos ¢+ Ny cos L. (7.22)
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rae M, u N,— gpousBoabHue uicaa, a @M — gacTHoe pellleHHe,
koTopoe onpegeafserca no dopmytam n. | 3toro nmaparpaga, no-
CKOABKY pasznomedne GyHKUHH

acost+ (M cost+ Nsinf)+ @(Mcost+ Nsint,
—Msini+ Ncosi)= ;E. (¢, cos ki + @ sin kf) (7.22")

B pad ®ypee, B cuay Buibopa penuurn M i N, He cOfepXHT MepBhIX
rapMoHHK.
PaccMoTpuM ypaBHedue man x@®

#O 4 @ = 5D 4 M, cos f+ N, sin f) 4
+ 9% (M, cost + Nsint + QW) +
+ i;-g:(— M, sin t + Nycos £+ DW),  (7.23)

[Tponarogunie %} n g;:.‘ BLIGHCJEHB AJifl 3Havenwdi x =19 #
£=i®; TakuM 06paszoM, TIpaBas YaCTb 3TOTO YDABHEHHA SBAAETCH
nepHofHueckoll GyHKupneit Bpemenn mepuofa 2n. CaeaoBaTenbHO,
ANA CYLIeCTBOBAHHA MEPHONHUECKHX peilleHHH 3ITOH CHCTeMbl He-
00X00HMO W AOCTaTOMHO, yTOOL! OocTodutbnle M, R N; Oban BW-
GpaHbl Tag, 4To6Bl Pa3fokKeHHe NpaBoll uYacTH ypasHenns (7.23)
g paa Pypoe He comepikano nepebix rapModuk. Takum obpasom,
nmocToAlHpe M; u N, yaoeneTBOpsIOT cneayowed CHCTeMe NHREN-
HbIX anreﬁpanuecxnx YPaBHEHAN:

[6-!— j 22 cos?t — Tcostsmt}df]-!—

+er—j {%sintcosl+g—$cdszf}di=

| d o g
= __J Jl‘a“% ‘1’“’+5%'I’“’}cosrd:e‘l'.(t).

an

on ¢ (7.24)

1 Jq Lo, 99 . g }
M.?j‘{-a—x—cos!smt 3¢ sin?l dt +
1]

an
+N.[6+-;;_[ {Eisin2t+g;§cosfsint}df]=
0

X

o

| a3 d

FJ.{ ¢ q,(n.{. "’ m‘ll}s:ntdtm"l'z()
i}
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FIpu cocraBiednH cuctembt (7.24) OLLIO yuTeHO, “TO pasiokKeHHe
dyuxknun PN B pan Oypee He COAEPMUT NEpPBHX TapMOHHK.
Crcreme (7.24) MoMHO NpUIaTh CAEAYIOUIHA BHIL

Ml OM +NI6N mq’lt

(7.25)
d
M, Q+N, aQ ¥, |

Hna paspetiuMoctn cucremel {7.25) HeoOXxoauMo H AOCTATOUHO,
yTolb! ee ReTepMUHANT

L
oM oN | _D(p, Q@
3Q Q| DM
M ON

(7.26)

OBbLT OTJAHYEH OT HYAR,

SAeMeHTH TOrQ ONpefennTens BulunciaeHs npH M=M u N=N.
CnenosatenbHo, ycioBhe (7.26) osnauaer, uto BenuuuHol M u N
ABAAWTCA NPOCTBIMH KOPHAMH CHCTEMb ypapHennfi (7.21).

Hrak, aaa toro Yto0ni ypaBHEHHe BTOporo npubanxenua zony-
CKAJI0 MePHOAMYECKHE PelleHHA NOCTAaTOYHO BHINOJHEHHA HepapeH-
ctBa (7.26). B atoM cayuae noctoaHuble My u N, 6yayr onpepe-
NeHbl U3 ypasHeHHA (7.25), xoTopble 06pasyloT NHHEHHYIO CHCTEMY
anareGpanyeckux YypaeHeHu#. Pyskuna 1@ B stoM cayvae Oyaer
onpedcneda popmynoi tuna {7.22)

¥ =QD+ M, cos {4+ N sin f, (7.27)

rie M; u Ny — npou3BOJNbHBEIE NOCTOSIHHBE, KOTOPHEe MOTYT OBITEH
onipeaeneHbl TOJABKO B TPETbeM NMPHOAHIKEHHA.

[TpoBeaeHtsle PACCYKICHHA HETPYAHO NDPOLOMKHTE 10 HHAYK-
UMK H MOKAasaTh, YTO 334a4Ya NOCTPOCHHR NEPHOLHUYECKOTO PENIeHHA
ypaBHe#Hs HoMepa k cBOAHTCA K pellernio aareGpanueckoft cu-
CTEeMHl BHAA

M“dM"'N*'o =, I

H
a ad
Mk~l 9 +Nk—l anV =W I

(7.28)

Cucrema (7.28) Bceraa paspewnma, ecan toaeko M u & —npo-
CTHIE KODHH CUCTEMEE YpaBHeHnn (7.21).

Hrax, Mo mpuxoonM K caeaywwemy pesyabiaty ([lyanka-
pe}. Ecan cncremMa ypasnenn#i' (7.21) uMeeT npocTble KOpHH, TO
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Ka)ofl cucTeMe mpocThix kopHell M u N coorsercTByer pal
(7.19), -KaABIA YAeH KOTOPOro MOMXeET OBTbh 3(PEKTHBHO BHIYHC-
JeH EPH NOMOLUH H3N0eHHOR npoueaypbl.

[Myankape A0Kazad Taxie, UTO NPH YCAOBHE AHaNHTHIHOCTH
npaeoi 4acTH ypaBHeHua (7.16) paam (7.19) cxoaaTtcAa Ana Aocra-
TOUHO MadablX 3HavyeHud & B 3tom cayvyae vpasienwe (7.16) no-
nyckaeT OpejefbHbld UMK (mepHosukeckoe pewterne), Uncno ne-
PHOAHYECKHX PelleHHH COOTBeTCTBYET 4HMCAY MPOCTHIX KOPHefi ¢H-
creMmel (7.21).

[Tpumevanune Tor cayuah, koraa ypasuenwme (7.21) umeer
KpaTHHIE KOPHH, HeCKOMbKQ Oosee caoien Ads usyvennd, OpHako
OH TaKNe TIRATENLHO H3yYanca pAloM abBTopoB. B oflieM caywae
PALLI, KOTOPble NPeACTABANIOT MEPHOMAHUYECKHE pPeUIeHH:, ACJMKUEL
OuTh paCHO.HO}KEHbl yiHe He Mo embiM, a 1o npoﬁﬂum CTENeHAM
napamerpa *).

Bepuemcs cHoBa K ypasHeHuw (7.16). Ecau o1, To Mol amMeen
Hepe3OHaHCHBIA cAyyaft M aMNAHTYAR BbLHTYKAEHHBX RoJeCanufl,
KAaK Mbl 3TO BHJ&TH, HMQIOT NOPAAOK BHElUHedl BOZMYIWAKILLH CHAB,
T. € nopanok O(e). Ecin o~ 1, T0 aMnuTyla BHIRYKAEHHLIX KO-
Jebannit umeer nopaiok . [MoaToMy fABieHHeM pe3OHAHCA B HEMH-
HeAHBIX CHCTEMAX ECTECTBEHIIO Ha3BaTh BOSHUKHOBEHHE WHTEHCHB-
HBIX BHIHYKACHHBIX KOACOaHHH NpPH YCAOBHM, UTO HacTOTa BO3MY-
warwedi cuabt GaHska K COOCTBRHHOR 4acToTe AHHEHHBIX Kode-
Ganuh.

B 3axamoueHHe HANOMHHM elle pa3, 4TO B JHHeHHBIX CHCTeMaX
BOANH OT PEIOHAHCa AMIUTUTYAA BHIHYKJAeHHBIX xonebaHuil rtakmxe
umeeT nopaiok O{e). CyllecTEReHHOE BAWAHHE MAJ0l HEAHHEHHOCTH
NpoABAAETCA TOABKO B ¥CJAUBHAX, GAH3KHX K pe30oHAaHCY.

4. TMpumep: ypasnenwe Bau-pep-Mong. B kauectse npumepa
paccMOTPHM CHCTEMY, KOTOPAA OoNUCHBAeTCA ypaBHeHWeM Bau-mep-
Monsn

i+ wix=cf cos t+ (o — vy}, (7.29)

U H3y4BM ee KojaeBGaHus 104 AefiCTEMEM BHEWHWX NepHOANWYEeCcKitxX
cusl. YCNOBHMCA paccMaTpHaaTb pe3QHaHCHble Koaelabha, 1. e.
NpeLRofoKHM, TG BhIMOJTHEHO YCTOBIHE

olf=]— &b

Pewenue nopomaaioUlero ypaBrHeHHA AdA 3Toll CHCTeMbE EMeeT BHA
(7.18), rne nocroannbie M w N onpeaenniores us ypasnesdnit {7.21),

*} Cw., Haapumep, A Il MMpockypaxes, MNeproanseckne pewennn we-
AHHENHbIX CACTEM B BlUOe PAAOB RO APOOHEIM CTenednM nNapaMetpa, [IMM,
1. XXV, 6. B {196]).
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KOTOphie B8 ZAHHOM CAydae NPpHHAEMAKT CAedyoIWHA BH:

o1
PO, M) = M0+ L | lamy2(Mcos t+ N sin 0] X
1]
X[—Msint+Ncosi]costdt =0,

on
Q{M, N}ENG-&%J‘ {o— v2(M cos ¢ + N sin £)*] X
¢
X [—Msint+ Ncosf]sintdi=0.

[poBoas oyeBuaHBLie BHIKAAAKH, MEl IPHAEM K C/IeAyiOLlell cHCTeMe
IByX KVOUYeCKHX yDaRHeHAN:

B+ Mo+ N [a— T M2+ N3] =0, |
(7.30)
NG—M[Q—{-(MQ—N’*’)]=O. i

B ypaexenun (7.30) caenaem sameny :
M=Acos ¢, N=4 sin q. (7.31)

Ouanuecknit cMbica BeNHUHHE A OdYeBHAEH — 3TO aMIJAUTYAa MO-
poxnawilero pelleHua. TaknM oOpa3oM, Hac HHTEPECYIOT TOABKO
NOJACHHTENLHBIE 3lEaUel i 9TOH BEIHUHHEL,

{Tocsie samenst (7.31) ypaBueuue (7.30) npumer BuAa

A{6c03@+sin q)[cem-\;iA?)}= -8

A{ésin q:'—COStp(G—%A2)}=O.

Boasons B KBaApaT H CKJaABIBAd 3TH YPaBHeHHA, Mbl MCKIAOYHM
basy ¢ .
A2{62 + (a—}Aﬁ) }=ﬁ2. (7.32)

Takum o6pasom, BednunHa A? yroBaerBopAer XyOHYECKOMY ypah-
Hennio. Tak Kak kKyGHYecKoe ypaBHeHHe uMeer BCerfia XoTs Gbl 0OMMH
KopeHb, To cucteMa Bau-pep-Tlona nonyckaer no xpaiiHell mepe
OJHH PE3CHAHCHBIN PEXHM (HCKJI¥aA Te COUETAHHSN MapaMeTPoD &,
B, v u §, 0pH XOTOpbIX ypaBHeHde (7.32) HMeeT KpaTHEIE KODHH).
Momer OKa3aTbesl, B YaCTHOCTH, 4TO ypaBuenue (7.32) umeer 1pu
DeficTBHTeABHBIX KOpHA. B 31OM cnywae B cucreMe (7.29) Boa-
MOXKHO CYULeCTBOBAHUE TPeX pe3oHaHCHbIX pexxnmos. Hecnenosanue
SETHKQ ponpocog tpebyer OGonee NeTANBHOTO aHadH3a ypaBHEHUA
7.32).
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5. Oann cneunaasubit cayyan. OcoleHHOCTE 321490 OTHICKAHHA
PE3OHAHCHEIX PEXXMMOB COCTOMT B TOM, 4TO ROPOKAAKWee pelleHHe
3apaHee HeuspecTHO. MHOXecTBo DelleHRA NOPOM/ZOILEro YpaB-
HEHHA 00pa3yerT CeMEHCTBO, 3aBHCAILEE OT HECKOAbKHX NapaMeTpos.
(B cayuae, xotopolil paccMarpuBaica B n. 3 aToro naparpada, ce-
MelicTBO MOPOXKEAIOIIHX pelleHHl 3aBHCES0 OT ABYX NApaMeTpoB}.
B mpouecce pelleHns 3afauM Mbl ROMKHB OTHICKATH T@ 3HAUSHHS
NapaMeTPoB, KOTOPble ONDPEASNAIOT MNOPOXKIAIOMHE PElIeHHA.

PaccMoTpeM oaARy clieuHanbHYIO 3alavy, KoTopaa HHOTAA BCTpe:
YaeTeA B NPHACHKEHHH: OoNpelejinTh NEPHOJHYSCKHE pellleHHs ypab-
HEHHA

i=ep(x, &, 1, 2), (7.33)

TAe ¢ — NepHOAUUEcKan (YHKIMA BpeMeHW nepuona 2x, aHaAHTH-
YecKas N0 MepeMeHHHM X, & W e IlofcTaBHM 3anavy OTHICKAHHS
HEPHOAHUECKOrO pelneRud ypapHenus (7.33) nepuoga 2m.

Of1uee pelleHne NOPONKAAKLIETO YPABHEHHA

E=0 (7.34)
HMEET BHI
x=M+ A, (7.35)

U, cnenosartensho, toawko npy N=0 pewenne (7.3D) Oyner ne-
PHOIMYECKHM TepHOAa 2m. Taknm of6pasoM, $yHKUHH, CPelH KOTO-
PBIX Mbl MOXKEM DPA3LICKHBAYTb MOPOKAAIONIHE DEIEHHS YDABHEHHA
(7.35), Oyaytr ofpas3oBbBaTh OJHONAPAMETPHYECKOS CEeMeiCcTBO

xM=M.

B 3TOM # COCTOHT OCHOBHOE OTIHYHE PacCMaTpHBaeMoil 3agaum of
3ajaud, KOTOpas H3yyanach B OpeAblAYLIMX OYHKTAX 3TOFO napa-
rpada. OZHaKO, HECMOTPA HA 5TO, METOMLL, Pa3BHTHIE paHee, MOTYT
OBITE MCNOML30BaHBl A/1A OTHICKAHHS TMEPHOAHYECKOro pelleHAs
ypasHeHna (7.33).
[TomoxkuM
=M +4exM(F) +2O() + ...

Gyukuna " GyreT yAoBAeTBOPATH AuddepeHnnanbHoOMy ypabHe-
HHIO
#W=g{f, M, 0, 0}, (7.36)

rie @'— NEPHOAAYECKAn PYHKIAA L.
‘Has toro uroGul ypasHeHne (7.36) Ionmycxano neprogHueckoe
pellledne frepHoAa 271, HEOOXOAHMO H AOCTATOYHO, YTOGH

&t
- 1
‘P=HJ ot M, 0, 0)dt =0, (7.37)
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- B camom jene, nycte @*0, Toraa pyHKuHs ¢ MOXeT ObITL pas-
JAoeHa B paa Pypoe Buja

g=§ + D (aycos kf+ bysin ki),
=]

rie @ -— HEKOTOPAas NOCTORAHHAA, OTAHYHAA OT HYAA, H, CHel0BA-
TeNbHO, oGllee perieHue ypashenua (7.36) Gyaer umertw BUA

AW =xO )+ O+ %‘2 + 2 -il? (b, sin kf — a; cos k¥), . {7.38)
k=]

T. €, OHO GYEeT collepKaTk BEKOBRIE claraeMble He3aBHCHMO OT BHI-
Gopa BauaJbHBIX YCIOBUN,

Htak, aas cYUIECTBOBAHHA NEPHOAHYECKOTO pellleHHA YpaBHe-
Hua (7.36), a cnefopaTeNbHO, H AAR CYULECTBOBAHHS [epUONHYL-
CKOT¢ pellleHHs ypaBHeHHA (7.33), aHafHTHUECKOFO MO &, HEoOXo-
AHMO, YTOOH HeMsBectHasa nocrodHHas M Oblila KopHeM ypabHe-
maa (7.37).

Ha Buna obwero pemenns (7.38) cpasy ciaeldyer, uto ycJaoBHe
=0 7A0CTaTONHO [AA CYILIECTBORAHUA [ePHOIHYECKOTO pelleHns
ypaehewns (7.34). B camom nxene, Mbl Bceraa MoXeMm nojpoGpath
HauaabHoe ycaosue £0{0)

= 1)

0= 3%,
k=l

Kotopoe npu JoGom x(0)=M, rapaurupyer yeaoene o;=0,
Hraxk, dyakuus » onpefenserca dopmynof
XO=M 49 (8), (7.39)

rae 1§ — nepHoaHyccKan (Qynkuxs BpeMeHn TpefyemMoro mepHofa,
a M| — nocTofiHHAA, KOTOPAA A0MKHA OHITH ONpelelleHa B CAEAYI)-
weM NpHOAHAEHHH.

CocraBuM Tenepb ypaBHEHue ang onpeneneﬂuﬂ X3 (1)

#0 = O (¢ g, ()] + ST+ ST (7.40)

[pousBoaHbie Op/dx W G9/0% BLIUHCAEHLE MPH YCNOBHH, 4T0 X=M,
&=0, rie M — Kopetb ypaBHeHus (7.37):

H(M) =0, (7.37')

Hdns cyuwiecTBOBaHHA NePHOJHMECKOre pelileHus ypasdetud x2 ge-
00X0ANMO H AOCTATOUHO, Ut0BEl
n

(M + 2+ R Yar=0. (74D
o
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Jlerko BuIeTh, WTe ypaBreHHio (7.41) MOXKHO npuiaTh CReAYWOLIHA
BRI
P
M5 =F), (7.42)

rae

an

1 [ 9 dp . &
Pim =g | (SRt SE b+ gE)ar
]

Ypapnenue (7.40) — 370 AMHeHHO® ypaBHEHHe OTHOCHUTEJLHO HEH3:
BeCTHON noctosuHoll M. Ecau dgféM =0, To OHO HMeeT elUHCTBEH-
Hoe pellenke. Ycdosue G®/0M =0 o3nauvaer, 4To nocroankas M
ABJIAETCA NPOCTHIM KopHeM ypabrenus {7.37). ®Pyukuns x@ B 3TOM
CAydae HMEeT BHA

x =M+ a(t),

rae Ms -~ nocTosHHas, KOTOpas onpefdeffercsi B cleAylolleM Opu-
6nuxenvu, a Po{f) — mepHoiH4ecKan pyHKUHA.

Jlerko NPOSOMKHTb pacCyKAeHns H [0Ka3aTb, uto B Jiobom
npubAHKEHHH NePHOIHTECKOe pellieHHe HMeeT BHA

x8 () = Mo+ (9),
rjie My — pellieine ypaBHEHHA

3%
M55 = Foo

npuueM 9Hcno Fy onpejensercs no nepBbim & — | MPUBTIKEHUAM.
Hdnst noctaTouHo MaAbIX & pALL, KOTOPHIE NPEACTABNAIT PelUCHHE,
CXOARTCA. _

Wrax, Mbl TIpHIWAH K cAenywuleMy peayabtaty, Has ctyuyecrao-
8axUA Nepuoditiecko20 peutenus ypasrerus (7.33), anaauTineckozo
no AApamerpy e, HeoBxo0umo u GocTaro4no, 4Tobb ypasHenue

e{My=0
HMEAQ HPOCTHIE KOPRU,

Mpuveuanue. Hanomenunii meron Ges Kaxux-nubo uamene-

HHA nosponaer H3YYaATh NEePHOAHUCCKRHC DEIICHHR CHCTEMH

Fi=e@i{Xe,. ... Xa, I, 8)

NPOH3BOJILHOTO NOPALKA, eCln (PyHKuus ¢; (i=1, 2,..., r} — aa-
AuTHyecKHe GYHKUHH MO €, X; M NepHoiHvecKne QyHKunH mo f ne-
puoda 2r. .

6. O pezodaHce n-To popd. B paMkax KBasHJHHeHHOR TeopHn
y7AeTCA YCTAHORMTH OJHY 3aMeuaTe/bHyl OCOGEHHOCTb HeJHHed-
HLIX CHCTEM — BO3MOMHOCTb CYILECTBOBAHMA PE3OHAHCA A-TO Poia.
Mbt yXe 3Haem, 4TO B TeX CJAyYanaX, KOrla Ha KBA3WIHHEHHBIH
OCLHAATOP AeficTByeT BHelllHee MepHoAHueckoe Bo3OYXaenue HH-
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TeHcHBHOCTRIO O {€), B OCUHNAATOPE MOTYT BOSHUKHYTh BHHYMKAEH-
Hble KOTeGaHua, aMILIHTYAB KOTOPHIX HMeloT nopafoxk 1. Bosnuk-
HOBEHHE HETEHCHBHLIX KOJe0aHHN, KAy 370 ObLN0 NOKa33HO, MOXKET
OCYILECTBHTBCS, €CAH YacToTa BHellHeR BosOyKgawdled cuabl
aH3ka & coOCTBEHHOH 4acToTe., DTO ABJAEHHE MbL Ha3blBafH pe3o-
HaHCOM. q.vCJIOBHMCﬂ Tenepb HajulgaTh €ro TNaBHEM peaoﬂaucou.
370 yTouHeHHe HeoOGXOAHMO fIOTOMY, UTO HHTEHCHBHEIE BBIRYKAEH-
Hule RoneBaHdA (aMOMTYAR2 KOTOPHIX paBHa O(1)) KBasHAHHeR-
HOr¢ OCUHJIJIATOPA BO3MOMHO H TOrRa, KOrAa 4YacTeTa BO3MYyULak-
Wieil cuAbl (HHTEHCHBHOCTh XOTOPOH HMeeT Tenepb mopsaaok O(e))
BAH3KA K N, Me o — coGCTBEHHAN YACTOTa, 4 H — HEKOTOPOEe Lie-
Jioe UHLTO.

PaceMorpuM cHoBa KBa3Ww/iHHeRHoe ypabHenue (7.9) H asa yn-
FOWEHEA BCEX paCCY}Kﬂ.EHI/IFI OFPAHHYHMCA H3YUCHHEM €ro YACTHOTO
cnyuad

i+rx=acosniteq(x, & 1), {7.43)

rae #-— Heaoe MHCA0, a QYHKIHA ¢ — NePHOAHYECKAA (YHKLHA
BpeMeHHd nepuoia 2n. Cor/1acHO TePMHHOJOPHH, KOTOPAR Obila HAMH
IPHHATA, COOTHOWIEHHE UaCTOT BOIMYILAWILER CHAB U coBeTaeH-
HLX KojeBaHufl onpefendeT Hepe3oHaHcHH cayual, Ectu, cnenys
H3JOXMEeHHOH MeTOMHKe, Mbl HAUHeM pa3blCKUBAThL pelleHHds Ypas-
Henun (7.43), nepuoga 2m, TO ME AOJKHH OyfeM HCKaThb 5TO pe-
menne B fopme pafa

x=xptexy+ex+ ...,

rile Xp — pPelteHHe NopoAawnlero ypasHeHHA

Xpg= — n?_a—l cos nt. (7.44)

Peenne, Kotopoe Gy1eT HaHAEHO 3THM CHOCOOOM, GYIET HMeTh Te-
puog T*=2m/n. OpHaxo noMuMo pelteHuns (7.44), mopomxaamouiee
ypaBHeHHe

¥+x=gcosnt

JONYCKaeT elle ABYIapaMeTPHUECKOe ceMefiCTBO MepHOMHUSCKHX pe-
weHHi nepuocta 2n

#=M cos £+ N sin f+9 (), (745)

rge Y{{) onpeaennetca popmyaod {7.44). 310 06cTORTENBCTRBO MO-
aBoAdeT TMPeNNnOAOXUTh, UTO CPEAH MEPHOAMUECKHX pelleHHBl ypas-
Heuus (7.43) nepioma 2n, KpoMe pewledki, cnpelenfieMblX anro-
puTMOM 1. 2 3TOrO naparpada, MOIryT GuiTh peleHHA TaKXKe u Apy-
roro Tnna. [lonpofyem passicKaTe pelleHHA YpaBHeHHA (7.43),
Kotopeie npu ¢ —0 nepexofst B peltledn (7.45) npu yenommu, uto
Xora Obl 04HO H3 yHCeA M BAH N oTsinuHO OT HyJa.
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. JAf 37010 NOM0HKHM
x=%+ex;+ ... {7.46)

[Ipouenypa orolcKaHuA pellledud BAAa (7.46) HuveM wHe. OTIH-
yaercsa OT NPOLEAYPHl OTHICKAHHA PEHIEHHA B OKPECTHOCTH C/IaBHOTO
pesonanca. [Toacrapnas pan (7.46) B ypasHenue (7.43), Mo moay-
yaeM ypabllenus Aaa X; PyHRUHA ¥y YIOBNETBOPAET ypaBHeHHIO

i x=olF %, {). (7.47)

Jan toro urobul ypapienue (7.47) JONYCKAN0 HePHOIHMECKHE pe-

LWeHua nepuolda 2x, Heobxoanme, 9106w vucna M u N yrosaerso-

pAH CAefylollel CHCTeMe TPAHCUSHESHTHBIX YPaBHEHHHA:
2n

PN, M)Ef p(Mcosi+Nsint+y;
Q

—Msint+ Neost+§; costdt=0,
% ) (7.48)

2n
Q (M, N)EJ g(Mcost+ Nsini+;
0

= Msint+Ncost+, Hsintdi=0.

[ycty remeps M u N — npoctile KOpHH cHcrembl (7.48), roraa,
KaK 3TO CJeAYeT U3 TEOPHH, HIAONEHHOH B I, 3 HacTosklerc napa-
rpatha, onpeaenenHe nocAeAyIOl(HX NPHOAHKEHHH TorpefyeT pe-
LUEHHA YMe ToJbKO JAHHEHHWX YpaBHeHHA Thna (7.25):

ar aP
My i + Nogr = ¥, Ii 2959

Mg+ N, ST =ov, |

rae 4D g OO — BeKOTOPHE H3BECTHHE YHCAA,

B cHAY clefadHHBIX NpeAnoNoxKeHHl O NpMpone KopHel rHCTeMbl
ypapHeHul (7.48) cucrema (7.25°) Bcerna paspewnma.

Cucrema ypabHeHni (7.48) anHanoruyHa cHeTeMe ypaBHEHRHH
(7.2]) u MoXer paccMAaTPHBATBCA KAK YaCTHHIE cAyuall Takodl cu-
crembl. Oua o6najaer caefylollei. 0COBEHHOCTIO: ecaH HYHKIKHA
@{x, %, t) umeer mo ¢ nepuop T=2n/n, To cucrema (7.48) Bceraa
IoaycKaeT TpPHRHAJBHOEe peuterne M =N = 0.

- B caMoM Zene, ROCKOALKY B 3TOM caydae, T. e. npy M=~N=(
dyukuna (7.45) OyleT B KayecTBe CBOErc HaHMEHBUIErO NEpHOia
HMeTh NepHOA T*=.2:n;,/n, TO TakMM Xe nepuofoM OyupeT obnajarhk
A dydxkuns (¥, ¥, [), 1 cAedoBaTeanilo, ee PadOKeHHe B pAA
Gypbe Syler COEepPHATh TOJBKO TaDPMOHHKH, HMEIOLlHe YacToTy,
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KPaTHYIo #, T. €. YCJTOBHe OPTOroHaneHocTH (7.48) BEIMOAHseTCH aB-
TOMATHYECKH.

3710 OOCTOATENBLCTBO MOMXKHO HCII0JB30BATh AAS COKPALIGHHA Bbi-
K1aZ0K 0PH 3QheKTHBHOM ODPeAgteHHH HHTEPLCYIONIHX Hac pe-
HIeHHH.

3aMeTHM, YTO BCe PACCYMJEHHSl OCTAOTCH B CHJAE K Jdf TAro
YaCTHOMO cay¥yaf, Koria aMoNHTyAa BOIMYWaried cHanl HMeer
nopagok O{e). Takum obpasoM, flaKe Mannle BOoaAeAcTBHA HA KBA-
AUNHHefHYI0 CHCTEMY TEPHOLHUYECKHMH BOIMYILIAIIIHMH CHAAMH
KPaTHON JacTOTH MOTYT BO3GYIAHTb B Hel WHTEHCHBHbe KoneGamud,
NPOHCXOAANINHE ¢ 4acTOTOR coGCTBeHHbIX kodeGanui. Taxoe abfte-
HHe HA3bIBAETCA PE3IOHAHCOM f1-r0 poaa. Bnepable HCCIed0BaHEAMHA
noAoGHLIX Ko.neﬁaHHH sauuManucs J1. M. Mannearwram u H. I, {Ta-
nanexcH,

7. O KBa3uaAMHefiHON TPaKTOBKe HeAHHeHHBX ypasnexwd. B ¢H-
3UKE H TEeXHHKE HMEIOT [HPOKOE PACNpOCTpaHeHHe METOABl, KOTO-
pble OCHOBAHLI Ha TPEATMONOMEHHH, YTO HCcAegyeMoe HeJHHeliHoe
ypaBHeUUE 8 HEKOTOPOM CMblcne 6iaH3KO K JuHefiHoMy. K B HacTos-
IeM naparpade Mbf UIyUady ypasHeHHA BHAA

F+o®x=cp(x, % ¢, &), {7.49)

koTopble NpH £=0 MepexonAT B JNHHEHHbLIE W ANA MaabIX 3HAYe-
BN NapaMeTpa & PasBHBaAH MeTORH, TG3BOJAIUIHE 3POEKTHBHO
BHIUHCNATh MEPHOAKYECKHE ABHHEHHA.

Takasn TOYKA 3PeHHs, KAK MBl 3TO BHAeaH, Gorata pasuoobpas-
HBIMH BO3MOMNHOCTAMH: OHA HEé TOMBKO TO3BOJIAET ¢YTOUHHTB® MO-
poxaaliiee pelleHHe, HO H JlaeT BO3MOKHOCTb OGHAPYKHTH TaxHe
cBOHCTBa ypaBHeHu#l (7.49), KoTopble NOMHCCTbIO YTPAUHBAIOTCA,
ecniu NpHHATHL g={}.

B TexHHKe W ©$H3HKe JAJNE€KO He Beerna YpaBHeHUA OKa3bi-
BalOTCH B <TOTOBOM KBasHjHHEHHOM Bume» tHna {7.49). Pasymeer-
¢, NOCTATOUHO YACTO BCTPEYAIOTCH 3aJayYi ¢ MaJdbiMH BO3MYyLle-
HEAMH H MaqablMH HeduHeAHocTAmMH, Ho oueHb vacTo MBI yMBII-
JeHHO TpaKTyeM Hally 3ajayy Kak ksasuhumefiyio, npelnonaras
HCROML30BATh MOLIHblE CPeACTBAa aHanu3a roXoOHHX 3anad. [lo-
npofyeM Ha NPOCTOM NpHMEepe DOACHHTB CMbICA PeAYKIHH 3ajaYH
K KBaspAHHeRAHo! W 00/nacTh NPHMeHHMOCTH NOAOGHOH TPAKTOBKH.

PaccMOTPHM ypaBHeHRe

F+Q(y) =ep(y. 5. 1. (7.50)

[MpeanoaoxuM, uto ToUKa y=y=_0 onpeneaner nolokKeHHe paBHO-
Becun u GYHKNUA Q(¥) B OKPECTHOETH 3TOR TOUKH ARJACTCH aHa-
JIHTHYECKOHA

Q(y) =0 — by — by’ +...
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[Mpe & — 0 370 HenuHefiHoe YpaBHEHHE NepeXoAuT CHOBa B HEKOTO-
poe HeauHefiHoe ypasuenne. Has toro utolel ypasHenue (7.50)
MOM¥HO OO TPA4KTOBATb Xak KBASHANHeHHOe, clejaem 3aMeHY
nepeMeHHHX

4= V;x' e= !1,2. (751)
¥pagHenpe (7.50) nepefifer Temeps B CaeAyiOLlee:
E+o2e=pg*(x, &, {, n), (7.52)

rie |
‘p*=q}{ux9 u--i’. t)+b2x2+ub3x3+. .

Ypapuenne {(7.52) yxe OTHOCHTCA K PaCcCMOTPEHHOMY THUOY Ypas-
HeHuft (7.49).

Kak sto suano Hz dopmyn {7.51), BOZMCXKHOCTL KBasHAMHea-
PH3ALMH OCHOBAHA HAa [PEINCJONEHHH, YTO OTKJIOHEHHe OT nofIo-
#erns pashoBecHAa Mana. Tawkum ofpasom, kBasu/nuHefiHana Tpak-
TOBKa M®KEET OblTb HCMONB30BaHa AAA H3YYEHHA TOAbKO ManbIxX
RofeGannii vennHellHOA cHC1eMBL Jlaa uayyeHMs Konebanuil ¢ Goab-
WHMH aMIOAHTYAaMH H3N0WEHHB# NOAX0] He HMEeT CMbuicia.

OAHAKO MOMET 0KAa3aTbCAl, 4TO KBA3WIHHEHHaA TPaKTOBKZ HE
Syner ApurciHa Ra)Ke IJA UCC/ACLOBAHHA Maablx xoaebfanud. B ca-
MOM fene, Mbl caenann sameny (7.51). Ho yxe omHHM 3TuM MH
HANOHCUIH H3BECTHBIE OrpaHHYeHHA Ha kaacC PYHKUMH, BHYTPH KO-
TOPOro Mbl Pa3blcKHBAaeM HHTEpecyiollee Hac pellerue. W moxer
CIYYHTBCA, YT0 HEpPHOAHUECKOE pellleHHe, KOTOPoe MONYCKaeT Ypab-
HeHne (7.50}, He colepKHTCA BHYTPH 3TOTO KJacca A, &ieloBaTenb-
HO, B NCAGOHON CWTYyalHH KBa3HAMHeHHAA TPAKTOBKA He Jaer HH-
Kakoil noneaHofi nigopManku.

Paccmorpum mpoctefitinéi npumep. TlocTaekM 3agauy OTbICKa-
HHUA PE30HAHCHBLIX peilieHU ypaBHeHHA

ity — a’yt=gcost. {7.53)

PaccMmaTpupas 3TC ypaBHeHHe KaK  KBA3H/JAHHEHHOE, 3aMeHol
(7.51), Mbl OPHBONHM €rQ K BHAY

F+x=p (cos {4+a%x?). (7.54)

Mpumenum x ypasHeHuwo (7.54) MeTO]d OTHICKAHHA MEPHOAHUECKHX
pelIenni, H3NOKEHHBA B 3TOM Naparpade. [das store noackum

r=Mcost{+Nsini+px,+p2+... {7.55)
DYHKIHA X4 YLOBAETBOPHET CIEAYIOLIEMY YPABHEHNIO:
# 4+ =cost+ az{’E(M2+N2)+(M2—N2)cos 2+ MN sin 2t }=
=f(M, N, §), (7.56)
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Hna rtoro urobum ypamuenune (7.56) uMeno tfiepHogHYecKoe pelle-
HHe, HeoOX0AWMO TaK BhIOpaTh napaMerpel M u N, utobnl npapas
YacTh 3TOra ypabieHHA Oblia opToroHaabHa sint y cos i, Ho aerxo
BHAETB, 4TO 3TOrO CAeNIaTh Heabas. B caMom sene,

n

j f(M, N, eostdi=m
a

H He 3aBHCHT oT M u V. _

TakuM oOpasoM, Ha OCHOBAHUM KBa3HAUHelHoH Teopuu Mbl
NONXHBl  yTBEPXKAATh, 4To ypaBuewue (7.53) me nonyckaer ne-
pHOIWUECKUX peuleHHid. TeM He MeHee, KaK MB 3TO YBHANM B CJe-
AyweM naparpage, NEPHOAHUECKHE PELEHHA 3TOTO YPaBHEHHA
CYLLECTBYIOT B OKPECTHOCTH NONGHEHHA paBHoBecHs. ToAbKo 3TH
pelleHHd Heab3q mpeAcTaBHTh B (GopMe paga (7.55). Hrax, ecan
KBa3W/IHHERHAA TEOPHA He faeT BOIMOMKHOCTH ONPeNeNkTh NepHo-
AMYECKHE pelIeHHA HeJIHHEAHOro ypaBHeHHS, TO 3TO €lle HE 3HAUNT,
UTO HCXO[HOE ypaBHEHHE He HMeeT NOAOOGHBIX PeIIeHHH.

Orkas oT KBa3WIHHeHHOH TPaKTOBKH 3aJaud MPHBOAHT K pel-
KOMY YCNOXHeNHIO 3aJa4H. CyHecTBYeT O4YeHb HEMHOIO METOMOB,
MO3BOJAAICIIHLY B OTACAbHBIX CAYYAAX PACCMOTPETh APYFHe Kaacchl
HefuHeHHKX YpasHeHHH. OJMH H3 TaKHX METOAOB NPHHALACKHT
nokciuoMy npodeccopy Ceepanosckoro yuusepcurera H. I'. Man-
kury. Metoj, koTopuift paspaboras M. I'. Maakuu, nozeoaser pae-
MpoCTPaHHTE MeToroAoTHio [lyarikape Ha H3yyeHde (LHPOKOrO
wiacca cucTeM, GAH3KHX K cucremasm JlanyHoBa *).

§ 8. HeaBTOHOMHbBIE CHCTEMB BTOPOro AOPAAKA,
GaHskHe K cHcremam Jlanyrosa. Metos, Maakwnz

1. Mpepsaputenbruii ananns. B npeabiayiem naparpade mul
H3y4anu KBasHAHHeHHble cHcTeMbl. [IpH NOCTPOGHHH BBIYHCIHTEND-
HBIX AJArQPHTMOB CYLUIECTBEHHbIM 00pasoM MCNIUAB30BAROCH TO 0f-
CTOATENLCTBO, YTO MOPOMAAWIICEe YPaBHeHHe AnHelHHo H, eaenopa-
TelbHO, HaM H3BECTeH BeCb BO3MOXMHWE HaGop ero pelleHuii.

OcHoBnaa uepra Metofa [lyaHkape, 1a H N06HIX MeTONOB He-
JUHEAHOH MEXaHWKH COCTOMT B TOM, YTC DACCMATPHUBAIOTCA YpaB-
HEHHH, KOTOPHIE B TOM WM HHOM cMblcAe OAH3KH K YDABHEHHAM
€ H3BECTHBIMH pewennaMy, [10ITOMY, OTHAIBIBAACh OT KBa3HNNHeR-
HOH TPAKTOBKM, MBl JO/LKHB pacCMaTpPHBATL YPaBHEHHH, OMAH3KHe
He K JHHEHHBIM YDaBHEHHHM, 3 K HEKOTOPbIM APYFUM, AJS H3Yye-
HHA KOTOPH!X Mbl HMeeM HeoGXoawMylo peunentypy. MseecrHo ouenb

“YYH. . Maakwn, Hexoropee 3zafa%¥ TEOPHH HEAHHEREWX woadeGakuh,
Maockea, [956.
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HEMHOFO THIIOB YpaBHEHHH, INA KOTOPBLIX CYLIECTBYIOT S derTHRHbIE -
aHaJHTHYECKHE METOAbl NOCTpoeHHA peinennti. K num ornocatcs

npexnae pcero cHereMel Jlanywosa. EcrecTsenno, uro caelylomuM

noche H3YUEHHS KBAIWJAHHEAHOW TeopHU NDJUKHO OHTE H3yueHHe

cHeTeM, OJIM3KHX K JIAMYHOBCKHM, Kak M yBHIHM HM#e, 5TOT wWar

NpHBEUeT K 3HAYHTEBHOMY pacIllHpeHHIY BO3MOMHBX THIOB YCTA-

HOBHBILHXCA PEIKHMOB HEAHHEANHIX CHCTEM.

Hrak, B 370M naparpade Myl GyneM W3y4daTb CHCTEMb BHAA

k= —hy+ X5, g)+uF (¥ g, 0 }
!;'=7L.x+ Y(x! y)+l‘l'F2(x! y:.t)»

rae F;— GyuKmuu, aHaJHTHUECKAE 0 X W ¢ W MepHOIAYecKHe 1o ¢

mepuoga 7. He orpannumsas ofwHocTd, MOKeM NpHaATL T =2,

Mpu u=0 cucreMa nepexoanT B cucTeMy JlumyHosa
E=—In+XE ), }
n=3+Y(E n.

[TocTanuM 3ajgauy OTHICKAHHA NEPHOAHICCKHX pellleHHfl CHCTeMBI

(8.1), nepHoA KOTOPHIX paBeH NMEPHOAY BO3IMYLIAIMX cia Fy u Fy

H KoTopble npH p—{} NepexollAT B NepHoIHYECKHe PEIEHHA Mopo-

maawowers ypasHedud (8.2), TTopomkaalwinee ypaBHEHHE, COL1ACHO
reopeMe Jlanysosa, HMeeT CeMelCIBO MEPDHOAHYECKHX pelleduil

g=E(c, {+4h), m=unlc, I+h),
FABHCHIUEE OT ﬂB)’X napaMeTpoB: «@MOMTHTYAbBI» & H «CABHTA

dasbi» —— fi. Cornacno teopeme Jlanynosa nepuon >Toroe pelleHus
HMeeT BUA

(8.1}

(8.2)

= T Bt et 4,

riae uepes fi; MB 0003HAYKHIYU TePBbii U3 Ko3adPUUHEHTOB B Pasio-
Metlny NePHOAA, KOTOpHIE oTAMueH ot Hyas. M3 Teopemu Jlnmy-
HOBa MblI 3HAEM, Y70 MJallias CTeNeHk AMIJHTYA ¢ B pasioxe-
HHH NepHoaa Beeraa GYIET ueTHas.

Mei GyleMm M3VYaTb 3aAa¥y OTBICKAHHA MEPHOLHUYECKOrD peLlie-
HHA cHereMul (8.1), Kotopoe nmpu mo6GoM, IOCTATOMHO MajioM |
HMEET MepHOA, PaBHBA 2x. CaeaoraTeNbho, ¥ NpelefbHOE pellieHHs
npu u=0 6yfeT raxxe wMeTe nepuol 2m nuau 2n/p, rie p— Heko-
Topoe uHenoe uucao. Taxkuwm o06pa3oM, HepHOA NOPOXKAIOUWErG pe-
IEHHSA, TAK ¢ KaK H B KBA3W/IHNeHHOH TeOpHN, MBI 3HAaeM 3apaHee;

2}= ‘2%‘[.(1 + k2cgk + hac2k+| + .. _). (8.3)

_Onnako cootHowenne (8.3) nosBoasier onpeleidTe TaKXKe H Mapa-
METP ¢ — aM{NHUTYAY MNOPOXAAIOWErd pellennn. 310 obCToATENb:
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CTBO KaueCTBEHHO OTAHU&ST H3YUaeMYI0 3aZauy Ot 3a0ad KBasH-
auHefinbix. B kBazunndefinnlx 3anauax of6mekToM  HCCAeLOBAHHA
KAK pa3 H fBAAETCA aMIJUTYAA TNOPOKAAWOULEr0 pelleHHs, 37ech
He oHa u3BecTHa 3apaHee. OnHAKO, Kax Mbl YBHIAM HHXeE, 3TOT
(aKT OTHIOAL He MPUBOAHT K YIPOUICHHIO 3a4aH.

Pasauune ofenx Tteopuil — KBa3uAHHEeHHON H pacCMaTpHBae-
MO — B 3TOM naparpade COCTOMT B TCM, YTO B MEPBOH pellleHHs
MOPOXAAWOWEro YpPaBHEHHA H30XpeHHB. [lopoxaawuiee peleHne
B paCCManHBaeMOﬁ TCGPHH ABAAETCA HeANHeHHbIM | MO3TOMY B
obwem crAydae yxe He ABAACTCH HSOXPOHHHM. .

¥YpaeHeHue {8.3) Mbl MOXKeM NPEACTABHTH B CAelYIOLUEM BHAE:

A—p

hot®® + hgc®tl ==
HJH, H3BJeKAad KopedHb 2R-H creneHH, NOAY4HM
ha -.._ 2k A= el
c+"2k_h!cz+ e = phg . (8-4)

YpaBrenue (8.4) Ina KaXAOTC 3Ha4eHHd P W AR KaXJAOFO 3Ha-
YEHHA KOPHA uMecT GeCKOHeYHOoeR KOAMYECTBO KOMIMBKCHBIX pe-
meHufi, Cpeay 3THX pellleHHA MoMKeT 0xa3aThCAd H  OecuHcAeHHOE
KOAHYECTBO AeHCTBHTENbHBIX peuleHMd. Ka:maoMy H3 3THX ZeHcTBH:
TebHBIX KOpPHER MomeT, Boofule roBOPA, OTBRYATb HeEKOTopoe
HCKOMOE MepHOIHYECKOe pellleHHe HexoAHo# cuctembl (8.7). ¥Yxe
3TQ QAHO AOKA3LIBAST CKOJb CJAQMKHOH HBJASETCA .NOCTABAEHHAA 34-
naua. :

Ecan b >0, 10 ypasHedMe (8.4) ana xaxaoro p <L KMmeer
TOABKO ABAa JA€ACTBUTENbHBIX pelleHHA, OAHO W3 KOTOPHIX TOMOHH-
TeNBHOE, & Apyroe — otpullaTenshoe, Ecan Ao <0, To asa AeficTBH-
TENBHLIX PelleHHs CYIUeCTBYWOT A4 Jo6oro p > . 3TH pelleHus
cucrembl (8.1} Gymem ofosuayate 1 n gP, [lopoxaaromue pe-
IEHWA, COOTBETCTBYIOMHE HM, O003HauuM uepes &P ¢, I4+h) u
P (e, 14h). .

[Topoxparowas cucreMa (8.2) Bceria nmeer TpHBHANBHOE pe-
[eHHe, KOTOPOe MBI MOMeM CYHTATh NMepHORHYecKHM JAwboro ne-
pioma T. TlostomMy Moiker okasatbca, 4TO chetema (8.1) nony-
cKaeT TaKHe MEPHOLHUECKHe pefltleHHa, xotcpule npu p—0 nepe-
XONAT B TPHEHA/bHBE pellledusi nopoxAatoulell cucremu (8.2). Itu
pelleHHs ycaosumce obo3Havate Ay y©,

2. Pemewus x@ u y©®. Hepesonanchwit cayvaii. Paccmorpum
chavana pemennsa @ u y®, Tak kak oTH pewledya npu p—0 ne-
pexoaaT B TPHUBHAAbHbIE, TO BY/eM WX HckaTh B dopme pagop

0 = px® 4 pZ® L, }

yO = pgl® + g 4 L, (8.5)
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Tax Kax paanoxeHus ¢QyHKuMit X w Y HauuHaoTCs C urteHOB BTO-
poro mopaaka madoctd, To $yukunu x® u ¢ Gyayr ynosaerso-
PATE CAEAYIOLUHM CHCTEMAM:

x‘(lm = — ly?} 4 F] (O, 0» t)'
§O =0+ F,00, 0, 1),

=~ O+ KD, )+

(8.6)

JaF, aF o
+ x(lo)Tx‘. + yEO} .,a_y_l = - ;Lyg)}+ F, (#), (8.7)
. 3F aF
y!j’ - lxg” + Y2 (I'sm, y}“’) + x*]'“? —af— + y‘l"’ 75‘_;;'__“(20} + ‘F22 (t)

aT. I

31ech Fy; — nepHoAHWeCKHe (YHKOEH nepxoaa 2m. BosmoxHb
jABa cnydas. [lepeblfi cayyall — 570 TOT, KOTAA A He PABHO LEIOMY
yHeay. B 3TOM ciyuae oAHOpOAHAA CHCTEMA

j:liﬂ} = — ?‘yw]' g(lo) - }bx(o}

HE HMeeT pellleHAR mepuclda 2m (A==p} 4, CAEAOBATENbHO, ACPHOAH-
uecKoe pelleHke cHcTeME (8.6) Mbl MomxeM NocTpoHTH OOLIYHEIMH
MeTofamMu. Bee nocnenyiollie uieHs pasjaoXeHnHit (8.5) ynosrerso-
pIoT cHeTeMaM nuddepeHnManbHBIX YpaRHeHHH, COBEpINICHHO HACH-
THuHbiM cncteMe (8.6). Tagknum ofpasom, B Tom cayyae, xorja A
He paBHO HelOMY YHCAY, BolUHCIeHHe peleHust x® m y@ ne npen-
CTABJAALT TPYIa.

Ecan A=p {p=1, 2, ...), 7. e. paBHO UeAOMY YHCAY, TO CYyile-
CTBOBAHHA TNMEPHOAHYECKHX pelieHHli Heo6XOAHMO H HOCTATOWHO,
ytO6B PYHKUHK F; u Fz yAOBRETBOPAAH CISAYIOUWHM YCAOBHAM:

o 3

L(Fy, F)= [ Fi(0, 0, fycos ptdi+
]

n
+ { F.(0,0, )sinptdt =0,
0
an (8.8}
I(Fy, F))= [ F\(0, 0, #)sin ptdt —
0

P

— [ Fa(0, 0, t)cos pt dt = 0.
0
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Ecan yenosua (8.8) sbinoanentl, t.e. dyeHkuan F; u Fy oproro-
HaabHBl Sin pf W cos pl, To pewenus cuctemnl {8.8) uaxoasitea ok-
HHM H3 CTAHAApPTHHIX cnocobop, BanmpuMep MeroioMm Dypbe.

Tor cayya$t, xorda GyHKUUH Fy # Fy; YACBAETBOPAIOT YCAOBHAM
(8.8), ABnneTcs HcKAOYHTENbHbIM. CaeloBaTebHo, B OGLUIEM CAY-
yae npi A=p cucrema (8.6) He GyLer uMETh MEPHOAMYECKHX pelile-
uni Buaa (8.5). Takum obpasoM, ccan pemtenna O u y@ cuereMsl
(8.1) cyulecTBYIOT, TO MX CAeIVET Da3bICKUBaTh B (HOpMe, OTVIHY-
Hoi or (8.5).

[Mepebllt cayuafi, kKoFrAa AP (WA KOTAa BHRoJAHeHH ofa ycilo-
pua (8.8)), yenoBHMcA Ha3blBaTh HepesoHancHHIM. B 3toM caydae
yueT UneHOB NopanKka u? B ypapHeH#H (8.1) MPUBOAHT TONBKO K KO-
JAHYECTBEHHEIM YTOuHeHHAM. Pelllerine cucremb! (8.1) okasbiBaercs
«KAYECTBeHHO GIH3KHM» COOTBETCTBYIOLIEMY pPELWIeHHK) YpPaBHEHHH
JlanynoBa, Koropoe QopManbHO TakKe MOKHO Pa3blCKHBaTb B BHAE
paaos {8.5).

Hosele KavecTBenuble 0cOO0EHHOCTH BO3HHKAIT BC BTOPOM CIEY-
qae, KOrda A=p H xoTd Obl OLHH H3 $yHKUHOHanoB [y Wwau {y He
pasHsercd HYAW®. JTOT ¢ayuall Mbl YCACBHMCH HasblBaTh pe3o-
HAHCHBIM.

3. Mpumep pacuera HepesoHAHNCHMX pewenuit. [Iposenem pac-
qeT HePe3OHAHCHBIX peilleHnfi X AJs ypaBHeHHH

i+ o’x=psinf + ox?, {8.9)
ito’x=upsint-+oax? {8.10)

npu yenosuH, uto w7 1. CornacHo HaioXKeHHON TEODHH NePHOAM-
yecKHe pelteHus mepuola 2n ypapHewnét (8.9) n (8.10), oBpamaso-
UlHeC B TPHBHAJbBHBlE pEIISHHS TOPOKKAILIET0 YPABHEHHS NPH
p— 0, caedyer HCkaTth B BHAE PANOB

X=pxy+ pxo+pias+. ..
GyuxuHA X, B 0G0HX CAYYAAX YAOBINETBOPAET yPaBHEHHIO
# o =sinf, (8.11)

Tak xak @1, TO eIHACTBeHHOe NEPHOAHYECKOe DellieHHe YPaBHe-
Has {8.11), umetoulee neproa 2m, Oyaet

Xy =y sin L. (8.12)
YpaBHeHHe 1as Xg B ciyuae (8.9) umeer Bug
o+ olxy=0. (8.13)

¥pasneune (8.13) He ZonycKaeT NEPHOAHYECKOTO PELICHHS NEPHO-
Aa 2n, kpome TpHBHanbHOro. MTak, x2=10. Ypasrenua ans x;

£3+mﬁx3={§§-sint—%sin St} ﬁ
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HMEET pellcHHAC

3a . n . ]
_ xa:-:{ T =1 sint — 367 =] sin :St}—-«-—n—-(mz__”3
HT A
Vitax, nepronuyeckoe penieHMA ypaBHeHHA (8.9) umeer mup
W . 3J Busing & . } t
E=moysinttu {4(0;2_1) Tel—g N3 oyt .

(8.14)

[Mepuosurueckoe pewenne ypasieHda (8.10) HaxomHTCa CTOAL XKe
MpeCTo

R 2 a a cos 24
v=ghgsint+ - g [ . (B.19)
Ecam mbl coenaeM NOMBTKY [IOCTPOHTH HEpe3OHAHCHHE TMEPHOAHYE-
ckue pewentus ypasnennii (8.9) u (8.10) meromom Ilyamkape, pac-
cMartpusas ypasHenus (8.9) u (8.10) kax kpasHAuHelnbBle, TO, KaK
HETPYAHO YOEAHTBCH, MBI ODHAEM K TEM e pe3yabraraM. Takum
ofpa3oM, B pacCMaTpHBaeMoOM cayyae 0Ofe TPAKTOBKH <KBA3HAM-
HeHHaA» H <KBa3HNANYHOBRCKaR, OKa3mBawTLAa, 4a0T O4HO U TO JKE.

4. Pe3OHaHCHEIE PeXHEMBl B CACTEMAaX, GAHIKHMX K cHCTeMe Jla
nynosa. PaccMoTpHM Tenepbh caAyuai pe3pHaHCHHX KoAeGaHuH B CH-
creme (8.1), T. e. GydeM CUHTATE, YTO A OJAH3KO K LEJOMY HHCAY
p: A=p+pk Chacrema (8.1} torga momxer GbiTh NMpHBEREHA K BHRY

t=—py+X(x, 1) +nd (x, g, 1), }
g=px+ Y(x$ 9‘)+!-'-‘1’2(x, U, t)l

©y=F) — &y, Dy=F,y+kx.

Mbl yCAOBHRHCH PAaccMaTPHBATH PE3CHAHCHHY cayuall, Jto 3Ha-
4HT, YTO X0TA 6B OAHO H3 cooTHoWeHui (8.8) He BunmoaHAercd, Ta-
KHM . ofpazom, OyieM CuWTaTh, YTO ORHE K3 {PYHKLIHOHAIOB
Iy, @) uan f2(@, O2) oTNHYEH OT HYJIA.

CrenaeM HeCKOABKO TIpefBapHTeNbHEIX 3aMedaHHil:

a) Tlpu =0 nopoxkpawoulas cucrema (8.2) aomyckaer nepro-
JHYECKHE pellcHHA, HepHOﬂ KOTOPB X T aBanerca YeTHOW aHaJMTH-
yecKOR yHKuHel «NOCTOAHHON 3nepriuy» H

R+ Wix, gy =H.

Hanomuum, uto W(x, y) — ananuTHyeckas (QYHKUHA CBOMX mepe-
MEHHLIX, pa3aoXeidne KOTOPOH HAUMHAeTCA ¢ UJIeHOB TPETLEro Mo-
psaaka. Hrak,

(8.16)

rAe

T=22(+mH"+ ...), .17)
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ApHYeM, KaK ME 3TO BHISIH B m. 4, nocrosHHan k; B pasfioKeHHH
(8.17) Ta e, uto H B paznomennn (8.3).

§) 3anava onpeleneHHd BO3MOMKHBIX NEPHDAHYECKHX PeLIeHHHA
cHeteMul (8.16} cocTOHT B OnpefeaeHHH NOCTOSHHHX a M b — na-
UAABLHBEIX 3HAUCHHI mepeMeHHEIX X H Y

x(0)=a, y(0)=b, (8.18)
KOTOPbie YAORJNETROPAIOT CAEAYIOUIUM YCAOBHAM:
£(2n, a, b, p)=a, y=(2n, a, b, p) =54, (8.19)

nockoneky yoaoepa (8.19) HeoOxoaMMBI M J0CTATOYHBI OAA Cywe-
¢TBOBAHHA MEPUOAHUECKHX PEleHHHl HCXOTHOM CHCTEMBI.

Ipu p=0 moGaa napa uHcen a U b, A0CTaTOUHO MaJasix Mo ab-
COMIOTHON BeIR4HHe, OYNET ONpefedsTh HEROTOPOE MePHOAMHeCKoe
pemerne. Ilepuoa atoro pewennn Oymer T {cM. (8.17)). Caeposa-
TEADbHO,

x(T, a, b, )=a, y(T, a, b, 0)=6.

OueBHAHO, 9TC 3TH COOTHOUISHUA COXPAHSIOT CHAY, eC/v 3aMeHuTh
T ua g7, rne g — mofioe uenoe Yucao

xtgl, a, b, 0y=a, y(qT, a, b, 0)=0, {8.20)

Henoassya obosHauedns  (8.18) u npuHuman Bo BHHMAHHe, Y10
pasnoxenue ¢pyukunn Wia, &) HaynHaercs ¢ uneHoB TpeTbers mo-
pPAlKa MANOCTH, BhlpaxKeHwe An8 | MOMHO NEpenucatb B CAeAYiO-
LleM BHAE:

T=2 (14 hy(a+ 0 + .., ®.21)

rae HeBbIMHCAHHBE YjdeHbl HMEWOT NOPAJOK MajloCTH Gojee BhICC-
kait, uem O (a?*) n O(b2*).

B) PYHKUHK X H ¢ - aHaNdTHYeCKHE QYHKUHK &, & W |, T.e.
OHH MOTYT GbIThb NPEACTABAEHL B (hopMe PAAOE CJEAYIOLIETO BHAA:

x(t,a b, W=Au+B+Cn+ ...,
y(t, @ b, wy=Aga-+ Bob+Can+ ... } (8.22)
Paap (8.22) MOXHO samyucaTh elle U TakK!
x(t, a, b, w=x{t a, b, 0)+n(C,+¥),
gt a, b, 0 =yt a, b, 0) +p(C+ Wy, } (8.23)

rae ¥, n W:-— anaantHueckHe QyHKUHH NepeMeHHMX &, b W p,
ofpamaiolinXes B HYAb Opr @=b=p=0; A;, Ay B,...— dyuk-
uuy BpeMeHd. JAa ux onpeaeneHds #ano pagbe (8.23) noiacrasuts
‘B cheTeMy ypasHenu#t (8.16) n npupaBBATb koshPuOMEHTH [DH
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OIHHAKUBLEIX CTCLICHAX HeH3BECTHbIX a, & u p. Hanpumep, ans €, u
Co Mbl NONYUHM CHEAYIOULYIO CHCTEMY YPaBReHHA!
dC
L — — pCat @0, 0, 1), i
dC (8.24)
‘d—f=PC|+q)-z(0, 0, #). I

Tak Kak x{0) =a u y{0) =b, ro pyHxuun £, u C, noMKHE yIOBAE-
TBOPATh HY/I€BbIM HAUAMBHBIM YCTOBRAM

C{0)y=0,  C,{0)=0. - (8.25)
Onpenenum €, u €, MeToROM BAPHALUYMH OPOH3BOABHEIX MOCTOAH-
HbBIX, NOJIOKHR
Ci=oq cas pt+p sin pt, Cy=aq sin pt — P cos pt.
Cuntad « H f§ HOBLIMH HEH3BeCTHBLIMH, ONMPeZEeNHM HX U3 ypasHe-

uafi {8.24), Mcoonesys HauadabHble yosioBua (8.25), nosyynM oxod-
yaTeRbHO CAeiylolae BoipaeHHss ANA HCKOMBIX ¢vHKUME € u Ca:

1 ¢
C,=cospt{_‘ GJ.cospidt—l—J(Dgsin ptdiy+
6

[

i t
+sinpi‘j®,sin ptdr—-ftl)gcospidi},
0 0
[ ¢ .t
C2=s'mpt‘l J @, cos pidi + | D, sin ptdt}+
0 0

t t
+cospt{J %cospfdt——]@,sinpfd!}.
B 0 B

Brvucaum eme snadenua Cy(2a) w Co(2n). Jlerko Bugets, ut0
Ci2r)=1(Dy, ©o), C(2n)=1(D, Dy). (8.26)

Mpl yesaoBHIHCh, YTO X0TSl 6B ONHO H3 uyucen /| wam /o He pPaBHO
nyawo, Tostomy audo Cy(2n), aubo C2(2x) He papHo HyJIO.

[Mocae tHX NpelpapHTENbHEIX pACCMOTPeHuit mepeiigem & gmo-
Ka3aTeAbCTRBY CYLIECTBOBAHHA PE3OHAHCHBIX peiledHil x® g ¢® y
HAXOMAEHHID WX CTPYKTYpbl. JIIA 3TOr0 paccMOTPHM CHOBA CH-
cteMy ypasHenuil (8.19). [lepenvweM 3TH ypaBHelWf, HCAOIb3YA
npeacragnenns (8.23):

x@m oa, b, B+u[Ci 2+ TF]=a, }

yi2n, a, b, 0)+p[C,(2n) + ¥y =b. (8.27)
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Pasencteo (8.21) Moxer OniTh n€penucado B caeayioued dopwme:
On=pT {1 — hy(a2+b2)2+.. ).
CaenaeM TOMASCTBeHIIOe NPeoGpasoBaHte
Ome=pT — pThy(a2+ 00 A+, . .=pT — 2nhty (a2 4bE) R4 . |

Tagum obpazoM, Beanuuny x(2n, a, b, () Mbl MOXEM NpeACTaBHTh
B (hopme cAeAyOIero paaa:

x(2m a, b, 0y=x(pT — 2nh(a®+ 6%+ ..., a, b, 0)=
=x(pT, a, b, 0) —2hy(a® + 07 S5+, (8.28)

roe ) —cymMMa 4aeHoB Gosee BBICOKOrO MOPAIKA. BocmoabayeMcs
Tenepb paBeHcTBaMH (8.20) u TeM 0OCTOATENBCTBOM, UTO

(%’;—)H_o =—py+Xix, 9

H, CAEI0BATENBHO,

(%})M = —pb+ X(a, b).

{=pT

310 mo3BoAsAeT pasnoxenHe (8.28) npeinctaBuTh B popMme

x@n, a, b, 0)=a+ 2nhypb (& + 69 +@F,

L 2 .
rae @ - cymma wieno Gojee BHICOKOTG NOPAAKA MO OTHOLICHHIO
a ®r b. [TopoGnoe paanokenHe MOXKHO Hanucatek H A1A PYHKIHA
y(2n, a, b, 0):

g(m, a, b, 0)=b —2nk.pa(a®+ 8)° + @y .

DTH paBeHCTBa MO3BOAKT Tenepb cHcreMy (8.27)  sammcarth
5 dopme

b (a® + 6 + D +p [C:i (2n) + ¥ ] =0,
—9nhypala® + 69" + @3 + p[C2(20) + W] =0.

Hrag, cicTeMy ypaBHEHHWil, KOTOpad MO3BOJIAET ONpeAeIHTh Ha-
yaJbHble SHAUEHHA NePeMEHHBIX X W Y, NOPOKAaOIUKE mepHOLUYe-
ckHe pelteHna cucrembl (8.1}, Mpl nmpuBean x Buay (8.29), rme
BEIZIETEHEH HHBWHE CTETeHH OTHOCHTEABHO HCKOMHIX 4dces ¢ H b
Coorsotlenns (8.29) noxashiBaloT, UTo AAA NePUOIHUECKHX pelite-
HHit 3TH YHCAA AOAKKB 3aBHCETH OT P K- 00 YCA0BHIO obpallarecs
B HyAb OpH p=0, NOCKOMAbKY Mbl HILEM peilleHHe, KOTOPOE NpH
p— 0 npespallaeTcs B TPHBHAJALHOE.

(8.29)
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Tax Kak HamMeHbIIan cTeneib 4YHcen a w b pasHa 2k+1,.10
PALbI, KOTOPBIE ONPEAENAIOT @ H & wepes u AOAMEB GbITb pacno-
1

A0MKeHbl N0 cTemeHAM napaMerpa v=pu ¥+, TlosToMy cAgaaem
€IUE OJHY 3aMeHY NepeMeHHBIX

a=av, b=pv. (8.30)
Torma cucreMa (8.29) npumer caenyONu# BHA: -

B pB (e + B + C1 @)+ £ O+ Wy =0,
" @31
-~ 2mhypa (@ + BB + Co2n) + % O + ¥, = 0.

HanoMHHM, 4TO uepes {DI', (D;' i ¥, ¥; 00603HaueHBl COBOKYM-
HOCTH WIeHOB, MOPAJIOK KOTOPHX §0J€e BHCOKHM CTHOCHTEABHO ab
i . Cnenopatenbuo, MBl MO#eEM YTBEDMHNaTh, YTO OHH ofpamialor-
e B HyAb Opu v=0. M3 anaaurduncctn sTHX $yUKUWA caezyer,
4TO PAsJOKEHHS ITHX HYHKUHA HAUHHAIOTCH ¢ 4IEHOB NEepBOrG no-
PALKa MAOCTH 10 ¥

l k1 )
TOEY =L (=12

Jlespie uactn ypaBrenuA  (8.31) — aHaauTHueckHe QYHKUHH
CBOHX nMepeMeHHblX, [TosTOMY pelleHHs 3Toi cHCTeMbl OyAYyT aHalu-
THUeCKHMH QYHKUHAMH mapamerpa v

o =a,+ v, + '\?202+‘“...,
B=fo+vh + v+ ... }

YpavHerna (8.31) OGvAYT uMeTk TOALKO ONHO JEACTBHTEsBHOE
pelleHne, MPHYEM o9 H Bo B ITCM CAYUAE YAOBAETBOPSIOT CHCTEME
anrefpauyeckix YpasHeHHI

2B (a2 + B3 = — C (2m),
2mh0, (o} + ) = C, 2n). }

Pasgenus nepeoe Hz ypaedeHnil (8.33) Ha Bropoe, Halilem

(8.32)

(8.33)

% = 5. Bo-

HO,D_.CT&BHB 3aTEM STO BbipaxeHde BO BTOpOe, H3 YpaBHeHHH CH-
crembl (8.33) rafnem seapuuny Py

Cin)

(8.34)

fp=— T+l
l/ 2ahyp [Cf+C§]"z
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AnanoruuHpiv o6pasoM ME! RafiieM H BeNHUHHY

Cy (2n
Uy == TEai 1. () . (8.35)

V o [C3+ 3

B paeencteax (8.34) u (8.33) Oeperca apudMernueckoe 3HayeHHe
kopusi. Cpenn 4Hcer oo H Po MO KpafiHedi Mepe OLHC OTAHUHO OT
HYNA, TAK K4K MEl YiKe YCTAaHOBHAHW, YTO OAHA u3 KoHcraaTt C(2m)
Han Cy(2n) HeoOX0IHMO OTAHUHA OT HYAR. YpaBHeRHsA LJf ompe-
JeNeHAn MOCACAYIOMINX 4Yaenos pazaokenuii (8.32) Gyayr Junefi-
HHIMH M BCerha paspemHMuiMu, Hrtak, MBpl MpHIWIAH K cAeLylomleMy
(pyBIaMeHTANbHOMY Pe3ynbTatTy.

TeopeMma (M. T. Maagun). [Jycrs qucro 2k — maagouias cre-
Hexs BeAUYUNDE ¢ 8 PA3AONCERLL nepuoda

T=3;‘+(1+h2c2k+ )

nopoxcdaiotgeeo pewenun. Tozda npu erasHom pesonance cyuje-
cToyer odHo U ToAbKO O0HO nepuodudeckoe peuwterue cucremst (8.1),
kotopoe obpauaerca 6 ryav npu p=0. 370 pewierue R6aieTCA aHA-

1 .

Anruneckolt yakyued napamerpa v=pu*+

Ira teopeMa ABAACTCA $YHAAMEHTANbHON TEOPEeMOA Teopuu pe-
30HAHCHEIX pellennii. Ona He TOABKO YCTaHaBa1uBaeT ¢akT Cylle-
CTBOBAHHST PE3OHAHCHLIX PpelleHHH, HO H YKasbIBAeT NyTh HX 110-
CTPOEHHS. DTH pEILeHUs, KaK ABCTRYeT H3 TEOPeMBl, CJAeYeT HCKaTh
B BRAE PANOB, PAcNONOKEHHBX O CTRIIEHAM NapaMerpa

1
v = p

5. Mpumepn pacuera pe3oHaHcHbX pewennii ypasuenns Jlwod-
¢nura. BepneMecsa Teneph K pacueTy YCTAHOBHBLUHXCH PEeXKHMOB
B NpHMepaX, PACCMOTPeHHHIX B M. 3 HacroAllero maparpada. Pac-
CMOTPHM CcHauana ypaseeHue (89) mpu o=1. 310 ypapHeHne jo-
nycKaeT Pe3OHAHCHOR PellieHUe BHIA .

x=M cos {4+ N sin {4+ pxy+pne+. .. {8.36)

Pewenue (8.36) moxer OBITL NOCTPOEHO METONOM, HAJMOKEHHBIM
B mpeantAyluem naparpacde. OnHako, coraacHo teopeMe MaakuHa,
KpoMme pewenns (8.36) ypabHenue (8.9) MOXeT AONYCKaTb TaKKe
H pellleHHe BHAA )

X=X Wt (8.37)

Pewetne {8.37) Moxer OLITH NOCTPOEHO, CACAYS UIIOKEHHOMY Me-
toay. [as aToro npexae BCETG HAf0 ONPEdEdHTh "MOKa3aTeldb I
B.pazAokKeHun (8.37).

glh
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PaccmoTpum nopoxaaollee ypaBHeHHe
i+ x=ax, : (8.38)

Pewenue ypapuenua (8.38) mb Oyilem uHckath, caeaysa meroay Jla-
nyHoBa. ChetaeM cHauaJga 3aMeHY HE3aBHCHMOPO NepeMEHHOIQ

t=f(l+h3C2+h3ca+. . .)‘
Torga ypasHenne {8.38) npumer s

B (1420024 . )=ad (14254 ..).  (8.39)

Coraacuo Metony JlamyHoBa pellleHWe 3TOrC YPAaBHEHUA CNelyeT
HCKATh B BHE

xX=ccos T+ o+ o+, .,
DyHKuHA xa2(f) OGyleT yAOBAeTBOPATh CACAYIOLIEMY YpPaBHEHHIO:

d,xg
dt?

+x2=0.

Tak Kaxk QYHKUHH Xz AOMXKIE YIOBJETBOPATbL yCaAoBHAM (cM. § 2)

0=, (42 -0

TO OUeBMAHO, 4T0 Xe=0. JL1a x; noayuum cnepyiolee ypasHenHe:

d2x
— Fxg=acos®v— 2 cos T (8.40)
Jan toro utoGul ypasnenne (8.40) jpomyckano NepHOAuHUecKHe pe-
WeHHsA, HeOOXOOHMO M ACCTATOUHO BRIODATH MOCTOSHRYKY Hy Tak,
yTOOE OpaBas 4YacTh ITOr0 YPaBIeHHA He ¢ogepXKaia cost. Jlerko

BHIETH, YTO
3a.

= ——

-

Hrax, k;70. Cornacuo reopeMe Mankupa

{

F =i

rie 2k — MNapWIas CTeNeHb BEAHUHHEL ¢ B PazjOXKeHHH TepHOAA.
B HamieM Cc/y4ae 5TO0 MOKA3ATeNL CTENEHH NPU € B CJAATASMOM, CO-
depXKalluM Bz, T.e. r=1/3. Tenept pewenue ypasveuna (8.9) Gy-
A€M HCKAThL B BHAE psiga

-’C=-’€11-l.”3+-¥2p_2"3+u [ (8.41)
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Hna gyuxuufl x; nMeeM cleRyOLHEE YPABHEHHS:

B+ x=0, l
¥+ x,=0, (8.42)
¥+ x,=sint+ ax]

H T, 1.
Hs nepebix geyx ypaenenuit (8.42) naxozum

x1=M;cosi+ N sint,
Xo=Mocosi+ Nysinf,

rae M; 1 N; — uncna, KOTOPEIMH Mbl HMEEM MPABO PACOOPAMATHCA,

Jns YHKUHH X; MBI OVIEM NMEeTh cAelYIoliee ypaBHEHRE:

£yt xy=sint + o {MIcos?t + 3MIN cos?t sin £ + 3M Nj cos # sin? £}.
(8.43)

Hoctoanane M; 1 Ny M poKHH moadupaTts Tak, yTolb npasan

yacTh ypaeHedHsa (8.43) ne coaepxana nepemx rapmonuk. Ilpo-
BOAA OYEBHIHBIE BRIKJAJKH, HAXOAAM

M=0,

Pacuer mnocreayloUiix 4uieHOB pasnoxedusa (8.41) nposogures
aHAJOTHYHO.

Hrtak, B yCAOBHAX NMIAaBHOTO pe30HAHCA, KOTJAA UACTOTA BHeI-
Hero Bo3OYKJAeHHA coBmaflaeT ¢ COGCTBeHHOA 4acTOTOM, YpaBHeHHE
Hwodqdurura (8.9} 1onyckaer no meHbllell Mepe ABa pelieHus, To-
AyuaeMblX H3 KBaswAuHelHol Tteopun [lyaHkape u Teopun Man-
KuHa, eciTH o<<0, '

6. Ewe onwu npumep pemennit x@. Paccmorpum Teneps ypas-
nenne (8.10). B npeabayem naparpade MB YCTAHOBHJIH, HuTQ
B paMKaXx KBa3HAWHElHOI T€opHM He YAaeTCA NOCTPOHTH PE30HAHC-
HOrC pelleHns ypaBHEHHA (8.10). D10 3nauuT, YyTO HE CYllECTBYET
peweand Buza (8.36). INonpofyem Tenepb onpenesHTb peaoHaHc-
Hble pelleHHd MeTodoM MankuHa,

Lna sToro Hajgo B nmepeyic ouepeab ONpefedHTE CTeNels f
B pasuaoxennu (8.37). PaccMmaTpneas npenuiaylliee YpaBHeHHe H
NOBTOPAA BBIYHCAEHHHA MPEABIAYIIEr0 NYHKTA, Mbl CHQBA YCTaHO-
pum, uto r=1/3. Htak, noayunm '

X=p B F Ryt pg ., (8.44)
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Ana unenon paznoedua (8.44) Mbl nojsyyaem cAedyiollue ypas-
HeHHA:
2+ x=0,
j’Ez +x,= (1}{?, (8.45)
By xy=2x x5+ sint
H3 nepporo ypaBHeHH# HaXOAHM
xy=M, cos I+N,sint.
Toraa Bropoe ypaBHeHke (8.45) npuMéT BHJ
£, + x, = [MZcos® 4 2M N, cos sin £ + Nisin?t}. {8.46)
PasnoKeHue npaBof YacTH B paa Dypbe uMeer BHA
- Ag(My; N\ +A(My, Ny) cos 204 B(M,, N} sin 2/,
i (8
Ao——(M|+Nf) A=z Mi-N),  B=aM:
Taxkum. obpaszom, ypapHeane (8. 46} ponycKaer NEepHOAHYECKHE pe-

wenus npu awbux My u N, Ofllee pellleHhe 3TOrO yPaBHeHHUS
npuMer BHA

Xy= Ao =5 [Acos 2¢ -+ B'sin 2] + Mycos t + Nysint,

- rae My H-Np ——uncia, KOPOPHIMH MBl HMEEM M1paBO PacmopHXKaTeesl,
Tpetbe u3 ypaeHeHwii (8.45) MOXHO Telepb mepenucatb 8 (opMe

Es+ Xy =sint+2 (M, cos £+ N, sin f){Ao— 3 (Acos2t+ Bsin 2:)}+
' +2(M,cost+ N, sin {}(Mgcos { + Nysinf).  (8.47)

Tak kak pasnoxenue B paa Pypve nociefnero ¢iaraeMoro npa-
BO# yacTH ypaeHenus (8.47) He Oyder colep#arh MepPBHIX rapMo-
HHK, TO BOIpOC O CYIIECTBOBAHHH MEPHOAMHYECKHX pelleHHH ypasb-
Henus (8.47) Gyaer pellaThbcA HE3aBHCHMO OT BeanumH M, m N,

Ing cyuecTBOBaKUA NepUOINYecKUX pemienuli mepHola 2n ypas-
stena (8.47) Heo6XOAHMO W AOCTATOUHO, YTOOLl pPa3NoXKeHde B pAd
dypbe mpasoll yacTH ypaBHenMa (8.47) He conepmano mnepsmix
rapMOHHK. 3T0 Jaer ABa KyOHYeCKHX YPaBHEHHA OTHOCHT@ALHO UH-
cem My u M. OHMu BCceraa uMewT xord B8 OIHO JefcTBHTENBHOE
pewenne. Hanpumep, B OAHOM H3 pellenHd sceraa M=0. Tor,n;a

=75
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Hraxk, teopua Mankuna moszsoqaner o0HaPYXUTb NCPHOJAHYSCKHE pe-
Wennsd B TEX CAYYafiX, KOTAA MPH NOMOLLH KBaZHAUHEAHOH TEOPHY
3ITOrO cAeNaTh HEe yaeTed,

7. O pemeHnAX, 0AH3KHX K HETPHBRAJIDHLIM DEWEHHAM CHCTEMM
Jlanynosa, Mbi paccMoTpean Toasko peulehus ¥® u ¢%, wo 8 Ha-
yajse naparpada GbUI0 MOKA3aHO, YTO, NOMHMO pelleHill, KoTopble
npu p— 0 obpauaioTes B TOXKAEGCTBEHHBIH HY/L, B CUCTEME MOTYT
CYIISCTROBATL DEIIEHHA, KOTODHle MpH p-=+0 nepexolAT B HETPH-
BHaAbHblE PEWEHHA NOPOKAAIOLIECH CHCTEMBL '

Q6ulan TcopHs TAKHX PElleHH AOCTATONHO caoxEa. YUuwrateas,
HHTEpecyIolleTocs NOAPOOHOCTIAMHE 3TOH TEOPHH, MOKHO OTOC/]ATh
K yae HeoNHOKPaTHO uuTHposaslleiica kHure M. T. MaskuHa *).
3nech Mbl orpaHnunMcs o0CYKIEHHEM RDOCTERUIEH U3 3alad ITero
Kaacca, '

PaccMoTpuM ypaBHeHue

F+f(x)=ncost, (8.48)
rie f{x) — anaaMTHIecKan QYNKIHA, HMEIOUan BHA
f(x)=A2x+azxi+apd+. ..

Takuy oGpasom, mpp u~—C MB monydyaeM NOpoxKjaiollee ypaBHe-
HUe, KOTOPOE fBJNETCH YACTHHIM chayuaeM YpaBHeduil JlamyHosa.
MocrasnM 3a1a4y OTHICKAHMS MEPHOAHYECKHX PELIeHUA YPaBHEHUA
(8.48) neproaa .
3

p

rjle p— LeAoe YHCIo, nepexo,uﬂm,ee'_ B HETPHBHAJbHOE pellleHHe no-
POMKLAIOILETD YPABHEHHS

*

o+ (%) =0. (849)

Bce pemedns ypasHenHs (8.49) B JocTaToudHo Manoi oKpect-
HOCTH NOJNOKEHHA PaBHOBECH Xg=x;=0 ABIAIOTCA nepuoanye-
ckaMn. QuM npeIcTaBUMbl B BUAE psia

Xo=cpi(p) +eia () +. .. =%ale, W), (8.50)

p=o(c){f+h),
h — MPOU3BOABHAA NOCTORHHZA, () =¢05§, w(c¢) - Hacrora Ko-
nefauuil, CAyXKaAWAaa HOPMHPYICLIHM MHOM(HTE1€M, KOTOPHHA BbIOK-
PaeTcs U3 TeX ycnobuil, 4TOOE GYHKLHH @ ObLIA MEPHOIHYECKHMH
dyaxupamu nepeMerHofi . Takam obpasom, mepuoa 7* no mepe-
MenHofl { onpeiennerc opMyaon

T*

rile

n )
- (8.51)

*) Cm ewocky Ha crp. 121,
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Ana e{c), coraacuo teopun JlanyHoBa, MH KMeeM BhIpaXKeHHE

A
V+hge? -+ hge? 4 ... " (8.52)

MMockoasky neproa (pewmedua ypaeueuns (8.48)) T aanam, 1o 2a-
NAaH U NePHOA MOPOKAAIOUIETO PEeLIEHHS, TAK KaK

T=T*
UTO MO3BOAAET, COrNacHe (8.4), NONYUHTL YpaBHEHHe 174 onpesese-
HUAl €aMNAUTYARY € nopomnammero peLieHusn
A—p
phy

Takum of6pasom, ANA CYUIECTBOBAHHA AeRCTBHTENABHEIX pelleHHi
HeoBX0aAHMO, yTo0Dl

afc)=

c+ cg+...=

sign (A — p) =sign k..

lMpeanosoxam, 4TG 3TO YC/0BHE BHINOAHEHO: OTPARHYHBAACH MPO-
cTeHlIHM cayyaeMm p=1, saduxkcupyeM OAWH H3 JAeHCTBHTEAbHBIX
kophell ypaBrenns (8.4). Toraa nepuoauueckoe pelileH#e ypaBHe-
uun (8.48) ecrecTBenHo HCKaThb B BHAe PAAa

x=X{]+}LX|+ l.l?xg"‘. e (853)
MMoacrasnas pan (8.53) s ypasHeHne (B.48), Mul npniem K ciae-
LYKOWHM YPABHEHHAM OTHOCHTENbHOQ HEH3BECTHBIX Xy, Xo, ...

. d -
i+ (d_;:)o X =cosi, (8.54)

- d
Fa (?i“)o 2= Dy (f) (8.55)
HT. A
3)1er (%)0 03Ra94eT, Y70 NPOH3BOAHAA BRHUHCHACHA NIipH X=X

d
(%)0=12 +2a,x,+ 3a,62+ ...

[TprHuman Bo BHHMaHue npeacrapicHue (8.50), MOXKHeo Hanucarb

(L) =Fle t+h),

rie F — vekotopas nepHoxuueckan dyHxuus ! nepwona 2m, ¢ —
33aHAOE MMCAO, A f# — NPOH3BOJIBHOE YHCAO, KOTOPHIM MBI MOMeM
paclopAXKaThCA. '

dyuxupa O, onpesenserca ToAbKO GYHKUMAME Xo H X1 Bce no-
CAeAYIONUIHE YPABHEHHA HMEIOT BHJ

£+ (’Eﬁ“)u =@t}
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rie @; onpenennerca QYHKIHAMA Xg, X, ..., %i—y. CAeAoBaTenbHO,
eclH 3TH PYHKUHM onpefeneHd, 10 sce @; MOryr cuutaThes u3-
BECTHBIMH (DYHKIHRAMH BDeMeHH. :

Paccmotpum ypashende (8.54), npefcrasasiouee coGoli ypas-
HEHHE ¢ NeproAHvecKHMH KosdduauuentaMu. [loanas cucrema dyH-
AAMEHTaNbHLIX pellieHuft 0AHOPORHOIO YpaBHEeHHS

E+F{c, i+h)x=0 (8.56)

HaM H3BeCTHa, TaK KaK YpapHerue (8.56) napnsercs ypaBHEHHEM
B BAPHANHAX AAA MOPOXKIAAKINEro ypasHeHus (8.49), D1y pemenus,
Kak ObWio noxazano (cM. dopMmyan (2.25)), MOXKHO npeacTaBHTb
B BHIE

flm%fl;m=u(c. w(e)(t+ R),

e oL 0% )

Y2 = ol ac

TA¢ 4 H U OpH JaHHOM C — nepHoanyeckHe QYHKINA BpeMeHH ne-
puona 2x.

Hna Toro 4robul ypaBHedHe (8.54) Zonyckaio nepHONHYECKUE
pellleHHA, HeOGX0AMMO ¥ AOCTaTOUHO BHIoaHenHe yoioBHl (2.29),
KOTOpble AJ4 HHTepecyILlero Hac caydas GYLYT HMeTh CAeAyIOUIM
BHL

(8.57)

=p+ {u,

2n

j u(c, o{c){{ +H))cosidi =0, (8.58)

0
n

I{U(c, oY+ h))+tule, o)t +h))cositdt=

0 =2n (%t (0) - 202 (0)), (8.59)

rie Xy # Xy — 3HaucHWe HckoMmoll GyHxRUWH X;(f) W ee MpoA3BOA-
HoRt npH £=0,

YpaeHenne (8.58) — 310 HeKOTOpOE TPAHCUEHIEHTHOE YpAaBHe-
HHe AJA onpelefeHHss alluTHBHON nocTosdHHol A. OHO MoMXeT Bo-
BCE He HMMETb pelleHHH, HMeTh KOHEUHOE HAH GeCKOHEUHOEe YHCAO
pelleH i,

Ilycre Tenepe #i — kopent ypasHenusa (8.58). Torna nopoxkaato-
lllee pellenne xo(f), KoTopoe omuchiBaerca $opmyaoit (8.50), cra-
HOBHTCA MOJAHOCTBIO CTPEAEACHHBIM.

Pemerue ypasuenusn (8.54) — dpyuxuuio ¥, — MOKHO npedcra-
BHTE KaK

xi=Cru(t) + Cra(v+ta) + 4 (7}, (8.60)

rae 1 {f) —arto Hekoropan GYHKUUA, NOJYYEHHAS METOJAOM Ba-
PHAUMH MPOH3BOJBLHLIX ODOCTOAHHBIX. TMoctoanrne €y u Cie BMpA-
KaloTeH AHHEAHbIM 00pasoM yepes Haya/lbHbie 3HAUEHHS (hYHKIHUA
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Xy H €e NpOoH3BOIZHOR %0 Ho 5TH BenHUHEB HaMm sapaHee HE u3-
BecTHBL. ILAs WX ONpefeNeHAs MB! HMeeM TOJNBKO ONHO YPABHEHHE
(8.59), no3ToMY Ha 3TOM 3TaNe NPOUEAYDPH HadbHefiltee yTOuHeHHE
pewenun X;{f)} HeBoamomHo. PaccMoTpuMm Tenepr ypaBHeRue (8.55),

Ang toro 4toBEl OHO HMEIO MEpHOIAHUECKOE pellieHde, HeoOXo-
OHMO H A0CTATOYHO BLINONHEHHE VCJOBHA THNA (8.58)

[ @wmat=o0. (8.61)
a

Tax kak @y 3aBHCHAT OT X9 H &1y, TO BhipaxKenne (8.61) MoXHO pac-
CMATPHBATL KAK YPABHEHHe 1AA OnpeiefeHHs 3THX BeJHYHH. BMe-
cte ¢ ypasrenueM (8.58) ouH AaloT cHCTEMY ABYX ypaBHeHHE AAs
OnpeAeAcHHs ABYX HCKOMBIX BEJHYHH Xpp H Zy¢ H T. L.

‘Mb1 paccMOTpenH CXeMy BRIMHCJISHHA MEPHOIHYECKOTO PeXHMA
HeaBTOHOMHOH CHeTeMbl, OJW3KOA K HEKOTOPO#d " KOHCePBAaTHBHOH.
[Ipn 3TOM Mbl OTPAaHHYKAHCL cAyyaeM OAHCN creneHH cBolodsl.
[Tepexcn k Goaee ofiuell 3allaue — OTHICKAHHIO NMEPHOIHUECKHX pe-
KHEMOBR B CHCTeMax ¢ 00ablUlnM UHCAOM cTenedell cBofoJH — He-
TpuBHanbHO. [leno B ToM, 4To, pacCMaTpHBAaA CHCTEMY NEPBOTO NO-
pAAKa, Mbl Bcerda MOXEM NOCTPOHTE ¢ NOMOLibIe MeToAa Jlamy-
HOBA (yHNAMESHTAAbHYIO CHCTEMY pelieHHii OAs ypaBHeHnlt B
BapHauunx. [lepexoxa K cucTeMe NPOH3BOMLAOIC MNOPAAKE, Mbl
CTAJKHBAaEMCS €O CAeayloulell TPYAHOCTbIO: AAA 3¢ (PeKTHBHOR pea-
JH3AUHH BLIYRCAHTENALHON NpOUEAYPhl Mbl J0MXHL HMeTh B CBOeM
PACTIOPAMKEHMH NOJHYID CHCTEMY HHTErPajJoB NOPoXAAOLWEH CcH-
CTEMBI,

§ 9. 3aKN0YNTENbHBIE 3aMEYaHHA

Teopusa, aieMeHTH KOTopof OBJAH H3/A0MeHbl B ITOH IVlaBe, BO3-
HUxAa B KoHme XIX Beka. B HacToduiee Bpems ee ammapat paspa-
601'31{ B&ChLMAa JA€TaJbH0, 4YTO NO3BOJNALT pelllaTb pasﬂooﬁpaanme
3a44a4YH, B TOM YHCSEe H LI]HpOKP]ﬁ KPYr 3anayv, BOBHHKaHKILIHX B Tpu-
KAanHOH Hayke M TexHuke. HecMoTps Ha To, UTO B NocAenHHe
AECATHNETHA NMOABH/IHCE HOBHME NOAXOAH H fonee cHAbHBlE MEeTOAhbE,
3HaYEHHE H3JI0XKeHHOH TEOPHH AOCTATOUHO BEJIHKO: MOMXHO YKA3aTh
uenwlfi pAx 3ajad, ANA KOTOPHIX MeToAbl JlanyHosa — [lyankape
ABMAIOTCA H A0 CHX NOP €ABa jdH He eJHHCTBeHHBIM CPeICTBOM MNo-
aydyeHHa sbdekTuidoro pellesun. TeM He MeHee paMKH Teopuu JIx-
nynoBa — [lyaHkape BecbMa OrpaHHuYeHbl. DTa TEOPHS CTaBHT cebe
OAHY 3alauy — 3ajauy OTBICKAHHA nepuoandeckux peweHud. [lpu
BCAH ee BAXKHOCTH 3Ta 33/laua ABMAETCH BCe-TAKH OUeHb CNEUHANb-
Ho#t. TeM He MeHee TeopHA NEPHOAHYECKHX pellleHHH HMeeT BHYTpPH
cefA eule ouenb MHoro mpofneM (B aTOA KIIHFe PaccMOTPeHb TONb-
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KO cambte npocTble 3anaun). M Bce Bpema noaBAsloTCH HcCieR0Ba-
uuf, xKotopuie oboramaior teopuw Jlanywosa — [Myankape, He BH-
BOJIA €e¢ H3 KPYra NepBOHAYaJbHHX Hiell. OAHOBPEMEHHO AeNaKTCA
BOMBITKY PACMPOCTPAHATL HMAECAOTHIO H METOLH TeopHH JlanyHo-
Ba — [lyankape na Oonee WHPOKHA KPYr 3alay H OpeXIE BCETO
Ha OTHICKaHHe NOYTH NEepHOLHYECKHX pewlednil. OxHaxo ueaul paAA
OUeHb BAXHBIX 3a38a4 TEOPHH KoAeBaHHH M TEOPHH HeJHHeRHRX
AudhepeHIHabHBIX YP2BHEHUH OCTAeTCA BHE NPeJeIOB ee HHTe-
pecos. Cpead TakHX 3a/7a4, HMEOIUHX 0cO60e NMPaKTHYECKOe 3Haue-
HHE, MOXNO YKa3aTb, HallpHMep, 3ajayy OIpPeACJCHHA 3aKOHA H3-
MEHEHHA AMONHTYILL KoaeHaHuft noa geficTbHeM BHEIHHX BO3MY-
Wexnfl. ITa ¥ APYrHe 3a4a4H OTHICKAHHA <HEPeXOAHBIX PEKHMOB».
B KojefaTeNbHbIX CHCTEMaX HACTOSTENBHO TPeByloT Pa3sBuTHS Golee
YHUBEPCaAbHOH TEOPHH — annapaTa, KOTOPHH CAHOBPEMEHHO C OTH-
CKalineM TEPHOAHYECKUX pemHMCB Bbl1 O NpHCIOcO6AeH A H3Y-
YeHHS MEePEXONHBIX PEIKHMOB B HEJHEEHHHX CHCTEMaX.

- Annapat 1eopuu JianyHoea — [lyarkapé OCHOBAH Ha HCMNOJB3O-
BaHHHW CBOHCTB aHAJHTHYHOCTH NPaBbiX 4acTefl ‘H3yuaeMbX IH(de-
peHUHAALHBIX YpaBHenun. [TutaTtenvHoll cpefofi, B KoTOpO#H Cosjla-
Basact 3Ta Teopus B XIX Beke, OblH -pasHooGpasHbie TPOSSEMBL
HeGecHOH MEXAHHKH, B KOTOPHX NPEANOIOKEHHS 00 aHaNuTHUHOCTH
Obinn ecrecrsedHBIMH. OHAKO B TEOPUH KoseGaHHA pazNHUHBIX HH-
KeHEDHBIX KOHCTPYRUHA, NPH H3YYeHuH CJOKHLIX (H3HUeCKHX
fBACHHA W BO MHOIMWX JAPYrHX cAyyanx npeinchoxkedune o aHa-
JAHTHYKOCTH CTAHOBUTCA BecbMa ofpeMeHHTEABHBIM. B paMkax Tteo-
puu Manore mapaMerpa AenaloTcd MOMBITKH OTKA3aThCA OT 3TOTO
yeaosus. Hekotopble u3 pesyabraros noioGHOrc poja NpHBELEHSH
B kuure M. I ManguHa, KOTOpYIC MB HeOAHCKpPaTHO LHTHPOBAMH.
BmecTo pasnoxeHHst B pAAbl B 3TOM CJIY4ae NPEANOIACAIOTCA He-
KOTOpble clellaibHble cnocobsl HCMOMB30BAHHUA MOCIEIOBATENbHBIX
npudMKeHuit. OAH4KO BBIYHCAHTEAbHBIE CXEMB, KOTOpble 34eCh
BO3HUKAIOT, OKA3blBalOTCA BechbMa CAOMHBIME, W OOJBLIOTO Npak-
THYCCKOrQ 3faveHun IIO,ElOﬁHbIe HCC/ICROBAHHA, NO-BHIHMOMY, HE ITO-
ayunad; Takum o6pasoM, «yHHBepcadbHas TEOPHUA» AOMKHA YAO-
BAETBOPATE ellle OAHOMY TpeGoBalnio, OHa AoNKHA pacnpocTpa-
HATHCA Ha IIHPOKWH Kaace AM(pQepeHLHAaNbHHX ypaBHeHuil, He
CTecHeHHDIfl TpeoBaHHEM AHAMHTHYHOCTH. _

OnHuM U3 BOSMOMHBIX [IPETERICHTOB Ha pOab TaKoh «yHHBep :
CANBHOH TEODHH» SIBAAETCA Teopusl, HCIONBIYIOIAA WIeW YCpegHe-:
uufi, Dta Teopus npuobperaer Bce GOJABWUYI0 B OONALLYI -NOOYAHP--
HOCTh, H cpepa ee HCNOTb30BaHKA Bee Goaee u Gonee pacuIHpAeTca.
Ee uaaoxenuo nocesilileda cagAyiouian raasa.



FJaAeA it

ACHMNTOTHYECKHE METOID!
PA3JEJIEHHA OBH)XEHHA

Beenenue

B aTolt riaBe paccMaTPHBAIOTCA ACHMNTOTHUECKHE MeTOAR!, HC-
fIoAL3YIOLINE OcpegHeHHe TPaBHX uacTedl NuddepeHLHaAbHBIX YDaB:
HEHHA 10 HEKOTOPHIM M3 MNepeMeHRbX. DTH MeTOAbl 4acT0 Hasbl-
BAIOT METOAAMH OCPEAHEHHA WM METO/aMH pasjefeHns ABHKCHUT.
OHH urpaioT GOABLIYK POJb fIPH HIYYEHHH YPaBHEHHR BuIa

i=eX(x, y, &), ]

*
g=Yolx, y) +e¥(x, 4, ¢), (=)
rAe ¥ M ¢ — HEROTOPBIE BEKTOPLI, a & — Maablil napamerp. [Tono6-
Hble YpaBHEHHN UACTO BCTPEUANTCA B Das/UUHBLIX 32Ja4yaX PU3HKH
A MeXaHWKH. B yacTHOCTH, CHH THOHYHBI IJIA [WHAPOKOre KJAACCA 3a-
A3y TeopHH koaebaHull, Hx ocofennocTb COCTOHT B TOM, MTO HacTh
nepeMeHHBX (KOMIOHEHTH! BEKTOPA X} MeHfeTcAa MeAJedHo, a ApY-
Tad yacTh NepeMeHHWX {KOMMOHeHTH BeKTopa y) — OblcTpo. ITH
mepeMerHbie Mbl OyIeM Ha3sBIBaTh COOTBETCTBEHHO MeLJIEHHBIMH H
BLICTPBIMH.

Teopua, KoTopaf H3y4aerca B 3TOH IMlaBe, HMeeT CBOHM HCTO-
KOM paBoTul ronsangckoro HuXernepa Bau-gep-Tlona, ketopwil pas-
patorad NOBOoAbHO 3dekTHBHLIA cnocof peleHus HeJHHeHRBIX
3a7a4 TEOPHH KoNeBaHuii chacTeM ¢ OAHOMN CTelleHbId CBOOORHL.

Kak Mbl yBHINM HHXe, OH, BO-IEPBbIX, NPeAJOXHS [POCTYIO
cXeMy PeRVRIHH 3ajaydd TEOpHH gonebaHnfl ¥ dccnedoBaHHID Of-
HOTO #acTHOTO caywas ypasHedms (*) H, BO-BTOpPbIX, cHcTeMy (¥)
3aMeHns YIPOUIEHHON CHCTeMOl, NOAyueHHOR u3 (¥) ycpeaHeHHeM
npaBeiX 4acTedt mo «OHcTpoMy» nepemenHomy. Jlas dopmanbHoro
npuxmeHenns meroja Ban-pep-lTons we tpeGoBanoch, B oT/H4HE OT
MeToH0B  DPEABAYIRErO naparpacpa, HUKAKHX OrpaHHYATCALHEIX
npeanoacHKeHut ¢ nprpode A, NoA AeHCTBHEM KOTOPBIX NpOHC-
XoAdT KoJdeOaTedbHEH nMpouecc. B paBHOW cremeHH oH MOT OHTH
HCONGALIOBAH B A% HCCAg 0RAaHHA YCTAHOBHBIIMACA IBHXKeHHH H
AR HCCACNQBAHHA NEPEXOAHLIX NPOLECCOB.

Metoa Bawm-nep-Iloas ofnanan k rtomy xe 5oablloR Harisg-
HOCTLIO H OBt yaoben s npoeenedns pacyeros. [Toyromy on Gu-
CTpO 34B0eBaJ HOII)’J!F[I}HOCTb Y HHXKeRnepos. O.ﬂHaKO ITOT MeEerol
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HOCHJI 4¥CTO HHTYHTHBHBIA Xapaktep. Hu ero aBrop, Hu ero noche-
ROBaTeNH Aake He CASNAAH MONLITKH Aaih KaKoe-hunbo oB0CHOBS-
HHe HOBOMY MeTony. [leatoMy ol poaroe ppemsa {MoAoGHO MeTORY
XeBHcahda) OCTaBadcA BHE MATEMATHKH *).

B tpuanatex rogax H. M. Kpmaoes u H. H. Borogw6oe npen-
MOMRHAH HEeRQTOPBLIH OOIMHA NOoAXoD AAS HCCAENOBAHHA YpaBHEHHHA
THna {¥). Ero ocHoBHOe colepXaHne CBOJAMTCA K NOCTPOCHHIO Ta-
KOit 3aMeHBbl HepeMeHHBIX, KOTopas 0o3BoNseT OTARAUTE «OblcTphies
NepeMerHbe 0T «MENJAEHHBIX», JTa 3aMEHa NEPeMeHHbIX NO3BOAACT
TaKiKe NPeLCTABHTh pelleHHe B BHAE ACHMOTOTHYECKOTO DA, mep-
B YJeK KOTOPOTO COBNANAeT ¢ pelleHHeM, NOJYYeHHLIM No Me-
trody BaH-gep-Tloaa (Ana TeX 3afad, KOTOPHE MOTYT OHTH peIIeHH
3THM MeTolioM). B nocaepymwiue roant meron Kpsiiosa — Boro-
moboBa noayuna, raasebiM o0pasoM Gmarojapsa paGoram yueHu-
kop H. H. BeoromoGora (}0. A. Murponoasckore, 1. H. 3ySapera
W Ap.} nanbHefillee paseute. Ou 6B pacApoCTpaHeH Ha HOBBHE
THNBL 3a#34 (HANpEMep, HAa 3a1a4H HCCAE/0BAHMS MOBETEHHs CH-
creMbl MOA AeACTEHEM REPHONMYECKHX BOSMYILEHME), OB ICKa3aw
IeJAbIi PAJ TeopeM, NPEBPATHBUILE 3TOT METON B CTPOryIo Mare-
MATHUECKYIO Teopuio. B mNocsneBocHHOe BpeMs MeTOA: DaslesieHHA
JBHMEHUN Havyal HCNOAb30BaTbCA OYeHb WIHPOKO, HAXOZS fpHMe.
HeHHEe B CaMblX Pa3JH4YHbIX OOJAacTAX HHIKEHEPHOH NPaKTHKH H (H-
3ukH. JlaHHAA rMaBa MOXKeT pacCMaTPHBATLCH Kak BBeleHHe B Teo-
PHIO ACHMRTOTHUECKHX METONOB pPasienenis ABHMCHHR.

B Hacrosiliee BpeMst CYLIeCTBYET HeCKOABKO BAPHAHTOB HHTEp-
npeTallk 3THX MeToAoB. Ta, KOTOpam WCMONB3YeTCA B RAHHON
KHHTe, N0 CYIeCcTBY HAEHTH4HA MHHTEPIpeTaldH, NPeAROKeHHON
B padorax B. B. Bonocogra.

§ 1. Merop, Ban-aep-flons

1. Mpeapaputeabupie 3amevannn. Hctokn merona ycpeanenus
paxonatca B paforax Ban-nep-llona. TTostoMy usaomesne uene-
co0BpASHO HAYATH € PACCMOTPEHWA MOCAEAHUX, TeMm GoJee, YTO
merca Bap-pep-Tlons caM no ceGe mMeeT WHPOKYI 06aacTh npu-
MEHEHHS.

B strom maparpade mp fyfem HecneaoBaTh KoseGaTenbHble
ABHIKEHHS, ONHCHIBAEMEIe OJIHMM YPaBHEHHeM BTOPOFO NOPAAKA

P+ o®z=cp(z, 7). (1.1)

3neck @ -~ HeKOTOpaA AEACTBUTENBHAR MNOCTORHHARA, a & — MaJbif
napamerp. ¥pasuende (1.1) ycjoBAMCA Ha3BBATL KBASHAHHeHHBIM,

*) B xosne apaspatex rogoe Mawgenewrram w [lanatekcs pmaau ouenks
tourocT merToga Banr-gep-[Tloas. TMeapofdee cu. Angponos, Xafikneg #
Burr, Teopus woaebannit. ®wamartruz, Mockea, 1961,
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a KDJ'IEﬁaHHﬂ, I{OTOphIe CGHO OMOHCRIBACT, — KBaSHJ‘[HHeﬁHHMH KoJie-
GaHHsIMH.
YpasueHue
F+wk=0, (1.2)

KOTOpOE CIHCHIBAET [apMOKHYecKHe KoJebGaHus, OyAeM, KaK H
paHbille, Ha3bIBATh MOPOKAAIOLIHM,

Pyuxuna ¢ wmomer ObITb BecbMa OOIMEro BHAA H, B YaCTHOCTH,
Aaxe paspuiBHOH.. EctecrBenHo notpefoBark, uTcOH oOHa Oblaa
OF pAHHUCHHOHW.

2, Mepemennnie Ban-nep-Tloan. OGuiee peuweHHe nNOPOXKAAI0-
HIETe YPABHEHHA HMEET BHA

Z=XcCosy, (1.3

rie y=w(f+&), x 0 fp— npoussonsHble nocrosHubie. OHO ONH-
ChIBAET HCKOTOPBIH xonebaTebHELH Npouecc, obaajaloimuli 4acTo-
Tol @ URcno x HasniBaercs aMnAHTYACH, a ¢yHruHAa y{{) —
dazof.

EcrecTseHHO npeAnofloEKUTh, YTC B CAydae MajBiX 3HaueHHA &
pemenne ypasHeHnan (1.1) OyaeT onMcHBaTL TaKKe HEKOTOPHIH Ko-
Nefatenscanlii npouece BaAa (1.3). Ondako chaeayer 0KHAATh, UTO
aMNANTYAA 3TOTO npolecca ¥ yKe He Oyder (B oblieM cayvae)
TMOCTOAHHBIM YHCIOM, a Oyler H3MeHATHLCH, [PHUEM TeM MefJeH-
Hee, yeM MeHblle upcho e CkopocTh n3meHenus $asel takwe Gy-
DeT H3MeHH[bCAa €0 BpeMeHeM. TakuMm oBpa3oM, eciin B Kasmnmil
MOMEHT BPEMEHH McCelyeMblll mpouecc HOCHT KoTebaTesbHHH Xxa-
PaKTep, TO €r0 MOJHOCTLIC OTPEARJdAIOT MTHOBEHHBIC 3HAYEHMA aM-
nanTyabn x # dasu y. [MostoMy B KauecTBe nepeMeHHBIX, ONHCHI-
BalOIHX MPOIECC, MOXKHO NDHHATL aMOAHTYAY KoaeGaHuA m da3sy.
Toraa oaHo H3 NepeMEeHHBIX -— aMIUIHTYLA — GYIeT MEHATHCA Mem-
AEHHG.

Hrak, B 3amave (1.!) 6yneM B KauecTBe HOBBIX MepPeMEHHBIX
paccMaTtprBarb Gydkuna X () w g(f). Jaa Toro yrobol onpesenHton
5TH nmepeMmelHble, Kk cooTHomWeHH (1.3) Hapo AoOaBHTL ellle oano,

‘Hcnoabsysa Hieio BapHaltdH TPOU3BOABHBLIX ANOCTOAHHLIX, WOTpe-
Gyem, uToOB x W y ObiM cBAsaHe, kpomMe {1.3), elne c.ne,u.yiouum
COOTHOLLeHHEM:

i=—wxsiny, (1.4)

KOTOpOE BCETJa HMEET MECTO ASA NOCTOAHHOH aMIMIHTYAH, )
. CoctaBum Tenepe anddepesunannhHbie ypasHeHHA, KOTOPHIM
ynoBaeTBopaloT pyrkuun x(f) u y(f). Huddepenunpyn (1.3) u
npupagHuBan K (1.4), noayunm-

Xcosy — Ay sin yHoxsiny=0. {1.9)
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Ycnoeue (1.5) — 310 yc.nonué coBMecTHMOCTH dopMmya {1.3) n
(1.4). Duddepennnpys ganee (1.4) u nonctasus B (1.1), monyuum
ene OfHO YPaBHEHHE

—&@ sin ¥ — wXy cos ¥+ xw’ cos y=écp"(x oS ¥, —mX sinyg): (1.6)

‘CucreMa (1.5)—(1.6) —3To cHcTeMa ABYX YypaBHeHHit [I€PBOTO
mopsika OTHOCHTENBHO ABYX HEHSBECTHBIX (YHKuMA x H g Pa3s-
pellas ¢e OTHOCHTENBHO MPOHSBOAHHX X H J, HMeeM

¢ = — %tp(xcosy, —xcosiny)sinyE%qn(x, ¥h
- \ o e (1.7)
y=maa~;q:(xcosy, —xmslny)cosyEto—a*%(% y)- -

CucteMa AByX ypasHeHHA (l. ?) NOMHQCTRIO SKBUBAACHTHA YpaBHE-
Hmo (L.1).

Curerema (1.7) ABnAeTCA YaCTHBIM ciayuyaem cHeTeMsl (*), npn-
RefeHHOR BCO BBeleHHH K jaHHOf Mape. Poab MefieHHoro mepe-
MEeHHOTO HCpaeT aMOJHTYIA X, a podb GRICTPOrg NEPEMEHHOrQ —
tdasa .

3aMeTHM, UTC ApaBHe yacTH cHeTeMHbl (1.7) aBAgOoTCA MEPHOSH-
yecKHMR QYHKIHAMH a3l y; KakoBa O Hu Gbla yHxumd
e(x, y).

3. Cxema B. M. Boaocosa. Mtak, Beenem nepemenusie Ban-pep-
IMona, aMmauTyay x n asy ¥, Mb CBeJH 3aAasy HCCAELOBAHHA
ONHOTO YPaBHEHHA BTOPOrc NOPAZKA K M3VUEHHIO CHCTEMBE ABYX
ypaBHeHHA nepBoro mopsiaka (1.7), OcymecTsasis 3ty peAyKUHIO,
‘MBL CAeOBAJZIH KAaccHYecKoll cxeme Merola BapHAaliHH NPOH3BOJb-
HBEIX MOCTOAHHHIX. _ o

B. M. BoaocoB npeanoxus apyrofi cnocod 3Tofl peaykunm, aHa-
MOTHYHBI BHBOAY YPAaBHEHHH AJIA OCKYJAHPYIOWHX 3JeMEHTOB B He-
fechon MexaHuke. [lepemennoie Ban-pep-Tlons cesizawu ¢ senuym-
noit z pasercrsamu {1.3) u ([.4), xoTOpHle MOXHO TNepenucaTthb
B CJEAYIOIIEM BHIE:

P 3 ,
"=1/22+67’ y=—arctgﬂm—z. (1.3)

Baarojapa BbiOpaHHOH BapHal#MH NPOH3BOJBHBIX MOCTOSHHBEIX 3TH
COOTHOIICHHA CITPABEANHBE B PAaBHOH CTENCHH Kak LA MOPOXKAAI0-
uero ypaBHeHHA, Tak H AAs ypapHeHms (1.1). B nepom cayuae
Be/lHMHHA 2 MeHAeTcs B cHAY ypasHenn#i (1.2} u mpu »TOM Beau-
YHHa X OCTaercsl NOCTOAHHOA, a y=wo. Hafifem Tenepeb sakoH nsme-
HeHHdl 3THX BEAMYHH B HHTepecyluleM Hac cayyaze. [Ipoinddbepen-
aupyem papedcrso (1.3') B cuny ypasuemma (l.1) 1 paccmorpum
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cHAYaNa NEPBOE H3 HTHX PABEHCTB

R 2z 2% z2 2{—~ w2+t
i= - + = =__+{___2‘|"_(P)=
32 22 x iy
]/’22 s 0)2]/224'—,'
(7] Gy
. & .
T el FT T o Psing

T. €
i= % P (.\3, y)'

Takum o6pa3oM, MBI NMOAYUHAH NEPBOE H3 YpaBHEHUN CHCTEMEI
(1.7). Huddepenunpys nogobHeM o6pasoM BTOpoe W3 PaBeHCTR
(1.3"), Mpl DONYIHM BTOPOE W3 YpaBHEHRMl 3Tof CHCTEMHL.

Paccy®kaenua B. M. BoaocoBa HMEIOT TO NperMYLUECTRO nepes
QTAUAAPTHEIMH, YTO OHH HCKAKOUYAlOT HeoOXOZMMOCTL paspeliath
cHcreMy ypaBHeHnii (1.5), (1.6) oTHOCHTeNbHO NpOM3BOAHLIX £ W §.

4. Yxopouewnue ypaeHenus. [lepeoe W3 ypagHeHHH cHCTEMbI
(1.7) noxkasblBaeT, YTO NEPEMEHHOE ¥ MeHAETCH MEeNJIEHHO, TaK KakK
ee npou3poAHas uMmeer mopagok s. CrnegosaTenbHo, 3a OAHO KoOle-
fanHe {3a BpeMs, B TeueHHe KoTOporo ¢asa y HU3MEHHTCA Ua BeaH-
YHHY, PABHYH 2m) aMIJIHTYAa H Xapakrep koadeDaHUA usMedsrtes
Mano. [ToaToMy MOKHO OHuAATE, YTO MBI He caedgaeMm Gofbinod
OWIHOKH, CAH 3aMEHHM TpaBble 4acTH cHCTeMHl {1.7) aXx cpeaHnmu
3HAYSNHAMH 3a MepHOJ, T.€&. BMecTo cHCTeMMm (1.7) cradem pac-
CMaTPHBATh CHCTEMY

. e _
-’C=‘—E¢1(x).

_ . . {1.8)
yﬂm_"m_x'fpg(x)’ J
ryie
n
él(x)=%f¢(x cos y, — xosin y) sin y dy,
: (1.9)

-

n
Polx) = Tlu' f ¢{xcosy, — xasin g)cos y dy.
o]

Ypasrenus (1.8) Oynem HasbiBaTh YKOPOYEHHLIMHM YpaBHeHH-
MH man ypaBHeHHaMH Ban-nep-Tlopa. Oru sHauuTenbHO Tpole He-
X0XHof cHeTembl (I.7), DoCKOABKY nepBoe ypaBHeHHe MOXeET GHTh
TPOUHTETPEPOBAHO HesaBHCHMO o7 Broporo. B cucreme (1.8} mea-
Nexdple 1 ObicTpWe npHXeHns pasienensl. Hurerpupys nepsoe us
ypasHeHUAl 3TOH CHCTEMBl, Mbl HaXoZHM 33KDH A3MeHeHua aMpny-
Tyabl. O4ene HacTo B OPUKIAAHBIX 33lavaX GblBaeT AOCTATOYHO



§ 1 METOO BAH-OEP-MIONA 145

Ha#iTH TOMbKO 3aBHCHMOCTR AMIMHTYAB 0T BpeMend, B paccmat-
puBaeMoli TEOpHH AAS 3TOTO JOCTATOUHO HAfTH pelleHHe ypaBHE-
HHS TepROTO MOPANKA (B 00lleM cilyyae HeAUHeHHOTO).

Onpeaenenne das3sl cBoAHTcs K kBazpatypam. HaunGoabiuii uu-
‘Tepec oGbIYHO MpeicTaBaseT He caMa (pasa, a CKOPOCTb €€ H3Me-
HEeHHA B 3aBHCHMOCTH OT aMmauTyAbl. OTBeT Ha 3TOT BONpOC AaeT
HENOCPeACTBLRHO BTOPOe YpaBHeHHe cHereMbl {1.8).

Hrak, meton Ban-nep-IToas pewenns ypasweHusa (1.1) coctomt
B Nepexole 0T NEPeMeHHOH 2 K HepeMeHHbIM X H 4 (KoTopHe Mbl
6yneM HasbiBaTh nepemeHHbiME Bau-gep-TToas) m x samene Tou-
HHX ypasuen#ai (1.7) ykopouensoh cucremod (1.8).

5. Crauwosapueie pexumel. CrcreMa ypabuenuit (1.8) mnoaso-
Jader HaHTH BO3MOMKHble CTALHOHAPHBle (aBTokoneGarenbHLIE) pe-
KHMbI, T, €, PEHRHMBl, PH KOTOPHX AMIWIHTYAa OCTACTCH HEH3MEH-
ucd. INonaran £=0, naxoanM, ¥To CTALHOHApHaA aMIJAATYAA 10AK-
Ha ObITE KOPHEM TPAHCLEHASHTHOTO YDABHEHUSA

o
_[ p(xcosy, —oxsing)sinydy=10. (1.10)
bS

JameTuM, yTo ypaerenHe (l.10) cornagaer ¢ TeM ypasHEHHeM,
KOTOpOE Mbl NOJY4MAH Obl, ecan Ovl paccMaTPHBaJH YpaBHEHHE
(1.1) Kak KBa3HJIHHEHHOE U Pa3BICKHBAJH MEPHOAHYECKHE DPElLIeHHA
mercaoM Iyankape.

Bropoe w3 ypapnenuil (1.8) ncasosner HaHTH 3aBHCHMOCTb yr-
fn0BOl CKOPOCTH § OT aMINUTYIb X

:
g=m—-§J:W-J.cp(xcosy)cosydy. (1.11)
0

PaccMoTpuM B KayecTBe npeMepa ypasHerne oddmnra
i+ o2z=2a2’, (1.12)

B stom caywae @(2)=a2d, u ypapHenue (1.11) Ham paer

2n
y=m-—2—:%;fxacos"ydy=m—3§?f. {1.13)
[H]
OTKYRA
x=Vvlo—g), (1.14)
rae

= S0
¥ 3eq *
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KpHBbie, naomMie 3aBHCHMOCTh. AMINIMTYAB OT 4YacTOTH, Hasbl-
‘BaloTeA amrmuwnnbmu KpHBbIMH. OHH HMRIOT BH, H300paKeHHHR
Ha puC. 9.

- XapaKTep KpHBOH 3aBHCUT OT InaKa y (T.e. 3Haka ¢). B c.ny-
qae o< CHCTEMa HA3WBAETCH JKeCTKOH., B NPOTHBHOM CAYyYae CH-
cTeMa HA3LIBAETCA MATROH. DTH Ha3BaMHA CBA34HEE ¢ TeM, 4TO
ypaBHeHne (1.12) ™Mbl MOXeM HHTEDNPETHPOBATH K4K YpaBHeHMHe,

. OMHCHRAKILEE KoJaeSadne npy};{nuuaro

* . MaATHHKA
y<a i+F(z)=0,
rfe BO3BPAIIAMIAA CHAa TNPYXHHH
F(z) raxosa:
. - F(2) =0 — sad,
0. @ -

TpancuesientHoe ypasrerue (1.10)

Puc. 19. MOMET COBCeM He HMerTh JeilCTRUTENb-

HEIX pellenHd. D10 GyRerT 03HauaThb, 4To

B-CHCTEME CTAUHOHApPHEIE. KoJeGaHHR HEBO3MOXHBL. YpaBueHue

(1.10) mOXeT HMMETh OLHO WJIN HECKOJNBKO pelleHull, B HeKOTOPBIX

cayyanx OHO YAOBAETBOPAETCH TOMKASCTBEHHO. TAK, HANPHMED, 06-

CTONT [EfI0, KOrfa ¢HCTeMa KoHcepBaTHBHA. B camoMm agene, B s1oM

caydae QYHKNHA @ 3aBHCHT TONBKO OT MEpPeMeHHOH Z, No3ToMy
ypasaenue (1.10)- npumer eng

,f @(xcos y)singdy=0. (1.15)
0 ’ :

Tak. kak sinygdy=—dcosy, T0 nea 3HAKOM HHTErpana CcToMT
foduuil AHPdepeHUHaT

J g(xcosy)sinydy= }!—- J @{x cos y) d (x cos y).
¢ . Q- :
O6o3na4uM yepeaz F (E) — HeonpegedeHHBIH HHTer paJ

E
FE=[omd.
4]

Toraa
pix 4

Jcp{xcosy)shydy: -
b

]

1
x

I 291
dF = —— F{xcosg}| =0,
L

L I—

T. e. ypaBHeHue (1.15) yloBaeTBOpsAETCS TOXJECTBEHHO [0 X,
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Hrak, teopus Bau-pep-IToas nospoaser ortbickusaTh npubian-
JKeHHBIe 3HAYCHHS aMIAHTYA CTAUHOHAPHBIX pellieHHH H, B 4acT-
HOCTH, pelluTh 3afad4y o0 aBTOKOAeOAHUAX, MPHYEM 3HAUEHHE aM-
MANTYAB, HaRJAEHHOE COrAacHO 3TOR Teopun, GVIeT TaKHM e, Kak
H 3HaueHne aMNANTYAb nepgoro npubanxenus B Teopun JlamyHo-
Ba — [lyaHkape, {ecian, pasymeerca, MeroA [lyankape B sTOoM cay-
gae npuMeHuM}. Ecnm e<0, 10 ¢ yBeNHueHHeM cMelleHEd BO3Bpa-
maplas CcHAa pacTeT (HecTKOCTh NpyXKHHB Bospacraer). Ecan
>0, To ¢ YReNHYeHHEM CMRIUeHHs BO3BpPAILAIOIAA CHTA YMEHb-
waercs. B nepBoM cAyuae cHCTeMa HAsHIBARTCH KEeCTKOH, BO BYO-
poM cayyae — MATKO{.

Te e Pe3yABTATH MBl MOANYUHANW, HCCAERYA YpaBHeHHe )Z_ifocp-
dunra metronom Jlanysnoea — Ilvankape u orpaswunsasck nep-
BHIMH TPeM#A NprbRHReHHAME.

6. Tipumep paspuierbX npaswx yacvei. Hemonvsosarne Merosia
BaH-pep-ITons paa uccnemosabnwa ypaBHeHus [woddunra Hac npu-
BeJIO K Pe3y/abTaTaM, KOTOPEe MOryT GHTh HoAYyYeHH MeToaom Jla-
nyuoBa., Ofmnako Meroa JlAnyHOBa NpHMEHMM TOMBKO K TEM 3aj4-
yaM, B KOTOPHIX TpaBbie YacTH YpaBHeHHH — aHAJHTHUECKHE

giz)
‘C'

'/-ﬂ' .
Y ] . g . . -7 ‘fl

L+

Pue. 20. " Pue. 21.

dynxurs. Meton Ban-gep-Tlona npuMenaM K ypasHenuam Gonee
ofmero tana, Hdaa Toro yrofm 3T0 nOKasaTbh, PAcCMOTPUM OLHH
npuMep, B KOTOPOM BO3MYUIAIOINAd CHAA ¢ He ABAMETCA aHadu-
THUYECKOH. _ ) ) .

Paccmorpum MasiTHHK, onHchiBaeMblfi ypasBaeHHeMm (1.1}, B Ko:

TOPOM YHKUMA tp(Z ) =9(2) HMeeT BHA, u3oGpaeHnslll Ha
puc. 20.

Bosapall.laloulaﬂ ChAa — QPYHKNHA F(z)— 22—3([;{2}-—-1130-
Gpaxena ua puc. 21. CocrasuM AAA 3TOR CUCTEMbl YKOPOUEHHbIE
ypaBHeHus Ban- nep -Moan. Tak Kar cHCTeMa KOHCEPBATHBHA, TO

q>;(x Jq:(xcosy)smydy 0 (1.16)

ChenopaTenbHo, aMOAHTYAa x==const. .



148 ACUMIITOTHYECKUE METOAB PASHEMEHWA ABWKEHMM (DA [1
BroiuncnuM nasee
+7
- 1
qag(x)a—g—-ﬂ—‘l.cp(xcosy)cosydy. (1.17)
-

PacemorpuM noapofuee dysExupo

¢*(y) =g@(xcosy),  x=const.

[IpegnonoxumM cHauana, UTO aMOAKTYAE, KOTOpHle HAC HHTEPECYIOT,
nocratoyHo Made x< d, Toraa, kax 3To BHAHO H3 puc. 20, p*(¥) =
=0 ana MOGEX ¥, NOCKONbKY B 5TOM ¢ayyae |z =x|cosy|<cx < d.
CnegoBaTesbho, Ha KonefaHua ¢ MaJdbIMH aMIJIMTY1aMH BO3MY-
UaoWwaa cuira ¢ ue 6VAeT OKa3blpaTh BAMUAHMA, H KoJeBaHHA Ha-
mero MaaTHHKa OyAyT COBNaAaTh ¢
OOBYHBIMH AHHEAHBIMH KOMeGaHH -
MH ¢ MOCTOAHHOH YacTOTOH F=uo.
Copcem HHaue G6yneT OOGCTOATD
Aeno Aas  KoJeSaHHB ¢ gocra-
TOYHO OONBIUHMH aMIJIHTYAaMH
x>d.
| Kak 310 BRAHO H3 pHe. 22,

TTINTIT

4’7@ ] 4;_

|
[
|
|

|
i : Is’ﬂ | i I (bygkuuﬂ tp*;(gfr)Holrjllpe,tll{i[.nh:l:Tca cae-
| | . | | AYIOLEHMH COOTHOUIEH :
-r| ¥y &% yei(—n ) o' =d+xcosy,
I; || -5%' -ﬂl jd_xy ¥y, 42 CP: =0,
1] bl ye(y, 43 fp‘=xcosy-—d.
y=yn v)  © =0,
Pue, 22, gy, n) ¢ =d+ xcosy.

3aech sHaYeHHs apTyMeHTa y; TakHe:

y1=arccos(—%}, yut_:(—n. __é_,n);
y2=arccos(-‘i—), yQE(——é-JI, 0);
y3=arccos(%), !y'aE(U. ';‘“J

g4=arccos(— %) ne (%n u).

[Mocae Toro Kak COCTABJAEHO BhIpakeHHe AAS ¢, JeTKO MOXHO
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BHIYHC/HTE §a(X)

th 20
o (X) =% [(d+-xcosy)cosydy+—2%=— _f (xcosy—d}cos ydy+
- ¥

E 4
+%J'(d+xcosy)cosydy.
2]
[IpoBOAA BHUHCASHNHS, NOJYTYHM

P (%)= ~215- { d[sin g, —sin g+ sin go=sin y] +
+ -g» [2n+ g+ ya— Ya— Yl +% [sin 2y, + sin 2g, — sin 2¢, — sin 2¢,].
O6o3nauum arccos-%- e=q; TOrjaa

h=—n—e), Pp=-0 =0 fg=n-—0a
Tlostomy '
ht+pm—h—p=—2at o= —2n+4arccos-§—.

Janee, HCHoAb3ys BHIPAXKEHHE ¥y, MH HalacMm, 4TO

siny = - FVE=F, sinp=- V-,
sin g = ¢ V-, singa =+ V= &,

Sin2§h=i—f - d2, sin 2y9=—% P—d
sin2p =+ 25 V- &, sin2y=— o VE- &L

Cofnpas BCe STH DESYJABTATH, NOJYUHM OKOHYATENBHO
, d
¢2(x)=§lt*{—% Vxi—d?+2x arccos%}. (1.18)

TakuM ofpasom, xKonedanne H3YYaEMOro HEJHHEHHOro OCUHANATO-
pa B pamkax Tteopun Bamn-gep-Iloas moxno paccmaTpusatbh Kak
KONE€6aHHE TAPMOHHYECKOTO MaATHHKA

Z=x cos Qf

¢ TMocToAHRGE dactoToft Q. OTanune o7 TapMOHHYECKOTo OCUHNdA-
TOPa COCTOHT JIHLUIE B TOM, 9TO HacToTa Q

Q(x) = 0~ 5o 2 (), o (L19)
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cornacHo (1.18}, 3aBHCHT OT AMIAHTYADL X

® IpH x4, .
Qx)= -
() @ '—'-Iriim—x- [2x arccos i - Vx2 dz} mpu xz=zd.

I'paduk 310/ 3aBHCHMOCTH NPHBeIeH Ha pHc. 23.

- PacCcMOTpeHHAaR HaMi CHCTeMa, COIJIAacHO BBeeHHOMY Onpefie-
JIEHHIO, ABIHETCA MAPKOH — ¢ YBeJAHYEHHEeM aMIIHTYAL Yacrota ee
Kone6anui YMeHbIIAETCH.

7. HuccanaTuBHan CHCTeMa. HepeuneM Tenepn K nayqeﬂnm Buc-

CUNATHBHLIX CHCTEM, T.@. CHCTEM, B KOTOPHIX TPOHCXOAMT pacced-
BaHHE JHEPTHH.

ﬂ - S PatcmorpuM ypasrenue Tuma (1.1)

Fta2z=cq(i). (1.20)
w lNonHan sHeprus MaATHHKA, ABHMKe-

) ||| —— HHE KOTOpOro ONMHCHIBAST YpaBHeiHe

| (1.20), onperenserca dopMynoi
4 @ E=1(+a%).

Pue. 23. Jaga rtoro urolul paccMaTpHBaeMas
' MexaHuyeckas cHcTeMa OBAA AMCCH-
narusuoﬁ T. €. AJA Toro 4TOOH BIOAE TPAeKTOPHMH NPOH3IBOAHAS

6bma OTPHLATENABHOR, AOCTATOMHO, UTOGH q}ynkuuﬂ q)(z) yao-
BJ'leTBOpHJ'Ia YCAOBHIO

sign @(Z) =—sign 2. (1.21)

daa pokasaTenbCcTBa BBIUHCIHM HpOHSBO,ELH}’IO mGIHOH :-JHepruH
B CHIY YPaBHEHUS (1.20)

L~ t5+ 0%z =epl2)2.
Ha ocnoBaunn {1.21) nonyumm '

dE
?I-<O'
PaccMorpum Tenepb Zas ypasHedma (1.20) ykopouyeHHBle ypam-
sernn (1.8). Oyukuun tpz(x) HMEEeT BHA

qag(x)m—j@(—meIny)cosydyﬁO (1.22)

TakumM o8pasom, LucCHNATHBRAA cHeTeMa Buga (1.20) ob6napaer
CBROOCTBOM H3OXPOHHOCTH — 4acTOT4 KoseGandil He 3asucnt o7
aMNAKRTYAH.
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3ror peaynbTaT HOCHT NPUONNWKEHHEIR XapakTep, NOCKOABKY
OH TMoayYeH He u3 moasoro ypasHedust {1.20), a Ha OCHOBaHHH uc-
c/efl0BaHuA NPHOJIMNKEHHBIX YpaBHEHHA BaH-aep-Tloas,
Buluncaum elne cpyﬂxumo ¢ (%)

mn -
- 1 . R
1 (X) =5 ftp('— xo sin y) sin y dy.
a

dyuxuus @(u), cornacho (1.21), oGnaxaer ¢cBOACTBOM
' S|gn @(—u)y=sign u.

Orciona cpasy Caeayer, 4To MOAHHTErpanbHOe Bmpameﬂne Beeraa
noaoxuTeAbHo, HUTag, dyskuua §;(x)- Bcerna mogoxuarenpna. Cne-

AOBATEALHO,

& e L5 (1.23)

Takum ofpasom, aMnauyyRa komelaHul X — MOHOTOHHO YOBBAWO-
wan dyuknua, Jlas onpefpenedus 3aBUCHMOCTH X(!) MBI [AOMEKHEL
NPORHTErPHPOBATE ¢lle HeMnHeRHoe ypaBHenne (1.23).

B kauecTBe npuMepa paccMOTPHM KoseBaHue MasTHHKA 1pH Ha-
HYHH MAJTOro BA3KOT0 TPeHHA

plz)= —ki.
Torma

k(ox

m.(x)=—f51n2ydy=

Usiterpupys 3atem ypasuende (1.23), nonyuum
' ekl
x=x5¢ 2,

rAe Xy — HauaJbHafd aMONHTYAA. Takum ofpasoM, ypasHeHust Ban-
nep-llons no3poasAloT NPeACTABHTE KoaelaTedbHbIi npouecc OIH-
chtBaeMulit ypapdennem (1.20}, B CAeAYiOUeM BuAe:

__ERt

L=xe 2 cosal. ’ (1.24)
Has toro ciyvasi, KorAa () =—*k2, X0polto M3BECTHO TOUHOE pe-
eHye .
o _r —k
z=xpe * cos]/ t—ef — 1. (1.25)

Conocrasasa (1.24) n (1.25), Mb BHAKM, 4TO OwWKlka, KOFOPAs
BOSHHKACT K3-3a 3aMEHM TOWHBIX yPaBHEHHIl YKOPOYECHHBIMH, HMeeT
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BTOPOH MOPAAOK MANOCTH MO OTHOWEHHIO K HHTEHCHBHOCTH BO3MY-
WenHf e

B kauecTBe BTOpOro mpuMepa paccMOTPHM safady o koaeGa-
HUH MafATHHKA B Cpele, CONPOTUBJEHHE KOTOPOH NPONOPLHOHAABHO
KBAMIPATY CKOPOCTH. YpPARHEHHe ABHKEHHT B 3TOM CJAyuae HMeeT
BHI

itea|Z|é+wlz=0,
T. e,
p(2) =—az|z|.

CocTaBuM NepeBoeé W3 YKOPOUeHHHX YypaBHeHu#d Bam-mep-llons.
[poseas HeoOX0AHMBE BHKIALKH, OAYYHM

doextor
3n

i=—¢

H, CAeA0BATEIBHO, 6}',.[[81“ HMETh CACAVIONIYIO 3aBHCHMOCTb aMIJIH-

TYilEl OT BPEMeHHu;

..
46wy

P

X=

8. AsTokoneGatennnan cucreMa, [TokaweM, xak meron Ban-nep-
[Mons MOXeT HCNONB3OBATBCA ANA OTHICKAHAA ABTOKO/AeGaTeNbHBIX
pexxumoBr, PaccmoTpnM ypaBHeHne Ban-aep-TTons

f4z=g(l — b2%)3. (1.26)

3TO ypaBHeHHe MH YiKe pacCMaTPHBAJM B MpeAbAyLIeiH riaase Me-
topoMm [lyankape. IMpumenum venepe meron Ban-aep-Tlona pas
OTHICKAHHA ero craupoHaprblx pewenunfi. CormacHo wuaaoHenHO#
TEOPHA ANA >TOTO HaM AOCTATOUHO BHIPA3HTL GYHKLHID §,{X)

2n
()=~ ?;?J(l —~bx?cos®y) xsin*y dy (1.27)
H ONPeAEAHTb KOPHU YDaBHEHHS
§1(x) =0.
Bugncnsa (1.27), Haxoaum
- bxt
ann=%{(%-1). (1.28)

Kopnn ypasrennsn (1.28) Syayr -
% =0, x3=2]/%. (1.29)
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Takum o6pazoM, ypasHeHne BaH-gep-Tlosa donyckaer apu b0
ABa CTALHOHAPHBIX PEXHMA: COCTOAHHE NOokod X= 0 H aBTCKOJE-
GaTeNbHEIH PeXKHM ¢ aMOAHTY.H0H

@—--2"/}.

Ecan &#<0, 10 eAHHCTBEHHHM CTAIHOHAPHBLIM pellieHneM Gymer co-
croAHue nekoa x = 0.

AnanorHYiLIA pesyAbTaT Ml YCTAHOBWIH paHee, HCMOAB3YA Me-
roa Flyankape. Meros Ban-zep-lIlosns noamosiser NoiyunTe TOT Xe
pe3yabrat, HO OOree SKOHOMHWM CrOcoBoM.

9. DKEHBAJEHTHAA JAHHEADHIAUHA B HOHCEDBATHBHMX CHCTEMAaX.
Ho cux nop mbl paccMaTpuBaAn KoaeGaTeNbHble CHCTEMbI

i+ F(z, ) =0, (1.30)
rae ¢yuruas F(2, 2} uMena sua
Fiz, Z)=wz —ep(z, 7). (1.31)

Metoa pewerus 3aa4 Teopun xoJebaHuf cyllecTBeHHbBIM Ofpa-
30M HCROAL30Ban ToT Gakt, ute dyakuua F(z, 7} bauska K JAHHeR-
Hoil. OHa OTARYAETCA OT w?Z TOJBKO UNEHAMH, NOPAAOK KOTOPBIX
paBed O (e). limenno 3sto oGerostens-

C¢TBO CJYKHAO HaM ONPasaaHueM Adaf Frz;

NpeACTaBAeHUs pelleHHa B QopMe z= P
=xC0syY, TAe ¥ H §— of — BENUUHHH,
MeLJeHHO MeHsomuecs, 3afgadyn TeopHy
koneGanu#, 8 KoTOpbix $yHKUHA F(z, i) z
ameer odopmy (1.31), ME ycaoBdaHCH
HA3bIBATb KBa3HAHHEeHHLIMA.

Ksasnnunefivaa TpakToBka 3afgaud
BIIOJIHE ONpaBlaHa, €C/JH pedyb HAET © Pnc. 24.
CHCTEM2X, ABHIKCHHE KOTOPLIX NPOHCXO-

INT MOA JeHCTBHEM CHJ, ABARAIOWMXCA aHANAHTHYSCKHMH (yHKIHA-
Ml (asopnx KoopiuHaT. Torla ¢yaxuuio F(z, Z) Bcersa MOXHO
NpeACTABHTE B BHAE

F(z, )=tk tageitanz?+... (1.32)

Kraannunefitag TpakToBKa (T.e. BOIMOMHOCTb MPEICTABHTL QYHK-
unio F B euae (1.31)) Oyaer o3HauaTh B STOM CAyYae TOABKO
04HO: Mbl OrpailuqHBaeMcAa PacCMOTPEeHHeM JHWb Majabix kodeBa-
Hufl, npH AONOAHHTENLHOM YCAOBHH, UTO HHTEHCHBHOCTbL CHJ, pac-
CeHBalOLHX SHEPTHIO, TAaKKe Mana,

[peanonoXxnm Ttemepb, 4I0 BO3BPAWIAWILAS CHAA HMEET BHA,
naobGpamennelii Ha puc. 24. Pyukums F(2) He ApaAercA amaxuTH-
yeckofi, CsefoBarenbHo, AA Hee He CYLIECTBYeT npeflcTabledns
(1.32). Ha nepsbifi Barasa kaXerca GecCMbICAERHBIM CaM BONpOC

e
&
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0 BO3MOKHOCTH H3YYeHHA KoAebauHil TaKOH cyUlecTBEHHO HeAHHER-
Hofl cHcTeMbl B paMKaX KBasulnnHeidro# rteopuu. C aApyroi cropo-
Hbl, ypaBaeuse (1.30) 1 B 3TOM Cayyae onHcbiBaeT KoaeGaTeabHbil
npouecc. Jiaa toro utofel B 3170M ySeAHTbCA, ROCTATOMHO YCTaHO-
BUTL, YTO ypaBHeHue (1.30) AOMYyCKaeT HHTErpan 3Hepryu

1., 1 1
=—2-2 +§V(2)=
2
rae ¢ — NpoM3BoabHad nocTosiHdasAs, a V= QJF (z2)dz, w no-

cTponTh a30ByIC MAOCKOCTE (puc. 25). Mot Bﬂ,IlHM uto hasorble
TPaeKTOPHH  paccMaTpHBAeMOH  CHCTeMEl
3aMKHYTHE, T, €. BCe peilleHusi ypaBHeHHs

i+F(z)=0. {(1.30")
nepuoauveckue. KavectBenumii xapartep
peruennii ypasuenua (1.30), ecrtecrsenuo,
HABOAHT Ha MbICAb O ULeAecooHpasHOCTH

ANMPOKCHMHDPOBAThL €T0 DEWICHHA BbpaiKe-
HHEM

z=x cos Q1, (1.33)

Foe X — HEKOTORAd NOCTOAHHAA. Bennunna

Q rakkKe TOCTOAHHAA, HO OHA JONMKHA 3a-

Puc. 25. BHCETb OT AMUAHTYAB X, TAK KAK CHCTEMA

(1.30) He 430XpOHHA M BpeMs TNOJHOTC

o6xona HioGpamalolued TOYKH ROKDYI Hayala KOOPAHWHAT BAOAR

$az0B0H TPAEKTOPHH 3ABUCHT OT MUAOKEeHHA $A30BOH TPAEKTOPHH.

dpyrumu cnoeaMmnr, Benuunna § ARoMKHa cuuTathes QyHKunel aM-
IAHTYABI

Q=0(x). - (1.34)

Takum 06pasoM, BONPOC O BO3MOMHOCTH aNNPOKCHMHPOBAThL pe-

merne ypaBHerua (1.30) eotpamennem (1.33) cBescs K BO3MOX-

HOCTH OnpeAeauTs HaaseKalluM obpasom @yHkumo {1.34).
®yuxuna (1.33) yaoeretBopAeT YPaBHEHHIO

£+Q2=0, - (1.35)

onuchBatolteMy KoNeGaTEe/IBHEI KBHKERHA MOJ ARHCTBHEM BO3Bpa-
WAOWER CAADBI
. Qz(x]z=s’2_’(x)xcos Qx)t.

Pyuruns F(2) B 5TOM Ciydae UMEET BHA F(x cos Qf), 1. e, apaner-
CA YeTHQH nepuojuyeckolt ¢ynruued BpeMQHH H MOXeT ObiTk pas-
AOKeHa B pAn Dyphe

F{z)=a¢(x) cos Qi+ az{x) cos 2Q/ +.. ., (1.36)
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rie
= 2—]n I F(xcosy)cosydy. .
(]

ﬁonomam Tenepb : _
) ' Flz)=@(x)z—ep(2) {1.37)

0 noxbepem GyHxmuio L{x) Tax, YTOOH. . pemeﬂue YKOPOUEHHLIX
YDaBHEHHE ANA CAY4uas, KOTAa q)ym(uuﬂ F(z) umeer supg (1.37),
coBnanaiao 6o ¢ peutendHeM ypasHenus (1.35). Jlerko suRers, 4TO
A1 37070 LOCTATOYHO NPHHATH

. DB (x) cx=ay(x), (1 38)
OTKY]JA . _
Q{x)= 5‘;("—}..

B camoM nené, B 3TOM cAyuac
ep{2) = — [as(x}cos 2y + az{x)ecos 3y + ...]
CaenoBareapho;

ey (x) = - fq:(xcosy)cosydy 0,

T. &
g==2xx).

I/’.[Tax buKcHpYd aMOAHTYAY X, Mbl HAXOHHM qac*ro*ry IKBHBASEHT~
HbIX MuHelHbX KoneGanui no dopmyne

Q(x)= % I F {x cos y) cos y dy. (1.387
ﬂ .

3ra ¢opmyja ONPefensieT 3aBHCHMOCTb YacTOTH KoAeGaHuit oT
aMIJIATYbL.

Hrtak, MeTON IKBHBANEHTHOR JHHEAPU3AUHMH COCTOMT B 3aMeHe
ypaedenna (1.30) qinnehnbiM ypaenexneM (1.35), rae Q(x) maerca
dopmynod (1.38). HanmoMuuM, 9T0 aMNAMTYNAa X 34eCh CYHTAETCA
3a7aHHOR NOCTOSHHOR,

MeTofbl SKBHBANCHTHON JAHHEAPH3AUMH paspaboranbl cefiuac
He TOJXBKO AN KOHcepBATHBHLIX cHereM. [loipoGHoe manokenne
3THX BONpocoB coaepxurtcea B moHorpadpun H. H. Boromwotosa u-
10. A. Murponoabekoro ¥).

*} H H. Boroaw6op, 0. A Murpononsckui, AcHMATOTHYECKHS
MEYOAW § Teop:u HeMHBEARNX KONeCaHHH, tbuama"rrua, 1958,
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10. 3ameyanue 00 HCCAENOBAHMH YCToWYHROCTH. Merog Bau-
Aep-TToas NO3BOARET He TOABKQ OTHICKATh CTALUOHApPHBIE PEMHMDI,
HO W HM3yuutb XapaKrtep KonelaHMB CHCTEMBl B OKPECTHOCTH 3ITHX
PeRHMOB,

MycTh X% — HeXOTOpRLIA CTAUHOHAPHHIA DeXHM, W NYCTE B MO-
MeHT {=0 3HaueHHe aMINHTYAB He COBMNajaeT ¢ X*; TOria BO3HH-
KaeT 3anava o6 HCCAeNOBAHHKE MOBCACHHA aMNAHTYALI, eCcqaH OTKAD-
HEeHHE AMIVHTYAH 8X=Xx — x* 0T cTauHOHApHOrO 3HAYeRu% Hese-
JHKO.

CocTaBHM ypaBHeHHe B BapHAUMAX IA8 YKOPOYEHHHX ypasHe-
aui {1.8)

b — L 2UW) 5 (1.39)

o dx

Orciona cpa3ay CaedAyeT, uTo XaPakT1ep H3IMEHCHHA BCAHYHHAD bx

diix
onpelesieTes TOJNLKO 3HAKOM NPOHIBOAHON "'"q':';':{_)’ BEIYHC/IEHHO
dpy (x
AAs CTAUHOHADHOTO 3HaueHmua aMnuuryie x*. Ecau —%f—)-> 0, To

aMnauTyaa X yOLIBaeT W CTPEMHTCH K CBOEMY CTalHOHAapHOMY 3Ha-
YEHHIO, B TPOTHEBHOM cilvdae x(f) pacrer.

[TpoBeneHHBe PACCYHACHHR OYEHb YaCTO HaSHIBAIOT HCCASAORA-
HueM yerofiuuBoetH, OXHaKO YKOpOuUeHHBle ypaBHenHa BaH-aep-
[Moas aBafwTcd NPUOAHKEHHBIMH, 0 MBl dCC/IedyeM YCToilynBocTh
He HCXOJHQrQ Tpouecca, a HEKOToporoe pelleHHs ypaBHeHu# Bad-
aep-Tloan. Tem ue MeHee 3To paccyxaeHHe MomXeT ObTH odeHb Mo-
JIE3HEIM AJIS K3VUEHHA TEHASHIHH H3IMEHEHHA X HA HEKOTOpOM KO-
neuHom (u, BooSule rOBOpH, AoCcTaTOuHO OONbIIOM) HHTEpPBafe Bpe-
MEeHH.

Chenyer 3aMeTdaTh, YTO 1pefsardaeMan NpoueAypa <HCCASAOBa-
HHA YCTONUMBOCTH» OueHb mpocra. Jas peutenns ponpoca o ycTo#-
YHBOCTH HAM JOCTATOYHO BBLIYHCJAHTL MPOH3BOAHYIO B TOYKE X=i¥*.

PacemoTrpuM, HampuMep, ypasuerwe (1.26). DyHruws d1(x)
onpenennerca dopMynoi

x [ bx?
¢x(x)=?(—4"' )
BruiyHCAHUM i s |
P2 —_—

Mm 3HaeM, uTO JBIKEHHE, KOTOPOE ONKMCHIBAETCA YPABHEHHEM
(1.26), uMeer ABe cTaUHOHapHbie TOUKA ¥=0n x =2 V 1/b. Tak xak

-
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TO DONOMEHHEe PaBHOBECHA x=0 HEYCTOI':I‘-IHBO. Briyncanm ganee

Taxkum o6pazoM, npeAeNbHBIA LUHUKA OKA3BIBZETCH  YCTOMYHBEIM,
¥paenenne (1.39) nerko aurerpupyerca
- e dp (x) }

6x—6x0exp{ T £t (1.41)
Dopmyna (1.41) Ham NaeT 3aKOH H3MEHEHHS AMINHTYALI B Cayuae
MaAblX OTKAOHEHH# OT CTanMoHapHoro pexuma. Crodb Xe MPoCTo
MOXKHO ONpPEAEIHTh HIMEHeHHE HacTOThl O BpeMeHeM. Jlaneapusys
BTOpOE H3 yparHeHHR (1.8), MBl onpeaenum

. . _ w B0y | P2 (x™ I (%) _ & d§ (x)
=00 +8x)=2(x)+ m.”’{ ’x. - ;x }exp{ 'é‘_é'x_t}'

{1.42)

rac
Q(x) =0 —-Z qu{x).

Gopmyaet (1.41) u (1.42) onuwchlBanT nepexoAHBIA Mpouecc OpH
MaJblX HaYalbHBIX OTKAOHEHHAX, JIAA u3YYeHHA NPOH3BOABHOTO
NePeXoIoro Npolecca M AOMKHE HAHTH YHCICHHOE pellenHe mep-
BOrO U3 ypapHenuit (1.8), uTo HaM JAacT 3aKOH H3MEHEHHH aMHAH-
TYAR. BTopoe B3 3THX ypaBHeHRmil MO3BOAHT TOTAa B8 ABHOM BHIE
BBIMHCJIHTL CKOPOCTb u3MeHeHud daspl =R (7).

§ 2. Meron Bar-pep-Tlonn B cHcremax,
ONHIKHX K KOHCEPBATHBHBIM

1. 3amena nepemennmx. Ban-gep-Tloab B erc nocaeioBaTedH
paspabotany sddexTHBHBIE METOLB HCCIEI0BAHHS KBA3HNHHEHHBIX
3ajlay Teopun xoiefaHufl. B sTom caywae nopoxpalmuM ABAAETCS
AuHefiHoe ypaBHeHHe. OAHAKO He TNPeACTABAAET CYILECTBEHHOTO
TPYAa pacnpocTpanuthk Metoh Ban-pep-Tloas Ha Gomee obniHe sa-
JadH TeOpHH HeaHHeltHbIX Koaebaruit. B stom naparpade mu 6y-
JeM H3yYatk KoneDaHHHd 8 cHCTeMaX, GNU3KUX K TIPOH3BOALHBIM
KOHCEePBATHBHLIM, KOTAa NOPOMAAIOWHAM ABASIETCS YyiHe HeKOTopoe
HeJnHefiHoe ypapHeHune. Mel yGemgumca, uTo B TOM CAY4Yae, Korfa
ero ofllee pelUeHHE U3BECTHO, pellleHHe HCXOXHOTO YPaBHEHHA MO-
#eT OHITH NOJAYYEHO TPH MOMOLH CTAHAAPTHBIX DACCYXKASHHH npe-
Apinyllero maparpada.

Hrak, paccMOTPHM ypaBHeHHeE

i+ (2) =eq(2i), (@.1y
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rae e — maawil napamerp. [lopoxpaioluM ypaBHeHHEeM ABAAETCH
i4+f{z) =0. ' (2.2)

Otnocatenbao ypasHeHna (2.2) Syzem npexmoaarath, uto ero o6-
IMHA HHTEFPA] HAaM U3BecTeH H MoXeT OBIT: BHINKCAH B ABHOM BUIe

z2=Q*(x, {+1), (23)

rae x H f; — NPOH3BOAbLHBIE NocTosHnble. Kpome Toro, Mu 6y11em
cunrath, uro f(0) =0, u paceMatpuBaTh TY obaacTh hasoBLIX Nepe-
MEHHBIX, B KOTOpOIl BCe pelleHHd ypaBienus {2.2) — nepuoanye-
CKHe {pyuxuuﬂ BDEMEHH.

Hrak, dyskuna Q* Gynmer nepuoiauueckoii dpyHkumeli ¢ nepuo-
za T. Hepuon Gyner sasucers (B oflieM cydae) oT mOCTOAHHON
X, KOTOPYIO MBI YC1OBHMCAl HA3BIBaTh aMIAuTYAOH. Jasa roro ytodu
HMeTh 1e10 C (YHKUMER ONHOTO nNepHoIa, BBEJIEM HOBYIO Mepe-
MEHHYK)

y=w(x) ({+1t).

31ece MHOMHTEAb ©(x) BHOpaH TakHM o6pasoM, uToSwm GyHKIUR
Q(x) y) =Q¥(xs r_l_fﬂ)

Gbliia mepHOAHUeCKOH NO § mepHolda 21 ITHM YCAOBHEM BeHYHHA
o{x} onpepenserca opHosHauHo. OHa ABASETCA HOPMHUPYIOLIHM
MHOMATeneM, 1o anajsorny C AHHENHBIMH CHCTEMaMH YCHOBHUMCH
HasblBATh €e YyacToTol, a ¥ — dasof. .

3amerum, uto dbyHKUHT Q (X, ¥} TOMAECTBEHHO, T. €, NPk NOGHIX
3HAYEHHAX X W Ly, . YAOBAETBOPAET NOPOMKAAKINEMY YPABHEHHIO
(2.2). Tagkum oGpazom,

£+ (2) = 02Qy +F(Q) =0 (2.4)

~ [Nepeuifl mar npn peaausauun mMetofa Bau-mep-flona cocrour
B-3aMeHE OLHOIO YDARHEHHA BTOPOro NOPAAKA CHCTEMON ABYX ypas-
HewHil nepBoro mopsdxa. Jam 3TOr0 HCMOAB3YETCHA KAACCHUECKAN
MEeTOJ BApHAlHH NPOH3BOJIbHBIX NIOCTOAHHBIX.

* B kavecTBe 1OBLIX NepeMedHLIX B NpedblayleM Raparpade Mu
HCIOAL30BANH AMIANTYAY. M $a3y. TOUHO Tak Ke Mbl MO}KEM no-
CTY(HTE H B AaHHOM cayyae. Hrak, mbl HMBEM '

2=Q(x, p). (25)
[Tongwuam, KpoMe 1oro, T
=aQy{x, ¥). (26)
Papelicisa (2.5) " (2.6) 'onpe;le.rtﬂior saMeny nepemeHnbX. Cocra-
BHM TENEph ypaBHeHusa, KOTOPbIM YAOBAETROPAIGT -HOBHE HepeMeH-
upig. updeperwpys (2.5) v npupashnsas NOAYYEHHOE BbIDaKe-
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HHE BRpaXeHuo. (2.6), cocTaBEM NepBOe H3 .COOTHOWISHH MexXAy
NPOH3B0AHBIMH HOBHX [EPEeMEHHDBIX

DTo ypaBheHue npeicTasaser coGOH YCAOBHE COBMECTHOCTH onpe-

aenennii (2.5} n (2.6). Bropoe ypabuelne HOAY4HM, (OICTABNASA
supaxeHne (2.6) B ypasHeHne (2.1):

(Qyo’ + 0Qu, )8+ 0§ Quy+1(Q) =29 (Q. 0Q,), (2.8)

o de(x
rie o’ 03HAYaeT NPOHIBOAHYIO % .

Cucrema (2.7), (2.8) npeficTaBaner cobol cyucremy AByx And-
depeHUHAABHLIX YPaBHeHHH OTHOCHTeNbHO QyHKuui x # 4 Ias
AafibHefluero HaM Hajmgo pa3pelliuTk 3TH YPaBHEHHS OTHOCHTENBHO
UPOH3BOAHEIX & W g. Tlocae OMeBWANBIX NpeoOpasoBaHuR NOAYYHM

x [[Qwa - Qnyv] e—o'Ql) ~
. - {(szyy + f (Q)} Qy == S{P(Qr "’Qy) Qy’-
y [Qim’ —e [Qwa - Qwa]] -
~ {0Q, (0'Qy + 0Q,) + [ (@) Q= — e0(Q, 0Q,} Q.
Brenaem 0603HaueHRE
A=[QQ,—Q,Q,|0—oQ]

Janee saMeuaem, yto B.CHAY Toxaectsa (2.4) Bropas ¢urypHas
ckoOKa B NepBOM M3 ypaBHeHul (2.9) pasHa Hynrio. TouHOo Tak XKe
MoKeT GHTh YDPOIlleHO BTOpoe cjaraemMoe BO BTOPOM H3 ypaBie-
Huft (2.9). dAs 3TOT0 MBI 32MeHEM (hYHKIHIO f(Q) ee Bblpa}l{eH‘HEM

uz (2.4)
f(Q) =—uw Quy:
TOrLA TOJAYYHM

oQ,(@'Q, + 0Q,,) +f(Q] Q,=o[w'Q:+ w(QwQ —Q,Q,)] = —eb.

Hrak, cnerema (2.9) MoxeT 6uITh Teeph MepenAcaHa. B BHI@

t=—10Qy I=0x)+ 5 9Q, (2.10)

Cucrema ABYX ypaBHeHHR mepBoro mopaika (2.10) 3KBHB&JIEHTH4
HCXOAHOMY YpaBHEHHIo BTopore noepagka (2.1) *)

2. ¥kopoueHHuie ypasuenns. Cuctema (2.10) cosepmieHko ana-
noruuHa cucteme (1.7). TMopolno efl oHa TakKe npegcTaBafer co-
Goll cuctemy ¢ ppamalomeiica dasoh. Ee npasbie qacru ABAAITEH

(2.9)

*} ME npepnoRdraid, 4To GYHKRMA  ABARETCA NEPHOOAYCKOH. Onn By-
sona ypasuenudi -(2.f0) sto npeancacenue ne Tpeébyerca, 3ameda (2.5), (2:6)
Hac TMPHRETET K YpABHeHRAM (2.10), KaKoen 65 WH OblMH $yHKUAYM Q@ H ©.
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flepHOJAULECKHMH GYRRIHAMN ¥ nepuoda 2, NOCKOMLKY TAKOBBIMH,
10 MpeAnooKeHuto, ABTAETCH DYHKIWA @ # ee YacTHHE APOH3BOA-
Hpe. CAenoBaTenbHo, AMIA HCCAENOBAHHA ITOH CHCTEMBl MBI MOMEM
npuMeHATh paccy#kienna Ban-gep-Tlona u samenute cucremy (2.10)
YKODOUCHHBIMH YPaBHEHMAMH, KOTOPHIE B PACCMATPHBACMOM CAYyvae
6VIyT HMeTh CleAyICLIHA BUA:

n
e
2mA L
2.11)
g= m(xJ+ J¢Qxdy
ITpu eeinuckiBanun cueteMel (2.11) Mel BbiHecan ¢yHKUHKD A n3-
noj 3Haka HHTerpaia. Msl He cienaanm npu 3ToM OWIMOKH, NO-
CKONBKY, KaK Mbl cefiyac nokaXKeM, PyHKUHA A He 3aBHMCHT OT ne-
pPeMeHHOR .
Jlemma, DPyaxyus A 3a6ucur TOALKO OT 0OHOU He3a8UCUMOL
nepeMeHnoll — OT amnAuTYdbL X.

Jlns nokazaTesqbCTBA BHIMHINEGM BWPaXKeHHe NOAHOH SHEPCHH MO-
POAAIILEH CHCTEMB

=%+J‘zf (2) dz.

Han, dcnosbsyn obuiuil MATECpPAn 1OPOKAAIOLIETD ypanueuuam
cbyHKumo Q(x, y), noayduM

E=}o Q?+ff(Q)dQ

Ho d¢yHkuus Q yaoejersopset ypasHeruto (2.4)
@’Q,, +f(Q)=0

Aans ao6ux x. flostomy, suumncass Egy, GydeM nmeTs
q
E,=0°Q,Qp + 5 | 110040 5L = 0, (67Q,, +1(Q)) =0.
L}

Cnegopartenbno, pyHknua F He 3aBHcHT OT $ashl g, OHa 3ABHCHT
TOMbKO OF AMIOAMTYAH X, E=E(x). OTciofa cleayeT, UTo H A TaKkKe
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He 3aBHCHT oT (a3n g B camom nene, nocaeansn senuuuua CBA-
3aHa ¢ BeJHUHHOH E QueHb NMPOCTHIM COOTHOUIeHHEM. Bhivucaum

q
E=2| 3oz + | 1@ d0) = 0ot + 0%0,Q,, + Q7 (Q)-
a

3amensn f(Q) ero BHpamenneM Ha (2.4), HoaAyuwuUM
E,=—o{]lQQ,— QnyyJ o= o'Qj} =~ ox)4,

OTKYAd Cpa3y cAenyeT, YTe Belr4HHa A -sBAserca ¢yHKUHed oanoi
TQABKQ aMVIHTYARI X.

Hrak, MH nokasanu, 410 AAA HelHHeHHOro YpaBHEHHSl BTODOTO
NOpAAKa Takie MOTYT OBITHL COCTABMCHH VKOPOUEHHEie YPaBHEHHA
Ban-gep-TTons, ec/iH TOMbKO B HAEM PACHOPHMKEHAH €CTh HATErPAN
NOpoXKZAWEre ypablieHus (TOUHBIE WK NpHOINXKeHHDBI).

3. NMpumep. PaccMoTpHM B KavecTBe NpuUMepa 5aaavy o JAHKel-
HOM INeMn(iHpoBaHHH He HHelHnx kKonebanui. [lyeTs NBHIKeHpe
OMHCHIBAETCS] YPABHEHHEM

i+f(z)= —ecz,

rRe ¢-— HEeKOTODas NOMOXKHTENbHaA MOCTOAHHaA. 10 ypaBHerue
SABJAAETCA YaCTHHIM CAYYaeM pacCMOTPEHHOro BHILE YpaBHEHHA
(2.1), korza yHRIHA @2, 2) =—ci=—cw(},. Hannwem pas sroit
3afaUd TEPBOE H3 YKOPOYEHHBIX ypaBHEHH{

n
£2cm

2o [ gt ay. 2.12)

0

}2=

B aB#OM BuAe MBI He MOXEM NPOHHTErPHPOBATL B oflueM ciyuae
3TO ypaBHEHHe, HO MOMEM CAenaTh HekOTopHe sawmwuyenus. Huarte-
rpan B ypaBHedun {2.12) — Breria nonOMKUTENBHOE YHCIO

[Qtay=0(5)>0.
J

Danee, @(x)>>0 no cMmulcay csoero onpenenedus, Tenepb OTMETHM,
4TO X — 3TO HEKOTOPOE HOROe nepeMeHHoe, koTopoe npu £=0 npe-
BpalllaeTcs B MNOCTOAHHYIO HHTErPHPOBAHHA TOPOXIAIGHIETC Ypap-
HeEHHA, MB Ha3BaaAW ee YCAOBHO AMIVIHTYAOR 1O 4HANOTHH ¢ TeO-
pHell auHeiinbix konebannil. B 3TOM ecThb onpefeNeHHBI CMBIC.
B camoM aAene, MLl TOJNbKO YTO YCTAHOBHMAH, YTO [10/HZA IHEPTHA
NMOPOMAAKIErO YPaBHEHHA SABHCHT TONLKO OT 3TOH NOCTOAHHON.
3HauyuT TOUHO TaK e, KaK aMIVIHTYAa B JUHeAHHX kodebadunx,
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HMEHHO 3T4 NOCTOAHHAN HAM J106asd ee OIHO3Ha4YHAR PYHKHMA Of-
peaeAnOT 3HeprHK cucreMpl. CaeaoBaTeabHo, oHa Hrpaer TY e
POJib, UTO B AMILIUTYAA,

[TpeanonoxXuM Tenepb, UTO B HAYATLHbBIH MOMEHT BpeMeHU BHEP-
rHA F B cHCTEMe Obila PABHA HEKOTOPOMY 3HAWEHHIO E,, H BYCTb
B TeUeHNe HEKQTOPOrg BpPeMeHH OHa HaXOOWfach nold AeliCTBHEM

AUCCHIATHBHOR CHAL! ¢p= ~— £CZ. BBIYMCIHM NpPOH3BOALYIO B CHAY
YKOPOUEHHHX YpaBHeHWd (2.12), npuHHMaa BO BHUMaHuHe Hafmed-
HOe BBIILe BhipaKeHHe £,= — w(X)A:

dE . . Bcw?

T =Ed=—eli=— - D{x) <0, (2.13)

CrnenoBatefbHo, 01 ACACTBHEM CHJB @= -— gCi SHEPTHUH CHCTEMB
HenpepLiBHo YOLIBAeT.

dopmyna {2.13) nosBoaser 4 KamAoro PHKCHPOBAHHOIO 3HA-
YEHHS RAMIAATYIL» & ONPeAEAHTL C¢KopocTh YOWBaHHA SHEPrHN,
Urto Kacaercs BeJHUHHBE <aMMAHTYAEL® ¥, TO OHA B 3TOM Caydae
MOXeT H He YOBBaThH, XapakTep H3IMeHEHHN 3TON BEAHYMHL, KAK
3T0 caeldyer H3 ypasHeHusa (2.12), ompenennercda TOJAbKO 3HaKOM
A(x}. 310 06CTOATENRCTBO MOZUEPKHBAST TOT $aKT, uro PH3IHUe-
CKHI CMbICH £AMITHTYAB» MOXeT He¢ HMETh HHXKAKOro OTHOUWIEHHA
K MAKCHMAJBHOMY OTKMOHEHHIO OT MOJOMEHHA DaBHOBECHS, KOTO-
poe Bcerfa yOHIBaeT noA AeHCTBHEM HHCCHNATHBHON CHABI,

4. \pyroit noaxoa K pewennio TOR xe 3apaun. B stom naparpa-
Gbe MH RINOKHIH ecTeCTBeHloe 0GobleHue MeTona Bau-pep-floaa
Ha KAace 3ajay4, KOTOPble MOKHO Ha3BaTh CYLIECTBEHHO HEMHHEH-
HBIMH. Mbl BReJIH aHAMOPH aMAJANTYEB H a3kl U COCTABHAE YDaB-
HEHHA, KOTOPBLIM JOJMHBM YAOBASCTBOPHTE 3TH BeJAHUYHHGBL ,H,Jlﬂ
BHIBOOA HAWMHX ypaBHeHHﬁ MBI BOCMCGALIOBAAHCE CTaHﬂ.apTHOﬁ npo-
uenypoit BapbipOBAHHA NPOHIBOJEHLHIX NOCTOAHHBIX. Bee 3TH pac-
CYHeHHA OCHOBLIBAJANCH HA NPEANONONEHHH O TOM, YTO HHTErpaj
NMOPOXKAAOUEr0 YpaBHEeHUS HaM H3BECTeH B BHAE, Pa3spelleRHOM
OTHOCHTE/IbHO HeH3BECTHOH (PYHKUHH

2=Q(x, t+1,). (2.14)

ITopoxnawtiee ypasuenne (2.2) — 310 ofitiee HeauneiiHoe ypasHe-
Hue BTOPOTO [OPAAXKE, He Colepikallee mepeol npoussonHoil. Oba
ero HHTCrpasta Moryt 6biTe Beera BHIMHCAHLL B GoOpMe KBaAparyp.
OnHako fAproe BbipaKedue (2.14) Moxer OHTh MOAYYEHO TO/LKO
B HCKAWOHTE/AbHRBIX CAYUAAX.

BosmoxkKHbl 1BA RYTH NpeonofeHdA 3toft Tpyanrocty. [lepRhifi —
cTpouTh npHOAMXenHBe npeacTaBieHns AnA QyHkumpu Q(x, 1),
Has storo MLl MOMKeM, HaNPHMCEP, PacCMaTPHBATE NOPOKIAIOULES
ypapaenne (2.2) Kax KBa3uAuHeNHOe H HAXOAMTh ero oGulAil uH-
TErpan TeM HAH HHBIM CMoco0oM, B YACTHOCTH METOAOM OCpelHe-
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nin. Takofl MoAxXoA NpHrojien TOJAbKO AAA CAY4adw MAJbIX 3HEPrui.
Bropas BO3MOMKHOCTE COCTOMT B cAeAyioWeM (oHa InpelsoxKeHa
B. M. BoJlocosbiM} *).

[TopomAawiee ypaBHeHue (2.2) jpomycxaer cleayolllHe HHTe-
rpadsbl:

Z2rU(@D)=a,

o (2.15)

= T {a) -[ Va-Ul{z) T (a) +const =B,

rme
Ut)=2 [ f()de.

[IpHMeM B Ka4decTBE HOBLIX NEPeMEHHHIX TPH H3YUeHWM ypaBHe-
nua (2.1) seamuuubl @ H P. OHH XapakTepH3yiT KoaeGatenblibil
NpoOLECC € TOH >XKe NOAHOTOH, UTO M BEJHYMHB! X M Y, NPHHATHE B
stoMm naparpade. Ho, anddepenunpya (2.15), B cuay ypaBHeHHA
(2.1) Mm Bcerga MOMKEM COCTABHTb ypasHeHHs janu o ¥ f. [dan
3TOr0, KaK YBHJAMM, HaM He HA/0 ABHOrO NpPeACTaBAEHHS pelleHHH
B BuAe z=Q{(x, {). HUrax,

a=2:2+50 2

HO
pe=— @4 epz ), 2-=2),
TIO3TOMY
a=2ep(z, Va—U@) Ve—Ulz). (2.15)
AHaNOra440 HAXOIHM
p=Srit Sha=pm+2 el Vam U@ Va-T0.

[TockoabKy z aABAsieTca nepﬂonﬂuecxoﬁ M0 BPeMeHH, TC 3THM CBOH-
cTBoM ofBnagaer H BeawuHHa f. [TosroMy Mel MoXeM MNPOBECTH
ycpejHeHHE 1paBblX YacTed 3THX ypasHenudl no b

Bn+T

= T2{i} J QJ‘L(I"U(Z)dﬁ,
Bo
bor 2.16)
1 %e, Ny
b= Tt Tw | woVe-UE®

]

rae T (o) — nepuoa pyuxuun z{{+4, o).

*) B. M. Boaecop, HekoTopme BAAR PAaCUeTOB B TEOPHIL HEMRHEAHBIX
koneSanufl, cBAsARELX ¢ chermenuen AypHat BENMUCAHTENBHON MaTemaTHxy H
maTemathdeckoil dusnra, Ne 1, 1963,
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B tom eujle, B KAKOM M NOJYUIIH CHCTeMY ypasHenuft {2.16),
ee PLie Helb3d HEmOCPeICTBEHHO HCMOJAb30BATH AAA MCC/EN0BaHURA
ypasdedna (2.1), OOCKOABLKY B NPaBylo 4HaCTb BXOAHT (PYHKUHA
2{ot, §), umurerpupopabHe Befercd no B, a CBA3L MEXKAY STHMH

BeIMUUHAMH B ABHOM BHIE HaM He 3afla-

¢ Ha. Hop, ucHONb3y® WHTErpan suepriu

I % (2.15), Mbl MOMKEM nepeiiTH B ypaBHElMAX

i (2.16) oT HHTerpupoBaHHA MO HepeMeHHO-

> MY P K AHTerpHpOBAHAIO NO NepeMeHHCMY

z. /lng Toro uTOOB MpPOAEAATH HEOOXOIM-
Mbl€ BLIKAANKHK, 33METHM, 9T

N

dz=Va—U(z)ds —B Bepxueil noJaynao-
CKOCTH ¢ a30B0H MJAOCKOCTH

\l- H
- 2 »

_/ dz = — YVa— U (z)dp — B umxueli nosynao-

CKOCTH.
Puc. 26. B camom aeae, (cMm. puc. 26}, naobpamalo-
mas TOUKA JBHKETCA BAOJh ¢azopo
TPASKTOPHA MO 4acOBOH CTpesiKe, H CNEAQBATENALHO, B BepXHedl no-
AynaockocTH dz>>0, a B HxkHelt dz<0. . :
HmMes B BHAY 3T0 06CTOATENBLCTRO, NepenumicM ypagienna (2.16)
B CAeAVIOLIEM BuIe: .

——— il
M.

0

z z
. 2 .
a=T1) j'cp(z, é)dz—_[cp(z_z)dz ,
z z

5 . (2.17)
_ 28 i p
ﬂ‘Tm+T®‘IWH”‘JW£“°

Mepenii u3 unrerpanoe Gepetca No BepxHell BeTBH (a3cBOH Tpaek-
Topru (T. e. BAOAB TOH BeTBH, rae Beanuuda 3=Veo— U (2)),
a BTOPOH — BOAb HIKKEe! BeTBY (T. 6. TAe 2= — Va— U (2) ).

B ypasuenuax (2.17) nosBuiuCb HOBMIE BEJIMYHHBI 2 H ¥ —

MEKCHMATBHOE H MHHHMAJILHOE OTKAOHEHHA OT MOJ0XeHH? NasHO-
Becufl. 3aMeTHM MpeXae BCETO, YTO 3TH BEAWYUHB HE HE3ABHCHMEL
HM OTBeYaeT QAHO M TO XKe 3HAUEHHE NOTEHUHAABHON 3nepruu U(z)

U(z) =U () =a. - (2.18)
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Ilanee BMecTO PHEPruM « yAOGHO B3ATH B KAYeCTBe NEPEMERHOrD
OJHY H3 3THX BeJiHYHH, Hanpumep Z. Torda Ha ocHoBaHuw {2.18)

.

&= (%)2_25 =% @)z

H DO3TOMY YpaBHEeHHe st T GYAeT TAKUM!

3 z
= e (2, 2) _J‘q:(z.é}
Py | Sl I i@ (2.19)
z z
3aMmeyan ewe, uTo
% _ 9% o=
a5 =30 @)

MHL MOXeM aHANOTHYHLEIM oO0pa3oM npeoGpas3cBaTh W BTOpPOe H3
ypaBHeHk# (2.17)

[3=1+—T—(£—?(2—)— J@(z.é)dz-Jm(z,i}dz . {2.20)

B cuereme ypasHenuft (2.19), (2.20) nepuoa T(F)} raxxe onpese-
JIRETCA KBaApaTypamu

-4

r{z)=f = néf — . @2

¥pasHenue (2.19) onpeaenner WaM 3aKOH H3IMEHeHHA MaKCHMafb-
HOTQ OTKJAOHEHHA CHCTEMbBl OT [MOAOKeHHA pasiioBecHs. [ToayueHnHble
BHIpAMEHHA MOKA3LIBAIOT, UTO 5TA BAXHAf XAPAKTEPHCTHKA MONKET
GuiTh Hafilena Ges SHaHHA oﬁmero HHTerpana nopomIawIero ypas-
Henua.,

BouHc/ieHHA 3HAYUTENLHO YOPOULAOTCA, €ChH KosebaHnra cHM-
METPHYHE. B 3TOM cayuae HeT HeoGXQAMMOCTH ONPelefifiTh pelle-
Hue TpaHCUeHACHTHOro ypabHeHus (2.18), Tak Kak

z=73.
Hanomennasd 3fech C¢XeMa pacCyXpeHufi Y:Ke HCNO/JAB30BAJAaCh B
§ | anst kBasuauHefiHbix ypasHenn#. Oanako B 3TOM cydae oua
NpUBOAMAA TOARKO K YNPOUIEHHIC BHIBONA YypasHeHnlt Bau-nep-
[Tous, HHUErO He MeHAR 1Mo cyilectsy. B ofllem ciyyae Henpueei-
HHX ypaBHeHHi paccyxiaennsa B. M. Bosocoea nossoasior OOAYYHTE
KauecTBEHHO HOBBIE Pe3yibTaThl.
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5. Mpumeuawnsn. 1) Mbl NpeInonOKHAM, uTo GYHRUMA Q fe-
puogdueckaa, Jlia MOCTpoeHHN YKOPOYeHHHIX yvpaBHenuid Bau-apep-
[Tosa Mbl dcnoab3oBann Gosee cnaboe Npeanono:XKenpe O TOM, YTO
TePHOAHMECKHMH (PYHKUNAME  $as3bl — NepeMeHHOro ¢ ABAAKTCA
Npou3RoAHBE Q. U Q. [Mo3TOMY HINOMEHHBH METOI MoXer ObITh
pacnpocTpaded Ha Gofee CAOMHDIE CAYYaH H, B YACTHOCTH, OH MO-
XeT ObiTh HCOOIb30BAH {IPH H3YYEHHE HE TOMBKO KoaelaTe/IbHBIX,
HC H, KaK Mbl YBHIHM HHie, BpallaTebHBIX ABHKEHHHA HeAHHed-
HOTO MaATHHKA,

2} B aroM maparpade Ouifo nokazaHo, KakAM o0pa3oM MeTol
Ban-pep-Ilons momer ObiThb HCMOAB30BAH A HW3Y4eHHA cCylle-
CTBEHHO HeaudeAnnx koneGauufi. Mer paccmortpens cayuwafi wos-
cepBaTHBHBIX cHeTeM. CoBepUIeHHO ZHAJOTHUHO MOXeT OBITh pac-
CMOTpeH H O0WME cayuall cucreM, GaH3KHX K cHeTeMaM [aMuUk-
TOHa, H eule (oaee LWMPOKHA Klacc 3afad, AONYCKAKILHX NEpBble
HHTeI‘paJTbI THIT& HHTEI‘paﬂa SHepI‘HH.

§ 3. CucteMnl ¢ MEAJIEHHBM BpeMeHeM

B atom naparpade Mol 6yAeM H3yuaTh CHCTEMB C MepPEMeHHBIMH
napaMerpami. [lepenle CyllecTBeRHble pesyabTaThl 3ITOH TEOPHH,
NONYyYeHHBlE METOAOM YCpefHewwn, npudaptexar 0. A, Mutpo-
MOABCKOMY, KOTOPOMY TAKMKE NPHHALJCHKHT EPBOE MaTeMaTHYECKOE
H3J0XKeHHe TeOpHH KoneSaHuii CHCTEM, MapaMeTPH KOTOPHLIX Med-
.neHHo HaMeHsoTes *).

. BoiBop YKOpOYEHHBIX YDABHEHHH, Paccuorpum TeNeps ypas-
HEHHE CAeLYIOWeEro nHIa:

i+f(z, 1) =e9(2, Z, 1), (3.1
rie T — «MelneHHoe ppeMa»: T=egf4const. Takum o6pasom, B oT-
aungue oT ypasienus (2.1) ypaBeeHuné (3.1) omucwBaer Koaefa-

TeflbHbie MPOUECCH B CHCTEME ¢ MeATeHHO MeHRIoWEMHCA napaMe-
rpamu. [Ipy e=0 ypapnenue (3.1) npespallaercH B NOpPOKAAIOLLEE

£+f(z‘ t) =0, : (32)
rje T — HeKOTOpan nocroAxHan.

Metoap, pasBuTHe B Npedbliyllem maparpade, Ges kagkui-iubo
cyilecTBEHHBIX H3MEHeHHH MOTYT OBITh UCIONAB30BaAHB AMA HCCAEHD-
BaHHA ypasHerua (3.1).

OOCwnii paTerpan NOpOXKAAIQIIero YPaBHeHHS, KAK W B TIpeH-
oyulem maparpade, GyneM CYHTATh HW3BECTHHIM, ONHAKO TENeph OH
Gyner 3aBUCETE HE TOJNBKO OT £ W Y, HO H OT DapaMerpa T

2=0Q(x, gy, 1),

*} lO A Mrrponoabckeil, [lpofaeMel ACHMNTOTAYECKOH TEODKH HeCTa-
uHonapuux woaebannit, «Haykas, M., 1964, .
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rie, Kak H paHblie, g=w(x, 1) ({4 4). 3aMeTuM npy »TOM, UTO Te-
nepb 4acroTa w OyleT (yHKUHel He TOJNbBKO AMIJHTYABR X, HO H
MeIEHHOTO BPEMEHH T: a=w (X, T).

®yuknua Q Oyaetr yACBNETBOPATL YPABHENHIO

0?Quy+1(Q) =0 (3.3)

TOMIASCTBEHHD NO X H T.
Taxk e, xak v B OpeabayiieM naparpade, petleHde ypaBlleHHA
(3.1) Gynem wckaTh B RHAe (2.5)

2=Q(x, y ), (2.5)
t—olx, 1Q,(x 4 T 2.5)

Zpyrimn caopaMH, BMECTO NEpeMeHHOH Z MBI BBelleM HOBbLIE
nepeMeHHBle X H y NPH NOMOILW pasencts (2.5') n (2.6°). Ypavie-
Hun (2.7) u (2.8} B HaweM cnyuae SYAYT UMETh CASAVIOWME BuA:

Qxi'"'ny —_ mQy"' BQ':‘_“O,
(mey+ ":'Qxy) £+ ")ngQ +F(Q, 7))+ S(G)TQy + ")er) = Eq.

Paspemas aTH ypaBHeHHdA OTHOCHTENbHO i M § H HCIOAB3YA Olpe-
henennst A 0 Toxmecteo (3.3), MH MmOAYuHM

A +elo, (Q.Q,,+R.Q,,)— 0Q]} = —2Q,,
- y& + oA+ e{w(Qthy - Qnyt) + meyQt - m-;Qny} = = eCPQx

HAH OKOHYATCABHO

g=— 2 {eQ, +Ei(x, v, D}
(3.9)

o ——

g=0x 1)+ 5 @+ E(x, 5 V),

g = 0(Q.Q,, — Q,«Q,) — 0.2,
Ge=w (Qthy - Qny-t) + meyQt - thny-

Cucrema (3.4) otnnuaerca ot cucteMsl (2.10) Awwb TeM, uto ee
npaBHe 4aCTH 3aBHCAT He TONbKO OT MEePeMeHHBIX X W f, T. €. He -
TOABKO OT aMOANTYAL B $asH, HO u oT BpemeHu. CyllecTsento,
OZHZKO, YTO TIpaBble YacTH ABJRIOTCH [0 YCAOBHID MENNEHHO W3-
MeHAOWHEMHCR €0 BpemeiteM. [losToMy oOcHoBHBle cooGpamenns
O BOZMOMHOCTH YCPeLUCHHA NPaBLIX uacTefdl MO MmepHoAY HEIMEHeHHA
SHCTPOl NepeMeHiol ocTaloTesl B CHAE, TAK Kak 3a BpeMs, B Teue-
Hue KOTOpPOro (aza d3medseTcs Ha 27, BeNHYHHA T H3Mensercd
Majno,

rae
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MTak, u B 3TOM cayyae Mbi TaKXKe CMOXKEM COCTABHTL CHCTEMY
YKOPOYEHHBIX YpaBHEHHA

-

x

[

n
— % [ o, + e an,
¢ o (3.5)
i=ol 0+ 5 [ (0. + 8 ay.
4]

Taxum o6pasom, npouenypa Ban-nep-Tlona dopmasbHO npHMERUMA
K CHCTEMAM ¢ MEAJCHHO MEHAIOIHHMECA NPABHIMKE YacTAMHA Npd yC-
Josud, uTo QyHKUHA Q (X, ¥, T) onuchiBaeT HEKOTOpHE KoaebaTenb-
HElE mpouece (T. e. npaBble YacTy CHeTeMBt {3.4) ABMAIOTCA NMepPHO-
dH49ecKHMH QYHKOMAMH <OBICTpofi» mepeMenHol y). B 3ToM caywae
Mbl MOXKEM 3aMeHHTb HCXOAHOe ypabHeuue (3.1) yxopoueHHBIMU —
cucremoit (3.5). _

2. Annabaruueckwe MHBAPHAHTH. B cucTeMax ¢ MeANeRHO Me-
HAIOWHMHCA NapaMeTpaMy PacCMaTPHBAlOTCS BeAHYHHB, HasblBae-
Mble aduadarunecKumic URBAPUARTAMU. _

[peanonoxum, yT0 HekoTOpan seamuuna f{x,y) apngerca Hu-
TerpajoM NOPOXAAWUIETO YDaBHeRHA. 3TO 3HAUMT, UTO NPOH3IBOA-
Kad di/dl, BoluncaeHHAA B CHAY NMOPOXKAAIILEr0 YpaBHEHHS, paBHa
HYJH0.

ITpeamonomum, uro cHerema (3.1) He nolpepkeHa AelicTBHIO
BHEIIHHX cHJ, T. e ®=0, H BHUHCAHM B TOM CAY4a& IPOH3BOA-
Hywo dffdi B chay ykopoueHHmX ypaBHeHuid Bau-mep-Tlons. B o6-
ieM chy4yae 3Ta BeNHYHHa OYNeT 3aBHCETh OT NMEpPeMeHHBX X H T
H, CACAOBATENBHO, 6YACT OTIHYHA OT HYAA opu e+,

YecnoBuMmes HasniBaTh PyHKUMIO {(X, ¥) aABaGaTHYCCKHM HHEA-
puantoM cucteMbl (3.1} OTHOCHTENILHO YKOPOYEHHLIX YpaBHEHA
Ban-gep-Tloaa, ecan ee mosHan npoH3BoAHas No BpeMeHH, BbIYHC-
JCHRAA B CHAY 3THX YPABHEHHH, PaBHA HYJIO.

Huxe Gyaer moxazauo, uro ypasHenua Bau-gep-TMoas onpepe-
AT pellieHde ¢ TouHoCTbIo Ao BeauunH OQ(e). CrexoBatensho, se-

anunay {(x, ¢, 1) wmbl HasbiBaem anuabaTHYECKHM HHBAPHAHTOM,
eCiu

dlf
-&?_Q(ek)i k> 1

Apyrumn ¢noBaMy, ajgHabaTHueckufl MHBAPHAHT — 9TO HEROTOpasn
YHKIHA aMIUTUTYAB -H asbl, KOTOPAs A3MEHReTCH MeaacuHee, He:
HeAH NaPAMETPL CUCTEMBL :
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3. Hurterpan meiicteus. PaccmorTpuM QYHKUMIO /(X, 1), onpeles
NECHHYI0 PABEHCTROM
o

Ix, = .2—‘“-5[ o (x, Y Q2 (x, g V) dy. (3.6)

Dyuknun. (3.6) HasWBaeTCR uxreapasom Selicreus. Cpoe Ha3Ba-
HHE 3TO BHWpaMeHHe OnpapablBaeT TeM, uTo /{X, T) ABIAETCA HH-
TErpanoM MoPoXBAIOLIErO YpaBHEHHA, B camomM aene, npn t=const
«aMIAATYAA® — BEAHUHHA TNOCTORHHAA, NosToMy B [(X, 1) Takke
ABJAETCA BOCTOSHHOM.

IToxaxeM, 4TO METerpan AeHCTBHA ABARETCA ANHADATHUECKHM
HHBapuantoM. s 3Toro HafiaeM NOAHYI NPOH3BOAHYIO NO Bpe-

MeHH
di

'Ei-=fxf+! E.

BeiygciiM yacTHble npousBoidbie [, v [, H mojcTaBHM HX B 370
Boipaxienue, B pesy.nbra're Mbl TIOJIY4HM

an

m
LI 3 I (0,02 +200,Q,,)dy + 3= | (&0, +20Q,0,)dy. G.7)
Q

[TpeoGpazyem sBTOpOR CAaraemoe B NePBOM HHTerpaje, IPOHHTETPH-
POBaB €ro 1o 4acTAM

211.

j QyQuy dy = QuQL 10" — [ QuuQ.dy.

0

Ho nepeoe caaraemoe pasHO HYAIO, NOCKOIBKY (@ — nepHoAHYecKan
dyHKUEA; C/Ae10BATEABHO,

n n
[ QR dy=— | QuQ.dy.
0 0

Hcnoapsya 3TO BHIPAXKEHHe, MBI MOMeM NDPeoGpasoBare nepseil

K3 WHTETPanoB, BXOAAUMX B NpaBylo uacTe (3.7)

o _

[ 2

L= 5 | (0,0 +200,0,)dy =

T 3 -
| 3

= Zn OJ {me;-m(Qwa— Q Q) dy-
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Ho 1o onpeaeneHHio
0 Q,—0(Q,Q,~ Qnyy) =-A

TaxuMm ofpazom,
n m
5o j (0,Q% +20Q,Q, ) dy = ~ %f&dy.
0 0

Beanyuna A oT paswt y He 3aBHCHT, MOITOMY
o

2 [ Qs+ 200,Q1) dy= — 2A.
o

AHANOrHYHO npoeeneM BHIUHCJASHHE BTOPOIG CjaraeMmoro
2n

o= e | (03 +20Q,Q,0) dy =
0

2 on
= 2_1 (0:Q) — ©QyyQs + 0Q,Qy:)dy = — ‘QE,; _[ Ei(x, g, 1) dy.
1]

8
Hrtak, okoHYATEBHO

n

di 5

W=-M—-§’;J§.{x, ¥, 1) dy. (3.8
1}

[Moncrasaasn B8 (3.8) Bupa)kenne pasa £, KOTOpOS Aaercd nepBHIM
n3 ypaeHeHH# (3.4)

an 2n
. =
x= 2nA {;["Q)dey A Of %I dy&

HOJYUHM
Zm

di
= fm(x. 4, 7)Qydy.

o

Orcioza cpa3sy caeayer, 9to ecan ¢==0, TO BeAHYHHA HHTeTpaaa
AefcTBHA cOXpaHAacT cBoe 3Havedue. Mrak, uarterpan gefictbua sie-
A9eTCA afMa0aTHUSCKAM HHBADHAHTOM NOPOMHAAKUWIEre YPaBHEHHA,

4. Mpumep wHcnoanzoBawus apuaGaTHYECHHX  HHEAPHAHRTOSB,
HcnonbaosaHne aanabaTHueckHX HHBADHAHTOB MMO3BOJAeT B HEKO-
TOPLIX CAYHAAX TOAYYATH OTBETH HA MHTEPECYWLUHE HAC BOMPOCH,
MUHYS HHTET PHPOBAHHC CHCTEMDL
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B xkauecrbe [IPHMEDA pacCMOTPHM VpaBHeHHE

i+ gief)z=0. {3.9)
B 3Tom cayuae
Z=ACOSY, i=—mxsing,

o=Vglr.
Takum obpasom,

Qx, y)=xcosy, Q,=—xsingy.

CocTaBumM BHIDAXKERHE agnaBaTH4YecKoro HHABAPHAHTa
+a

+n
T=o | 0Q2dy=-- f VeGh xﬂsinﬂydyr'{-‘%”ﬁ. (3.10)

rae

2n
bt 1]
Ha ocHoBaHuM ckasaHHoro awiine Mb HMeeM {=/,=const. Takum
oGpasoM, eciid CTABHTCA BONPoC 00 HCCASLOBAHHH 3aBHCHMOCTH aM-
NAHTYAb X OT BpeMeHH, TO K3 (3.10) MBl cpasy HaxodHM

~4_‘:9_'i. (3.11)
Ve
STOT pe3synbTaT MOKeT ORETH NOJYYeH pA3HLIMH MeTOdaMH, HO
NpHMEHEHHe TeopHu aAnaGaTHYecKUX HHBAPHAHTOR RO3BOMAAET ero
NoNy4HTh, NO-BHAKMOMY, Hanbonee NpoOCTeIM cnocobomM.
5. Buunciaenme aMnautyan u aneprun. Gopmyaa (3.11) asaaer-

Cf BbIPAMEHHEM 3HAUHTEqMbHO Gosee obulero pesyastata. [lyers mbl
HMeeM APOHABOJbHOE Ne/IHHeTHOe YDARHEHHE BHIA

F+f(z. ef) =0, (3.12)

X =

¥ KOTOPOTO pelleHHe
z=Q(x, y, &) (3.13)

ABAAETCA NePHOAKYECKON (YHkuHueH y nmepuoia 2n. Torpa samucH-
MOCTb AMOJAHTYAB OT BpeMeHy Moxer OBITb MoAyyeHa 06e3 HHTe-
rpupoBanHA ypasienus (3.12). B camom nene, aan ypasHesus
(3.12) unterpan pedicteua Oylder aAuaGaTUMECKHM HHBapHaHTOM,
1. €, .
2-( .

2
f o(x, ef) Qy{x, y, ef) dy = const. (3.14)
0

Bupaketue (3.14) sBaneTca HEKOTOPBIM TPaHCUEHAEHTIIBIM
ypaBHEHUEeM, KOTOPOe CBA3bIBACT BEJIHYMHL] X U !

©(x, H)=0 (3.14")
n npeAcrasadeT <o0ofi HessHOe 3afaune Qyukuun x(£).
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{londan aHEPrHd CHCTEMBI He ABJAAETCA aAHabaTHYECKUM HHBa-
PHAITOM, XOTA OHa OMNpPeAeNAeTCA Tak Me, KaK # HHTerpan Aef-
CTBHA, TOABKO aMnantynol. OABako, uMea B pacnopsAXXeduH 3aBH-
CHMOCTEL X (££) H HCROAB3YH TO OOCTOATENBCTRA, UTO

dE .

- = —Ax--8f,
MBY MOMEM JIErKO MOACYHMTATD H3MEHEHNe 3HeprHH CHCTeMBl BCJeld-
CTBHE HM3MEHCHHS mapaMerpop cHereMbl, HerpyaHo yGemuTuca B
TOM, 4T0 dE[/dl nMeeT MOPANCK BENMHUHHH €.

TIpouenypa BHMHC/AEHHS SHEDrHH MOMeT OHITE U He CBA34HA

C HAXOKREHHEM. KOpHell TPAHCUEHALHTHOrO Yypasuedus (3.147). lan
3TOH DETH CAedyeT HCNONB3CBaTh PACCYKACHHA MPEALAYLIEro fa-
parpata. Hailiem npousBoARYo BENRUHAN a=2F

w=:2+U(z, 1),

riac
z

Uz, v)= I flz, ©)dz.
7= _i{z‘ T)'

10 npoussoAHan dofdf, BLMHCAeAHAR B CHNY 3TOTO YPaBHCHHA,
Gynrer

Tak kak

a=el/,
HJIH [10ciie yepeIHennn
fot T H z
& = £ J' _ 8 Uydz _f U, dz
T (@) A T |! Va-U, Ya—U( |’

fo

rae Z H 2 ABAAKCTCA KOpHAMYK ypaBhenua U (2) =0.

6. Hekoropoie oGoGmeting, Mu paccMOTpesH MPOLERYPY TpHMe-
Henus cXeMul Ban-fep-Ttoas Aas naxomOeHHs NDHOAHMEHHBIX pe-
wenuit ypagiedus {3.1}. OHa MomEer OblTB Nerke ofoblleHa Ha
WHPOKHH KJAcC CHCTEM ypaBHeHKH, GNH3KHX K raMHJIbTOHOBCKHM.
OaHAM B2 DpeacraBHTeneHd TaKUX CHCTEM ABAAETCA YPaBHeHHe

L m (W) 8)+fz, =gz £ ) (3.15)

Ias 9T0T0 CAYYRR NOBTOPHM BCE PACCYXKIeHHs NLaHHOTO Napa-
rpadra. CunTad, Kak ¥ paHblle, 4TQ PELIeHHe nopo:ﬁnaiom.ero ypaa—
HeHns

mi+f(z, 1) =0, t=const,

:Q‘.x’ ¢ ),

HaM H3BECTHO:
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caenaeM sameny nepemensoro (2.5°) n (2.6'). Buinucae ypapdenne
COBMECTHOCTH M NOACTaBHB 3TH GYHKUHH B ypaBreHue (3.15), Mul
NOJYUHM

Qik+ Qy‘s’ t (':'Qy = SQv
mi (mey + ‘:':'Q.ry) + meyyg + f (Q’ 7) =
| = ep —e{o,mQ, + omQ,. + n,0Q ).
Paspewian 3TH ypasHEHHS OTHOCHTEJNbHO & H § H HCTONb3YS BB
paxennua aaa A, By n Bz, Mbl npuaem x caeaywouel CHCTeMe ypas-
HeHHi:
\ e e, £ 2 |
x= _'HE‘PQQ_ j%t + SEmeQy,
. (3.16)
y o + qJQx !3 g? e mthny'

Cucrema (3.16) coeepwenHo ananorgusa cucteme (3.4). TMpo-
BOAS ONEPALMIO OCPERHEHHS, Mbl NOAYYHM CHCTEMY YKOPOUEHHbLIX
ypaBHeHHH

21'!
= - A:I'l.m.ﬁ J“'prdy 23.:3 J E-I dy+ anﬁ. J. Q2 dy:

1]

- wo G
g‘= @ + —2;%3 f ([)Qxdy +"2::—& J §2dy_ 2::,:5 J.(‘)Qy'Q.rdy'
0 0

0

Hetpyano mpoeputs, uton jgaa yparuewns (3.15) Buiparkenie

In !
nit)
Fx, t)=?_’.m(x, t)Q;dy (3.18)
LH] .
fAB/ASeTCA TaKwe agrabartndecKnM uasapiantoM. Hafigem fas storo
=il +el.. (3.19)

[TopTOpAA BHUACAEHHA RPEALLIYIIHX HYHKTOB 3TOr0 Naparpada,
ME MOJAYUHM

n an

il.= —AmA, l

(3.20)
el = — %"uf B dy -+ 8;?—; J‘ 0Q2 dy. ]
4]
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3ameHi® B 3THX BHIPAMEHHAX BeNHMHHY £ H3 cheremsl (3.17) R
noActapansa beauunnol (3.20) B paseHcrBo (3.19}), noaysam
n 2! 2n
dl 3 em em
= a0,y + 5 [ siay— 2= [ o0y
0 V] a

In 2.31- n
Erm Ef £
—gj§|dy+ e J mQﬁdy:gJ‘quydy-
L} [+ ]
Taknm 06pasoM, NpH OTCYTCTBHH BHEIIHHX BO3AeHCTBHA BeJAMYHHA
{, onpepeanseman opmynoit (3.18), ocraercA MOCTOAHHOA, ecAH
CUHTATh, UTO BEAHUHHA X M3MeHAeTcd, caefys ypaBresuam {3.17).
7. 3apaua o MaATHHKe nepeMeHHO#N Macchl, PAcCMOTPHM Masbie
koneGaHHA MaTeMaTH4eCKOore MAATHHKA, Macca KOTOpOroe Hsme-
HAeTcA O BpeMeHeM. EcAH NpeamomoETh, 4TO CKOPOCTH OTREe-
HHA 4aCTHL GecKoHeuHo Mada (UAH UTO CHUCTeMa PeaKTHBHEIX CHA
ofpasyer HYACBOHA 10pPCOP), TO YpaBHEHHE ABUMEHHA TAKOTO Madr-
HHKa HMeeT BHA

2 (m®) D)+ m ) glz=0, 3.21)

IA¢ g — HaNpsKEeHHOCTh FPABHTAUUORROrO noaa, [ — AnMHHA MasT-
Huka. Paccuntats OpuSaHXeHHo USMEIIEHHA aMNIHTYAM KoJebanni
TAKOrC MadATHHKA MOMHO, He HHTerpupya ypasaenus (3.21). Jas

3TOro HAAO BCIOMHHTE, YTO BEJAHYHHA
o
[ =20 f 0Q} Y
2n -""
¢
apasgercd aanadaTHUECKHM HHEBAPHAHTOM.
B unameM cayuae
S .
o=Vgl, Q=xcosy, Q,=—xsing.
Moacrasisia 3TH BeAHYHHH B BoipaxenHe (3.18), Mbl moayyum
ypaBHeHHe AJA Onpeje/ieHHs aMIJIHTY bl
ol
ﬁ';-i‘-g— x* = const,

OTKyHA
X

3ameTHM, H4TO 3aKOH H3MeHEHHs ammanTyasl (3.22) coxpanser
CBOI0 CHJY TaKiKe H A4 YPaBHCHHA

%(m (1) 2) + m (1) glz = ep(2),

rae @ (2)— nponapoabian PyHKURA.
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B camom nefe, H3MeHeHHe BeMHUYHHB f MOAYHHAECTCH YpaBHe-
HHIO

P4

di 8

=5 | w0y
0

CheposartenbHo, £ coxpadser Boe 3HaueHWe He TOAbKO TOTAa,
KorAa =0, HO ¥ TPH YCJODHH OPTOrCHAALHOCTH ¢ H Qy, uTO
B HallleM cayyae cobalfaerca

on o
I@dey= —x_[cp(xcosy)sinydy-so_
¢ 0

Hrak, Mbl Noka3ann, Kak Moxer OhiTh KCHO/AB30BAHA uaesn Ban-
nep-Tloana o6 ocpeAHeHHH B 3ajauzX HelMHHeHHBX kojebanuil. Ona
MO3BOAACT HCCACAOBATE IHPOKHHA XpYT BompocoB 3TOH TeOPHH DNPH
NOMOULH YKOPOUEHHEIX YpaBHEHHI.

Takum ofpasom, TeopHd Banr-mep-Ilons noaBoaser moAyautb
TOABKO HEKOTOpLlE NPHOAHMEHHBE DellleHHs, [ipHYeM OHAa He cojep-
AUT HHREKHX METOJO0B, HO3BOMAIUIAX OUEHHThL CTENCHB TOUHOCTH
moJyueHHslx pewennii. Toudo TaK Ke B paMKax Teoptin Bau-fep-
Mods MH He MOXEM YTOUHATH NoaydeHHble pelleHna. Haxkonew, emne
QIHHM CVIIECTBCHHLBIM HEJOCTATKOM H3IMOMKEHROro nogxona HAB-
JAETCA TO, YTC OH NPHCAOCOGAEH IS HCCAENOBAaHHA TONBKO OAHO-
MEPHBIX 3a7a4 W He AOMYCKaeT HemocpefcTBeHHoro ofoblieHusi Ha
MHOTOMEpPHLIE 3afla4d B CHCTEMaX ¢ 4HUCJAOM CTeneredl CBOOONLL
H0AblUIe UeM OIHA.

das npeorodeHHa BCeX YKasaWHBIX TPYAHOCTeH HeoOxoauma 6o-
nee oblias TeoprA, colepiallad HOBHII B3rasa Ha npolaemy ye-
penderun. Ona Bnepeble BosHHKaeT B paborax H. M. Kpelaosa n
H. H. Boroawtora, ocnyBiyKOBAHHWX B TPHANATHX rofaX. K ee ua-
NOKEHNI0 MBI CeHYac H Nepexoinu.

§ 4. OnHcaHue AATOPHTMA ACHMATOTHYECKOTO HHTErPHPOBAHAS
oAf cayuas ofeOoM GLICTPOH mepeMennoi

1. MNpec6pasopanne mepemennnx, Bepuemca temeps K 3asave,
NOCTaBAEHHOH Be BBefleHUH. PaccMOTpuM wacTablli cayual cueTembl
(*), kKoTODYIO MBI YCAOBHJIHCL HasbiBaTh cHCTeMol ¢ spawaoilefics

(pasoii
i=eX(x, y, €), }

g=ox)+e¥(x gy, e),

Fide X — BEKTOp PA3MEPHOCTH #, a ¥ — cKaaAp. Pynkuua X u ¥ 6y-
AZEeM TPEANnOJaraTh MEePHOOHUECKHKMH OYHKUHAMH nepemMeHHod ¥
nepuona 7. He orpanuyupas oOWHOCTH, MOMEO OpuHaTE T=2m.

(4.1)
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HOCTaBHM 3329y OTHICKaHHA TAKOA 3aMeHn nepeMeHHbIX, KO-
TOpAaA No3BOIHAA Gbl OTAENHTE GEICTPHE JBHIKEHHA OT MeZneHHbIX.
Ina storo BMECTO X W 4 BBEAEM HQBLIE yfepemeilHblie ¥ ¥ § npu no-
. MOWH dopMyA

x=%+ B, D+ u(F D4 ...,
%+ euy (%, §) o (%, §) } (42)

g=g+ev (% H+ev (2 H+ ...

Oyunue (%, §) v v;(F, J) noka ellle HEH3IBECTHH H AOANHM
OHTL ofipefe/ieHtl B polecce PelfeHHS 3aZaul.

TMoTpeGyem, uroObt B pE3yNbTATE 3aMeHBl MepeMedHbIX, ONMpene-
asemolt opmyaamu (4.2), sextop-bynknua F(f) vidosnersopana
cHCTeMé ypaBHeHuit, He comepkawedt «GuicTpoii» mepemennon §({f).
Touno T2k Xe norpebyem, uTobnl K ckangpHan dyukuoaa y{#) yao-
BIETBOPAN A YPABHEHHIO, IPABaf WACTb KOTOPOTO He CONEPHHT ¥ ({);
OPYTHMH ¢A0BaMH, morpelyem, 4ro0bl HOBbie [EPEMEHHLIE T H §
YIOOBAETBOPSAJM cHCTEMe YPaBHEHHA Buia

F=eA(%, e)=eA, (R} + 2 (D) + .. ., }

. 4.3
=0 (% e)=aw(®) +eB (X} + 2R, (%) + ... (4.3)

Gyukunn A A o, BXOAALIHE B 3TH YPaBHEHHA, 4 CAeA0BATEAbHO,
H KozbduuHeHTH HX PasJoKeHHH Mo cTeneHAM &£ TaKKe 3apauee
HeH3BeCTHSL.

Ecnu nam yZactea HalTH HHTEPECYIOWLYIO HAC 3aMeHY nepeMen-
HBIX, TO Mbl IPnieM K cHcTeMe ypasHenu# (4.3), koTopas 3HauH-
TENILHO Tipoille ucXoAHoi. B caMom feae, b cucteme (4.3) Mensieu-
HOoe JBHXKEeHHe, CKOPOCTb KOToporo uMeeT nopaaok O(e), MoAHOCTBIO
oTaeneHo OT OBICTpOro, ckopocTh Kotoporo umeer nopsiox 1. IMo-
5TOMY CHCTeMa YypaBHeHHA, ONpeflelAlan BekTOop I, HHTErpH-
‘pyeTcs HE3aBHCMMO OT YPaBHEHHs, onpelensiomlero ckansp j. [lo-

CKOAbKY MPOH3BOAHAR I Mana, a NpaBbie YaCTH 3TOMO BEKTOPHOIO
YpABHEHHA He 3aBHCAT OT §, TO OHO MOMEeT HHTErpPHPOBaThCA
¢ BGoabliHM warom no ppeMmedd. Onpepenns F(f), Ml HafdeM fe-
peMeHnyl F{/}, BHYHCAHB KBAAPATYPY. _

Hnga toro urofm cpenaths 3alayy ODpele]eHHoH, BOIYHEUM
GYHKOEA #; 4 U; JONOJHKTENbHOMY OTpAHHYEHHIO: OYAeM MX CUH-
T4Th QrpAHHYEHHBIMM (PYHKUHAMA § NpPH ¥ -+oo. Takoe orpaHuve-
fHe Ha Kaace AONYCTHMBLIX (GYHKUMA ecTecTBeHHO, NOCKObKY OHO
no3BoafeT Aas AKOGBIX § CYNTATH BeAWUMHLL efuy, o e%Up MalbiMu
nopaaka O(g*).

Hrtak, 3azaya orbickanua npeo6pasobanda (4.2) cocTouT B OR-
pepenenun dyrkwai @(F, ), v:i(%, ¥), A:{E) » Bi(F). Pynxuun
A (Y w u;(¥, §) — 310 BekTOp (YHKIHH CBOMX [epeMeHHBX,
a B;(r) M v;(¥, J) — cKaaapol, .
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2. Onrpeaenenne uachos paznoxenni. Dysem cunras X, Y v o
AutdepennpyYCMEIMH QYHKIHAMHA CBOHX NePEMEeHHBIX CTOMLKO pas,
CKOABKO WieHOB paxos (4.2) MH COOHPaeMCs BHIUHCAHTE.

HAna onpenenenns QYHKUHS, BXOAAIIHX B Npasbleé 4acty pa-
reHCTB (4.2) W ypaBHenH#t (4.3), nonCTaBuM paau (4.2) B cucteMy

ypaeHeHH (4.]1) u 3aMeHuUM TIPOH3BOINHLIE ¥ H J UX BRIPANKEHUAMH
{4.3). KpoMe 1oro, 3aMeTHM, 4to

du: 3? i+ g;‘ 6“‘ (3A1+3’A9+...)+ :
6&11 (m(x)+aBl+8232+ )

Oepenuwem Tenepsr ypasuenua {(4.1) ¢ yqe-rom CIERAaHHEIX 3aMe-
UAHMEA

eA () + €A () + ... +ooml (e (1) +...) +
' +a%‘(m(x)+831(x]+a”Bg_(JE)+ o+
et 2% (e, (£) + ...)+32%(m(£)+ )=
=g X (F+eu +8%us+ ..., Frev +elv,+ ..., 8),
(o(j:)+eB|(.f)+ai’Bg(£')+ s Y A
5“" (m(x)+eB.(x)+eng(x)+ L)+

+er 22 ”* (A (D) + ...)+e* T2 (@ )4 )=
=co(x+w.(x. y)+a2uz(x a+ .0+
+eY(xteuw +efu+ ..., g}+svl+a202+ vevs B

[TpaBuie uacTu 2THX YPaBHEHHA DANOXKHM 10 CTRNeHAM napa-
MeTrpa & H CPaBHMM KO(D(HUHEHTEH NpPU OJAHHAKOBBIX CTelIeHAX
3TOTO mapaMerpa. B peayaeTate MBI NpHAEM K CNEAYWILeH CHCTEME
ypaBHEHUH, ODpeAeTAIollel HCKOMble QYHKUH:

Sho@=X(% g 0~ AlD) =& (& 5 - AR,
‘f;’.' o (%) = (x, 7 0)+ D\ ()~ By (®) = by (%, §)— By (B),

au” w (¥) = N1+ 1‘!'2{' au; a7 A (4.4)
_ @ - -
u, B, — Az (x) g2(%, i) — A (R),

"""2 0(®) =L a,+ 2 1+-a? a"' P g 4

+ D, (uz) + Dy (ul) - B (%) = he (%, §) — B2(X)
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O6muit BHO CcHCTEM YPaBHEHHA AAA ONPeAEAEHHA uy, Up, Ax
U By Oyner Tako#i:

o (D) FE = ge(k. 9)— AR, '!

. dom . (4.5)
o {%) 35 = (%, §) = By (R). I
Tak Kak YHEKIHH gu U A, ONPEAeNTIOTCS OPeABIAYILIAMH NPUOAL-
KEHHAMH, TO OHH JO/IKHBI CHYHTATbCA 32NaHHHMH QYHRUKHAMY
cBOHX nepeMeHHbix. HanoMHKM, 4TO BennyMum %, 4y v A, — Bek-
Topu ¢ KommouenTamu X7, uf u AY cooTBercTBEnHO, F, Uy W
B, — craaapw. Touno Tak ke X — 370 BekTop-dynkuus ¢BOHX ap-
TYMeHTOB, a ¥ B @ — ckansapubie pyHkunu. CaegoBatenwHo, 04/,
aX{dij, aYfdX — ato BEKTOpH ¢ KOMNOHEHTAaMi duff’fog, d’(‘f”ﬂJ
n dY/9x@) coorsercTBeHHD, OX/O¥ — 3TO KBadpaTHam MaTpHlA
¢ anemedtaMu dXO/I? w 1. 0. KpoMe Toro, B ypaBHeHusiX (pury-
pupytot onepatopel Dy(u) v Da(u). Oun uMeloT cieayOni cmeica:

n

_ duy { . ik
Di(u)= 0 4 Dil=o E PrLFYON
=1

[TpHCyTCTBHE 3THX WIEHOB CBA3AHO ¢ pasjioxeHHeM bYHKUMM o (I)
B pad Te#aopa.

Bce npoussonHbie B ypaBHEHHAX (4.4) Bblunchensl npu =0,

Paccmorpam nepsoe usz ypasnennft (4.4). 210 ypapHeHHe B
UACTHRIX NPOH3BOAHBIX MEPBOTO NOPAAKA, Pa3pelleHHOS OTHOCH-
TeJbHO MNPOH3BOAHOH HeH3BeCTHOW QyHKUMH Oui/dy, nprueM 370
ypaBHeHHE COLEPKUT elle CAHY HeussecTHYo dyukumo A (z). Hu-
TErPHPYA 3TO YPaBHElHe, MOAYYHM

w(s 9 =ory [ @5 D-A @ ro@, @)

rie @{T) — npoHaBOAbHAA (DYHKUHS T.
Mbi yCAQBHIHCL Pa3bICKHBATE PelHeHvie B Kaacce GYHKUHIA, yA0-
BJICTBOPAKCLULHX YCAOBHIO OTPAHHYEHHOCTH

lim t u;(f, g) t< oo,
§Fox oo
IMox 3HaKOM HHTETpasa B BBEIPAKCHHH A1 H](«f, 7?) CTOUT NEeKOoTO-

pas mepuoAHueckan PYHKUHS §, NOCKOABKY g((F, ¥§) — nepuoanye-
ckaa QYHKUMS § 0 BenuuuHa A He 3aBMCHT oT ¥. [lepuon sroit
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{pyHkuun no § paeer 2n. IlpeanogoXum Tenepb, Y10 €€ cpediee
3avYeHIe 33 NEPHOL

ot+2A
GA=u | @9 -A@) dy=c@ =0

Torga

lim u, (%, §,+ 2nk) =— lim2re (D) k= £
Erw o (%)
Bufop 3HaKa NAIOC HAH MHHYC 3aBHCHT OT 3Haka c(T). Takam 06-
pPasoM, AAS OrPAHHYEHHOCTH &y HEOOXOAHMO MW AOCTATOYHO, UTOOH
c(x)=0 4.7

aaa awboro ¥.

Huterpas B papedctse {4.6) cofepXuT Hen3pecTHYIO (QYHKUHIO
A (F). Yenorua (4.7) AocTaTOUHO AJIA €& OAHO3HAYHOTO onpeiene-
uusl. B camom nene, us papedcrsa (4.7} cpasy cieayer, 4to cpel-
Hee 3HauYeHHe QYHKIHH &

o
e | PR
g(x)=-2;J g{x, Pdy
a
fomkuo paBHATBeR A((F). Urak,

Az} = B (x) =X (x).

Hurerpupya tenepe nepsoe #s ypasHeHull (4.4}, MBI DOJY4UM BEHI-
paxeHue Aas ui{¥, F) B BH,E[,E KBAAPATYD OT H3BECTHBIX (QYHKIMHA

f X gray— Xy

— i

B suipamenne {4.8) Bxoant QyHRUHA @ (a‘:), ARJSIOULARCA «TIO-
CTOAHHOA> HHTErpHPOBAHHA U BeIOHpaeMasa Mo TMPOH3BOAY.

CymectByoTr pasiauunble cioco0H palHOHAALHOTO 341&HHA 3TOH
tdyuaxkunn. Hanpuamep, ecan Mui pelnaem safady Komwa, 1. e. oTblcKH-
gaeM peleHue cucreMul (4.1) mo ycnosuam

w (%, §)= + i), (4.8)

o (x}

) [ X =1y,
mpu i=1
Y= Yo
16 uyacte GuBaerT yRo6no morpeBoraTk, yToGu $YHKUEA ¥ W j yAO-
BAETBOPAAH TeM K€ YCNOBHAM, YTO H OYHKUHH X H &, T. €. 4TOOH

x(t)=%(t), ylh)=i{t).
Orciona cpasy cnepyer, uto f(To, Fo) =0, 1. e. pi(To} =0. Ccan,

KpoMe TOre, noTpefoBaTh, HTOOM NPH ¥=j, UMeN0 MECTC paBeH-
CTBO X=Z%, TO PYHKIHIO @q(x) CASAYeT NPUHATL PaBHON HYJ/IIO.
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CywmecTBy0T H Apyrue cnocoGol BHGOPa NpoH3BOAbLHBIX QYHK-
nufi. Hanpumep, npu uccneposauna cucted [amuanbrona Ouidaer
uenecoobpasuo norpeGopath, WTOGH cucTemMa (4.3) Oona TaKKe
cueTeMoli [aMunbroHa. IJTo TpeboBaWHe RACT HApyroi ciiocof 3a-
nanus ¢ydaxkunaw ¢i(x}. B naabneiillem O6yaer nokasako, 4To ToY-
HOCTL NOCTPOEHHA NPUOANKEHHOro pellieBHA HE 3aBHCHT OT BHOOpa
srux ¢yHrund. Takum ofpasom, npeobpasopanue (4.2) Moxer GHTE
peann3oBaHO He eAKHCTBEHHBIM 00pa3oM.

MprMevarHe. 3aech Mbl BIepBLle CTANKHBAEMCS ¢ TeM (ak-
TOM, Y4TC PeaNH3anHa MpOoueAypol MOCTPOEHHA pelleHs BO3MOXHA
He esHucTBeHEBIM O6paszam. Ofako TaKad CHTYalua THMHTHA JAdA
BCeXx ACHMNTOTHUeCKHX TeopHH. Mu Gy/leM CTPOMTL KOHEuHBIE arpe-
raThl, KOTOpPHe W 6GyleM HA3bIBATE MPHOAMMKEHHHWMHA pelleHHs M.
YcTaHoBAEHHAA HaMH 1Li€eAMHCTBEHHOCTL peajdd3aluuid  o3navaer
TOABKO OAKO: CYUIECTBYeT Lefoe CeMellcTBO arperatos, cocTosilee
M3 OLMIIAKOBOTO KONHUBCTBA cAaraeMbiX, ApHORHMAIOLIMX pelleHHe
¢ 04AHOM ¥ TON e CTENeHbI® TOMMOCTH B TOM CMBICAE, YTO pa3HOCTb
TOUHOTO H NPUOMIKEHHOro pelleHHd CTPEMHTCR K HYAID BMecTe
C BEAHYHHOA & HE3ABHCHMO OT TOrO, KAKOH n3 mpejcTaBATENedl ce-
Me[icTBa allNpOKCHMHPYIOWHX arperaroB HaMH pacCMaTpHBAETCA.

HepedgeM Tenepp K HCCAGAOBAHHIO OCTalbHHX YpaBHEHHMH CH-
crembl (4.4). Paccyxaan copepllleRHO AHANOTHYHO TOMY, KaK MBI
5T DeAANH NPH HCCAEAOBAHHH NEPBOro U3 ypasHewuil (4.4), nail-
Aen, UTO _ '

B| (i)“ﬁ; = Y+ Dp‘il,

o (%, g)=;,—‘@,—ljym(x, B dE— (87 [+ (2,
Go

rie $i(x) — takKe npouasoabnas QYHRUEA CBOEro apryMeHTa.
B o6mem cayuae
Ai=g, Bi=#h,

y .
wl®, )= | [ 86 DB -2+ 0 .
Pe ) .

-
(e D=5l | mils Ode— g+ w3

Brpamxenna (4.9) ucueprbiBaorT 3anauy, chopMyaHpoBalNyio B Ha-
yaJie pasznena; OHHM NAIOT BO3MOMKHOCTb BHYHCAHTL BCE (YHKIMH,
Bxodale B npeoGpasosanue (4.2), u onpeaeinTh npapkle YactH
ypasHenni (4.3), o
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3. Hocrpoenne npubamkenHoro pewenna. Hrak, npeanoackuM,
YTC Mbl OMpefeAHN HeKoMBle PYHKOHHA Uy, 05, A; 1 B, Tenepe ann
NOCTPOCHNA NPHOMHIKEHHOTO PelLetHA Mbl AOMKHE TMOCTYNHTG CAe-
AYIOILHM 06pA30M: BO3BMEM Nepanie 1 YAeHOB B fiePBOM M3 YDaB-
HeHnit cuctembl (4.3) ¥ oGo3HaynM depes T, (PyHKUHIO, KOTOpas
Oyner onpeleneHa HeNHHeRHLIM YpaBHEHHEM

n
Xo= X et A (7). (4.10)
i=l i
Echu Mo XOTHM BoNyunTh MpHOAHIKEHROe penledHne 3aldaun Kouwn,
TO cReAyeT NPOHHTErPHPOBaTH 3STO YPaBHeHHe (HaupaMep, UHC-
.J'IE‘HHO) [‘Iocne 3TOrQ quHKumo ¥n(f) Mbi OOpegenAM KBalpaTypoil

7. () yﬁ-]{m X )+eB(%,)+ ...} dl (4.10)

OnpenennB GYHKURE T H §n, TOACTABHM . HX 33TeM B pAAN (4.2),
B KOTOPHX YAEPKHM TAKXKE KOHEUHOe HMCAO uaeHos. Buipaenus

N,
X (t) = in (t) + ’Z_I'smum (fm y_n)#
n (4.11)

o |
g =g, (0 + ,,.2,., €™V (R Gin)

MB NDHMEM B KauecTse NPHONHMEHROTO pelleHHa WCXOZHOA CH-
crembl, Yucna Ny 0 Ny goaKHbl ObiTb TakkKe BeiGpakbl Mo onpene-
JeHHBIM [PpABHIAM, O KOTOpPRIX pB'-Ib 63’,[[@"[‘ HATH HHME,

®opmyar (4.11) npy onpeaeneHHBIX YCNOBHAX ABAHIOTCH acKMN-
TOTHYECKHMH, T. € QYHKIHH, KOTOPbie OHH ORPRAEASIOT, CTPEMATCH
npH e — 0 K TOYHBIM PeLIeHHAM.

Npumeunaunne Ypasuenne (4.10) 06buB0 OKA3BIBALTCR CAOK-
HbIM HeAHHERHBIM YPABHEHHEM K TOJABKO B HCKMOUHTEILHBIX CaYy-
yanx MOXeT GHTb NPOHHTErPHPOBAHO B ABHOM BHAe. B ofuem cny-
Hae ero NpHXOauTea HHTCIPHpOBATL YHCREHHO. 3a METHM, TO MHCACH-
Hoe wHterpapoeanune cucremst (4.10) (T, — 910 BekTOp-PyHKUMA)
SHAUHTENBHO OPOILE HHTErpUPOBAHUA HCXOAHOH cHCeTeMul (4.1).
Hdeno paxe He B TOM, 4t0 nopRAok cucreMmbl (4.10) na eanumruy
meHbile nopsaka cHeremsr  (4.1). Cuetema  ypasueuwit  (1.10)
onpejeaser MeMIeHHO HIMeHAoWwnecst nepeMehnvle. Caenosa-
TeAbHO, €& HHTETPHPOBAHHE MOXeT OGbiTh NMpoBeaero ¢ GoAblIEM
LIATOM [O aPryMEHTY W, CAEIOBATENbHO, ¢ MaJoii 32TpaTod MallHH-
HOrC BpeMeHH, JaMeTHM TAK¥e, YTO BO MHOrHX NPHKAAAHLX 3aaa-
yax OKd3blBaeTcsl AGCTATOMHEIM BLIMHCIHTE BEAHYHHB X, (f); Besu-
UHHBLL 4, YaCTO HE NPeACTaBAAIOT NPAKTHUECKOrO HUTepeca.
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- PaccMoTpuM Tenepe TOT 4acTHBIA cnyual, Korda X — ckaaap,
a @ — BeHUHRA nocToAHRan, OrpaHAVHMCA NpPH ITOM paccMoOTpe-
HHEM TONBKO TMepBoro 4ineHa paaa (4.3); toraa

x=£1| y=§h
npHuem

fi=x=e¢X, §==0+eY. (4.12)

Ypasuenusa (4.12) ¢ ToMHOCTBIO 10 0003HAYeHHA COBRANAT € VKO-
podeHHbIMH YpasHeHnsiMn Bau-zep-IToan (1.8). Urtak, meron Baw-
nep-Tloag ans Toro uacthoro ¢ayuas cucreM {4.1), korpa x — cxa-
JAP A48T BO3IMOMKHOCThR BLIYHCAHTE Nepnbie YEHE] [JB3JIO}I{EHHﬁ
(4.3). Huxke Byarer cthopmynuMpoeaHa TeopeMa, KOTOpas YTBep-
HJAET, 4TO PAAb, 110CTPoeHHLIE B 3TOM naparpade, ABJAKTCA npA
ONpeNeeHHLIY YCAOBHAX ACHMIOTOTHYECKUMH: B obineM CJIy4ac OHH
pacxoAsTca, HO HX KOHeuHbl 0Tpe3oK MicGoft ANHHLL Naer npudmu-
JKEHROE pelleHHe, T. € QYHKIHA, KOTOPadA HM ONpelensieTcs, crpe-
MUTCA K TOYHOMY peliesvio npy & — 0. TMostomy ycTanopaensiit
pesyapTaT BechMa BaxeH. OW nokaswBaer, 4Te Mertoi Ban-aep-
TTonsi, BBenenHbIfl YHCTO IBPHCTHUECKEM OGpasoM, sfBASETCA «npa-
BH/ALHBIM»! B TeX CJAYYanAX, KOraa afropuTM, U3N0KeHHuT B 3TOM
naparpacpe, naer npuGnuxeunoe petiedde, Meron Ban-nep-Tlons
TAKMXE LAeT NPHOAHIKEHHOE pelleHHe,

Takam oGpazom, Merox Ban-aep-Iloas nossonser nocrpouts
npubayKesHOE pelllelne, OJHAKO Oll He QaeT HHKAKHX YKA3awHi Ha
TO, KaKHM O0pa3oM MOMHO YTOUHHTE 3T0 peliedue. M3foxeHnbi
AJMTOPHTM TO3BOARET, KAK Mbl YBHIHM B CAeIYIOINEM MYHKTE, € A10-
6ot cTENeHbId TOYHOCTH NPOROAHTL pacHer,

4. OueHxa TowHOCTH, PaccMOTPUM Tenepbh BORMPOC G TOYHOCTH
nPHOAHKEHHOTO pellleHHs, MOMYURHHOTO H3JO0KEHHBIM CHOCOGOM.
Cornacto oblell cxeme PyHKnua T A0aKHa ObiTh 3aMeHena dYHK-
ukell ¥,, yposaetsopatolledi ypasHeHuio (4.10). 3ty annpokcuMa-
Mo Mb OyleM paccMaTpHBaTb Ha OOALIIOM HHTEpBaje BpeMeHH,
EaHia Kotoporo HMeer mopsmok O{l/e). Tak kak B ypasuenwu
{4.10} orGpowrenp uiennl, nopsaick Kotopweix O(e"H), To npu BB-
UHCTeHHH DNPOH3BOAHOH MBI AONYCTHM OLIMGKY TOFO e NopaAaka.
CneloBaTe/BHO, OPH HHTErPHPOBaHHH ypaBHehns (4.10) Ha untep-
Baje AMHHB, paBHoi 1/e, MBI coBepllnM owHGKY nmopaika O(e),

HUrax,

B uacTHOM CAyyae
¥=x+0(g).

CAaenoBAaTeNBHO, €CAH OFPAHHUHTLCS NEpBHIM MPUBAHIKEHHEM, TO
[pH HHTCCPHPOBAHKY Ha GONLUINX OTpe3Kax BpeMeRu omubka s on-
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peleneHdy BEKTOP-OYHKUMH X(f) OyAeT HMeTh MOPAADK €€ MPOH3«
BOAHOH,

O6paTtnmMess Teneps k ypasHenHw (4.10). TMpeanonomum, uto
BEVHUYHHY ¥ ME OOpPelejiuaH ¢ NOCPeNIHOCTLIO MOPAJKa ef; Torja
BEJHUHHA w{T) TaKXKe OnpelenseTcd ¢ MOrPelIHOCTbIO DOPSIKa &7,
T. &

a{Z)} =wlX,)} +0(e").

ChefopaTteNbHo, TpH HHTErPHPOBAHHA 3TOH BeAHYHHBL Ha HHTEp-
Baje, LIHHZ KOTOPOro uMeer nopanok O{l/e}, Mu OyieM umerb
CAeAYIOUYIO OUEeHKY:

4 i

fotndt = [ o(z)dt+ 0y, (4.13)
O 0 '

CnefloBaTenbHO, B MOAMHTErpadAbEOM BHIpameHHH dopmyant (4.107)

CAeAYeT YLEPKATH TOAbKO TE€ YNeHH, MOPAACK KOTOPBIX (IOCNE HH-

TerpupoBanus Gyaer pased O{e*~2). CienoBaTebHO, M B BLIpaXKe-

HRH A § charaemoe "B, (F) Aoakno 6biTh OTOPOMIEHO, TAK KaK
3

e | Bu(®,)dt =0 (),

o

T. &. OHO HMEeT TOPSIoK OIHBKH B (4.13).
Crenoatenbho, Keaapartypy (4.1} mu Ao/aKuHul mHcaTth B Ta-
KCOM BHERE! .

,
7,00 =y(0)+ I {0F)+eB) (D) + ... +em 1B, (£ )}dl.  (4.14)
1]

Touno tak e B palax (4.2) MBl ZOAKHB YAEPKaTb TOABKO Te
wieHbl, NOPAMOK KOTOPHIX He TMPEeBOCXOAMT MOPAAKA ouwlnGkn. Ta-
KHM 06pa3oM, ecau pedb HACT ¢ HOpMYyJaax n-ro NPHEKEHUA, T. €,
ecan T onpepenserca ¢ omnbKoW nopsaka e®, a j— ¢ otinbkoi
nopanka O(e*1), To dopMyaa (4.2) nonkHa GEITL 3aNHCaHA B Cle-
EYIOlleM BUIe:

x=%+e, (% H+ ... +elu, (% 7)), }

) e O 4.15
y=G+ev, (% g+ ... +e7 %0, (% 7). (4.15)
HTak, ecan BeXTOp X ompefelseTcs ¢ TOYHOCTLIO A0 BeJHYHH No-
panka O(e"}, T0 CKaaap y, KOTopbii Ml Gynem Haibiparth (hasoi,
onpeaensieTcs C McHbIUEk TOUHICTRIO,

PacemoTpum wacTHuil cayuaii, korna =1, 1. €.

F=73+0C ().



184 ACHMITTOTHYECKHE METOAR PASHEAEHHA HABIKEHHA [P B

Toraa wa ockosaruy dopmyn (4.15) 6yiem nMerp ,
_ x=% E+eX(7). (4.18)
Mpumevanne |, Paccyxienns 3tore pasieaa nokasoBaior,
YTO NPH COCTABACHMM YKOPOUeHAHX YypapHennR Bau-zep-Iloas
(2.11) ana HeanHeHHHIX YpaBHeHKS, GAMIKHUX K KOHCEPBATHBHEIM,
MBI BKTIOUAEM B paEble YacTH claraeMhle, MOPSAOK KOTOPHIX pabel
ROPAAKY OTSPOWERHBIX 4NeHoB. Tenepb MH YCTAHOBWIH, UTO YDase
HeHua (2.11) Ge3 noTepH TOYHOCTH MOryT OHITH JaMeHeHbl TAKHMH:

on
e
== 5 O.f Q@ d. @.11%)

g =o{x),

€CAH TOJBKO YacToTA @ 3ABHCHT OT X.
Creusanabrore paccMoTpensa tpebyer ToT caydad, Koraa <«ua-
. : i

CTOTa» @ HE 3aBHCHT OT X. B 3ToM caywae BeHUnHa Im‘dt=mt
1]

BBIUACIALTCA TOUHO. ITO . J1AeT BO3MOXHOCTE BENHYHHY Y BHIYNC-
AHTB ¢ MeHbllel norpeliHoctbio. B 3TOM c¢lyuae Bce BefiHUUHEB
Bi{Z,) BuluncanwTca ¢ nmorpenliioctelo O(er). CaepoBaTenvHo, Be-

JAHUHHA s_[ B, (%)di{ BpmMcaserca ¢ norpeliiHoctbio O(e”). Bee

NpouHe chparaeMmble NOALIHTETpaAbHOTe Bbipaxenda (4.11) Gyayr
BOIYHCIEHM ¢ emle Goapiied TouHoeThly. B ToM cayuyae, Korga o
npernosaranacs QyHKUHeldl ¥, MakcHMaJbHas TOYHGCTb, KOTOPOMH
Mbl MOFH AOOHTBCA, BHIYHCAAR Bean4uHy ¥, Ouaa O{e” ). B cay-
yae @=const nopAAoR OWMBKM Ha eaHaHUY Menbwe. Chefopa-
TENbHO, Mbl ACAXHB yIepwate B (4.11} Bce Te wieHH, Nopsaiok
Kotopilx (" '). Tak kak '

i
e j B, (%) dx = 0(e"),.
G

TO B OTAMUHE OT NpeAbAYNIEro ciyuas Tenepb 370 cjaraemoe ToaxK-
Ho GBIfb yaepaatio. : T
Hrak, B cayyae w==const ¢opmyan {4.15) umeior creayownui
BHA:
x=xteq (% g+ ... +e T, (& 7),
Y zg +&v) (jr g)+ . + sﬁ_lvn——[ (‘E: g);
FmeA (D4 .. e AR, @

J=0+eB (X)+ ... +£"B, (%)
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B uwactHom cayuae, Koraa n=1, MB NOAYUMM CAEAYIOLME aHaAOT
dopmya (4.16):
: x=F, d&=eX(x). {4.18)

YpaBHeHna (4.18) B cayuae, korfa pasMepHOCTE BEKTOpa X paBHa
e/lHlNIe, COBNAAAIOT ¢ YKOPOUeHHKMH ypaBHeRuaMu BaH-aep-lloas.

ITpnMevadue 2, 3ameTuM, YTO H3AGKEHHAA Npodelypa CoO-
XpaHfeT uaersl D0Jee BLICOKOro NOPAAKA, KOTOPHe §e3 MOTEpPH To4-
HoCTH MoraH OB Ouith orGponienbl TloAcHMM cxa3aHHOe Ha npu-
Mepe pacueTa BTOpPOro mpubaukeuns *). CuereMa ypaBieHH Aa9
seKTOpa X: B 3TOM cnyqae Gyaer

XQ = EA] (xg) +¢& A2 (xg) (4 lg)

YpasHesne (4.19) nossonser BHUHCAHTL Fp ¢ ownbkok O(e?) (1ak
KaK NpPOH3BOIANAR ¥p onpenedena ¢ oliubGrod O(£%)). Benuuuna
8245(T,) cama umeer nopagok O(e?). CaenosateqbHo, BeAHYHHY
A(x:) My MOMeM BblUHCAUTDL ¢ ftorpemnoctsio O(e). Taknm obpa-
30M, BMECTO cHeTeMEl (4.19) Ml ModeMm paccMOTpeTb TaKylo:

Fa=eA; (F2) +2%42(F1), (4.20)
rie ¥; onpeaefaerca ypaBHeHHEM _
xp—-sfh (.‘.Cl) (4.21)

Takas 3ameHa MOMKET B HEKOTOPHIX CJIYYafAX OKA3aTbCA [OJe3HON
apu pa3paboTke CXeMbl YHCACHHOrO HHTTPHPOBAHU,

B uexoropeix cayyanx y200HO HCMNORBL30OBATL METOAH TEOPHH
BO3MYIIEHHA, MONOXKHB Fp=7F;+06F. TloacTagHB 3T0 BbipaXKeHHe B
(4.19) # orOpacbieas npousBeaeHns &28%, nockonbky 6&=0(s),
Mbl CBeAEM 2ajayy K pelleHHI) ypasHenus (4.21) B pelteHHIO Jd-
HefiHoro ypapHeHHs

dd dA '
(), ot ), (4.22)

rae dAjdx — npousBoanan onepatopa A B Touke X=x,. Bexrtop x
B paccMaTtpreacMOM CAYUAE Mbl MO¥KeM 3a0HCATH B BHIE

X =%+ 8% +ew (%, 41). {4.23)

Paccy#aenuss Nof00HOrO poAa MOTrYT OHTh. npoaeﬂeﬂu H 1 aHa-
au3a 6onee obuUIHX Clyvaes, '

5.  HesaBHCHMOCTH TOUHOCTH NPHOAHMKENHOTO petleHHA oFf BuOO-
pa dyuxkuni ¢; W \p.**). BepHeMca Teneps K BONPOCY ¢ BhdODE Npo-
UIBOJALHBIX QYHRUKH @; U P, MOABAAIOMIKXCY NPH HHTETPHPOBAHHH

*) B.M Bonocoa, JXBM u Me, N"' (1963}
*) Cu. B M, Bonocos,)l(BMuM@ Ne'd (1963).
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ypapueHni (4.5), u nokaxeM, uro B6Op 3THX ¢GyHKUHA He BAHAET
Ha TOUHOCTL NOAYUAEMHX NPpHOARKeHABIX dopMyn, 3roT $aKT AB-
AAETCA CJAeACTBHEM TOID OOCTORTENLCTBA, 4TO ONpefcleHHe BEJH-
yuH Ay H Beyy NPOMSBOANTCA ¢ YYSTOM BEAHYHH @ H V.

[Tpobenem nee paccymACHHS Ha NPHMEpe pacuera STOPOro npa-
Gaikedna. IpeanonoxuM, YTo MbH HMeeM ABA Pa3NHuHbBIX BLIPA-
KeHHa Naa QYHKURH i {X, §): &y R dyo, IPHUEM

' tyy=tw+ 9{Z), (4.24)

T. €. Mb) TpeAnonaraeM, 4To 3TH BEIHYHHB OTJAHYAOTCA HA MPOH3-
BOJIBHYI0 QYHKLHIO «MEAJTEHHOTO» NEPEeMEHHOro 7.

Tak KaK BenuyHHa 4y He BXOAHT B BhlpaXKeHHE MepBoTo OPHGLH-
JKeRud, To BHOOp NMpoH3BOABHOH QyHKuMH ¢(X) He BAMSET HA TOU-
HOCTE [epBOTO l'IpHﬁJ’[H}KEHﬂﬂ. OH MO¥MeT CKa3aTbCH TOJBKO HA
3HaueHHH BTOPOrO NpHGAMKEHHA. B paMKax TOUHOCTH, TapaHTHpo-
BAHHOH STHM NPHOAHMKCHHeM, BbipaXeHHe (4.24) Mbm mMoiem 3a-
MeHHTb Yepes

uy=up+e(x), (4.24%)

rAe ¥y onpeiendercs YpaBHEeHHeM
=8A1(f|).

PaccMoTpumM Teneps BHpaxeHue And A, Bunutiem B passepuyrom
BHAe ypasienHe (4.9), KoTOpoe onpeneaneT 3Ty PYHKIUIO; COTIACHO
(4.4) Mp Gypesm uMeTb

A (5= 2 u, -1-3—;(0. +2_2 a“' A - ‘3“' B,  {4.95)

IMonaras B dhopmyae (4.25) oann pas u=ip, a npyroﬁ H=1U,,
Mbl HaliileM BETHUHHY
6"112:44‘21 - Azo-

Oua onpeaenserca paBeHCTBOM
‘5’1‘12—‘—'@(-‘71) -—' X

Tenepe pacemoTpum dopuyay (4.23). l'lepenmuem ee B CAEAYIOLLHX
JBYX BapHaHTaX:

X=X+ 8% +euy sy, 5, }
B =2+ 08" + et (%, 7)) +ep(x)

u yeaosamcda, uto ¥(0)=z*(0). [Nepean us 3tux dopmyn onpege-
AfeT 3HAYECHHE T, COOTBETCTBYIOWEE =[5, & BTOPAA #y=uy). (10~

KaXeM, YTO ¢ TOYHOCTBIO, KOTOPYIO TapaHTHpyeT BTopoe npHGIK-
Ketne, ¥ = x*, BeeneM oboaHauenun

2mQx* == §x,

(4.26)
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Mpexne ncero 3aMeTHM, 4TO H3 ycaosud x(0)=x*(0) cpasy cre-
ayeT, uTO

2(0) = — ep{x:(0) ). {4.27)

Hance, 8 paMkax TOUHOCTH BTOPOro nNpubAnXKeHHN BeARUHHBLL §X M
O0x*=38x4 2 yIOBNETBOPSIOT CAEAYIOMIUM ypaBHeHHAM (cM. (4.22)):

-d;Tj =gz (%) ox + €% A, (4.28)
40ira _, (%) (8% + 2) + 62 {4y + 8450). (4.29)

Yuntoisan (4.28) ® npuHAMas Bo BHUMalHe BHpaXKeHuwe Lasi
54, Mn MoXeM cocTaburb AH¢QepeHUHaNbHOE YpaBHEHHE, KOTO-
pOMY YAORJIeTBOpReT BekTop-byHKUHA Z(¥):

dz dA] 26}( _ 2__1&
L ce(L)zrer o) -k L, (4.30)
roe .
44 __ dx,
dx = dx !

coraacio {4.27) ¢pyHkuns z{{} AoAEKHA YIOBIETBOPATH YCAOBHIO
z(0)= — g(x(0)}. 3amerum naaee, 4to ypaBuenue (4.30) mony-

CKaer pelleHHe
2(t) = — 2g(x). (4.31)

,U,J[ﬂ Toro utobH [COKa3aTh CApaselJHBOCTE 3TOTO pPaBeHCTBA,
BERYHCIHM
Z dy di d dyg =
S e 2 =2 (4.31)

dt 4% dt

Floactasnas (4.31) u {4.31") B ypaBuenue (4.30), MH yGemaaemes,
yro GYHKLHA — e@(F;} YAOBJETBODSET 3TOMY YypaBueHuwo. Tak Kak,
KpoMe Toro, dyHKuHa z(f) YIOBJETEOPACT Ha4aAbHOMY YCAOBHIO
(4.27), to Mu 3akiiodaem, uto (4.31) —2T0 H eCTL UCKOMOE pe-
mieHue ypaesenua (4.30).

Moactaenana reneps (4.31) Bo BTOpOe 3 ypaBHenuil (4.26), Mb
yGexnaemcs B TOMACCTBEHHOCTH BEAHYHH X H ¥*. Mml nokaszanm,
yT0 BHIGOD (VHKUHH @y He BAHAET Ha TOUHOCTR PacyeTa BeOJH-
QMHBl X, eCAH HCHONb30BATH BTOpOe TNPHONHMXKEHHe, T. e. x=x*4-
+0(e?). AranoradyHo AOKa3biBaeTcs W 061MA GakT: BLIGOp dyuk-
HHE ; H Py HE BAHAST Ha TOYHOCTH OUPEACACHHA BEKTOPa X H CKa-
AAPa Y, eCIH OHW onpenenniotcs i+ 1 npabankenney.
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Hrax, eufop GyHKUAA @; B ;i CoBeplueHHo mpouasoned, Cae-
RoBaTebLNG, Bonpoe ¢ BHOOPe 3THX QYHKUHH uHCTO MeTOAHUECKHH.
Hx caenyetr BuiGHpaTh, HCXOAR U3 YIOGCTBA H Lefedl HccieA0BaHUA.
PaHee MBI y#e yKasajdn HEKOTOphlE K3 Cr0co00B BuilOpa 3THX
$YHKUKA,

6. 3amenanue o xapaxrtepe npubamkeHHwx dopmya. Bonpocam
OBOCHOBAHHA H3NOKEHHOIO MeTOoAa ACHMITFOTHYECKOTO HHTErpHpo-
BAHHA cucTeMbl (4.1) nochAawteH neaw#t pax uccaenosadnil. [lepebie
paGoTel B 3TOM Hanpassenun npudapmexann H. M. Kpbiioey u
H. H. BoroaioGoBy 1 OTHOCHAHCH K TOMY HACTHOMY BHIY CHCTEM
(4.1}, ana kortopwx w=1, ¥=0 (cucreMa HopMmasbHOi ¢opMBl).
B nanpHefiiieM uwenblfi psjg BaXHLIX Pe3ayqbTaToB Obll NOJYUEH
KD, A. MutpononwckaM, B. M. BoaocoBum d apyrvMu. B HacTof-
iee BPEMA TEOPHA aJqropHTMOB, NOACCHLIX TeM, KOTOpHe H3aAa-
raTcs B 5TOM maparpade, mpefcranasier coboi oﬁmupnylo r1asy
TeOpHH OObLIKHOBEHHBIX AH({epeHIHaIbHEX ypaBHeHHH, 3 XOTOpOH
NOAB/IRIOTCA BCEe HOBBIC H HOBbIE Pe3yNbTAaThl. 34ech MH He Gynem
H3narats 31ofi Teopun. OTMETHM TOJABKC OZHH YacTHBIfi cayuai,
no3BoMAMEA npelcTasuTh cefe KPYr BOMPOCOB, KOTOPBIM MOCBSH-
meHa ykazaHyag teopud. ByseM cuMTatk, uto X H Y — nepuoauye-
CKHe (YHKUHH y NepHoda Zm, npHYeM Kak PYHKUHH X OHH Orpa-
HHYEHbI B HEKOTDPDFI obnactn D BMecTe Co CBOHMH NMPOH3IBOAHBIME
a0 nopAagka n— | BraynteanHo. Torpa TeopHs, pasBHTasd AAA
ypapuenHfi THna (4.]) nmossonseTr yTBEPKIAATb, UTO pellieHHe X, H
Yn ABAAETCS ACHMNTOTHYECKHM B TOM CMBICIE, UTO A JioGoro ¢
W3 HdTepBana ANHHOH mnopagka l/s crnpaBernAnBa oumeHka

lx—xa[=0(e"), |y —yal=0¢e),

The Xn H §n Onpenenswores dopmynamu (4,15),

7. MeToa nocacaosaTeApKbIX NPpROARKenudi. MeToa mocTpoeHus
ACHMOTOTHUECKHX DPAJOB, KOTOpHeE AaioT NpuOMmKeHHoe pelleHHe
chicreMul (4.1), onHpajaca Ha pasdoxeHwe B paa pyuxunh X u ¥,
H CIeA0BATENBHO, NMPH €F0 PeafH3alHH NMPeANofaaraicoch, 4to 3TH .
dYHKUHH WMeoT NPOU3BOIHBIe HYKAEX nopafkos. OxkoHvYaTeAbHbI
peayabtat $opMyaAHPoBanca npy srom B hopme HuTerpanos. To-
ITOMY, £CTECTBEHHO, BO3HHKAET BONPOC © TOM, HACKOABKO HeolXo-
JHMbl BBENEHHBlE OrpaHuueHus (IIOCKOJLKY OHH OBUTH CBA3aibl
¢ CaMHM MeTOJOM MOCTPOeHHSA PELIeHH?, a He C OKOHYaTeJqbHHM pe-
ayiabratoM). MoXer 6bTh, npéAnosoXKeHns o puddepeniupyemo-
ctH Gynkuuil X u Y ssasores auieruMu? JeficTBuTeTBHO, OKa3it-
Baercd, 4To NPuGaHkeHHOe pellenrne MoXeT GHITh NOCTPoeHO Ge3
BCMOAL30BAHUA onepaunil nuddepenunporaunsa. Has storc Hago
TOJIBKG BMECTO PAa3NCKEHHA B PASH HCNOAL3QBATH METOA mnocaeng-
BATENbHbLIX MPHOAHMEHUH,
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Paccmorpum chosa cucremy . (4.1), o npeoSpasosanue (4.2)
3anyiIes Tenepb B popme
x=2%+eu(k, g, e), }
y=7+ev(x, j, &)
TowHo Tag e ypaBHeHHS A & n KCTOpbIe MBI XOTHM ROTY-
YHTb, GydeM NHCATh B tpopve

£ =§A (.'t,_ e), }
j=o(¥)+eB(%, )

Moneranum Tenept Bepaxenus (4.32) u (4.31) B cucremy (4.1);
coKpamag g, 6yaeM HMeTh

AE, &)+ 32 AR O +55(0(7) + 2B )=
=X{X+ eu, j+eu, &),
o (%) +eB (%, s)+s g =A% &+ S (439

(4.32)

(4.33)

+ B—(w(x)-]-eB(x, N)=wl(t+eu)+

+ &Y (& + eu, 7+ 20, 8).

Cucremy ypapHeHdit (4.34) OymeM HM3y4aTh METOAOM NOC/AeAQBa-
TeJbHBIX MPHOIHKEHHH, HCIOAB3YA AJIA 3TOTO CASAYIOWIYIO HTepa-
DACHAYI) CXEMY!

d u(k}

S e=g—4",
av . (4.35)
(o(x) flg‘—'B{) ]
rae :
- th-1) (-1}
gr=X{z + ™", jHev™" e)—e —a"ax AP - auay B,
%=1 _
by = m(x+w8 )0 @ *I--l"(;|c+3t4:"'r b y+ so* P, g}~
avﬁk ~1}

-1y _ au"‘ Db
R AT e 2

Cucrema (4.35) comepuleHHo aWanorHuna cucteme (4.5). Cienopa-
Te/1bHO, NOBTOPAA paccym,ueunﬂ MBI CHOBA NpufieM K (popMyraM
(4.9).

Ecau ¢pyrunn X u Y noctaTouHoe KoanuecTso pas Anddepen-
MupyeMbl, TO pellieHie, KOTOPOe IPH STOM MOAYYaeTCd, 0TAHYAETCHA
OT pellerHsl, KOTOpoe GLMO HANACHO BhILE, TONBKO MantiMu Oojee
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BBICOKOrO nopsaka. OaHaxko B OT/MIHUHE OT METOfa NOCTPOSHHN, H3-
JNOXKeHHOro BhIMIE, AAHHBIF MATON HMEET TO MpeUMYUIECTBO, YTO OH
He TpebyeT AHddeperuupyemocty PYHKUAA X w Y u npuMesnm,
BooOUle TMoBOPA, K ypaBHEeHHAM JAaXe ¢ PaspulBHBIMH ApaBbiMy 4a-
CTAMH.

8. Cucrema cravpaptroro sula. H. H. Boroaw6oeeiM ¢ ero yue-
HUKAMH H3YHaAHCh CHCTEMYI

s=eX(x, 1, 8). (4.36)

CHcrembl (4.36) HasbiBalTCA CHCreMaMu credldaprTroco puaa. He-
TPYAHO BHAETL, YTO OHH NMPHBOLATCH K CHCTEMaM ¢ BPallaiolkedicA
tasoit *), npuyeM ABARIOTCH YacTHLIM caydaeM nmocaepnux. Jdas 1o-
Ka3aTejbCTBA A0CTATOUHO 3amMHcaTh CHCTeMy (4.36) B Bume

=eX(x, y o), I
dy

L=l ]

Cucrema (4.1) coenafiaer c cucreMofi (4.37), koraa m=1, Y=10.
Ecan sextop-pynxuna X(x, {, ) — neproguueckas $YHKUHS apry-
MeHTa f, TO METOA, H3NOKEHHbIH B 3TOM Naparpade, 6e3 Kakux-anbo
OTFOBOPOK MOXeT OBITh NpUMeHeH AR MCCAeLOBAHHA CHCTEM BHAA
{4.36).

[Tpumeuanne Ilpeicrasaser olupejeneHHHH HHTEpeC pac-
CMOTpeHHE CHCTEM, B KOTOPHIX Bektop X He €CTb NepHoAHuecKas
(GYHKUHA apryMeHTa ¢. [1pH H3BECTHBIX YCMOBHAX (HaNmpHMep, ecau
dyukuus X nouTH nepuoauueckan) APHOMHKeNHOE PellieHHe Mbl Mo~
JYYHM, TPOBOAA YcpeZHeHHe N0 GecKOHeUHOMY OTPE€3KY BpDeMeHI.
Ananor ypasueuuf Bau-gep-ITons B 3TOM cayyae UMeeT BHA

{4.37)

=0 o

=g | mL IX(x W dy,

j=o+elim & fr{x, 9 dy.
o0 —u

9. 0 posmoxnbix obofweanax. EcrecTeenHrM obofimenneM CcH-
cremol (£.1) Oyaer CHCTeMa, B KOTODOH Hé TOABKO BeJAHYHHA X —
BUKTOP, HO M BeJHUHHa Y — Takke BerTop. Eile Bonee cJoXKHBIM
ABAAETCH TOT C/AyWaH, KOTJa H3MEHCHHE BEKTOpa y OMHCHIBaeTcs
cHcTeMOH '

y=o(x, y)+e¥ (¥, g, 2). (4.38)

*) Cretemm ¢ spawatowefica ¢azofi pnepenle Hauan w3yuaTe  YUSHHR
H. H. Boroawdosa JI. H. 3y6apes,
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Takne cayuyaHn Takke uaydaduce. Pag pesyabratop, OTHOCALIMXCH
& chcreMam (4.38), npunamaexnt B. M. Bonocopy, Hume Mol
QCTAHOBHMCH Ha HEKOTOPHIX YACTHRMX c.nyuaﬂx QTOFI 3aJa49H.

10. 3ameyanne 00 HCCACAOBAHWH CTAUHOHAPHLIX PEXAMOB,
Bepuemca cHoBa x cucteme (4.1). MsaomeHHb MeTon nossodaner
HCCAEAOBATE MEPHOAHYECKHe H CTAUHOHAPHBIE PEWeEHHA 3TOH CH-
CTEMbI,

[Tpeanonomum, 4To T, — KOPEHbL YPABHEHUA

A(Zn) +eA(T0) + ... +e='A(x,) =0.
Toraa (4.17) HaM naeT
Zn=0, T. e. Fa=const, (4.39)
Has dyHRUOMY F, mOAYUHM

§“=w*t+y(0;lr
rie
o*=w(ZTn) +Ie*By(Fx).

DyeruAr 4i(Tn, Fn) H Vi(Ta, Tn) — NepHOLHYECKHE PYHKOHH Ne-
peMeHHON §, c¢/lenoBalenbHo, B NAaHHOM cAydae oHm TakKe Oyayr
NepHOAHYCCKHMH QYHKUHAMH BpeMeur nepuoia 2mfw*. Takum o6-
pa3oM, HYHKUKA :

x =%, + Xetuy (%, §)=x,+ Detup(z,, y(0)+ 0" (¥,)¢) (4.39)

OyIeT nepuoaHyeckofl VHKIHeR BpeMeHH,

B Havane sToH riiaskl MH NOKasald, 4TO B TOM CAyyae, Korja
HCCIEAOBAHHA NPOBOAATCA B PaMKax NepBoro NpubanKeHus, u3
ypaBHeAHa (4.39") Aaf ¥ Mbl MoaydYaeM CT2LHOHApHOE peIlEHHe.
B ofuwemM cayuae 3TOT NpHeM (O3BOMAAET DOCTPOHTb HEKOTOpLlE ne-
pHOAHuecKHe pewleHHA, Ony MOTYT OLITh HCTIONB30BAHBL L5 anmnpo-
KCHMALHH CTAUHOHSPHBIX PEKHMOB.

§ 5. ANrOpHTM ACHMATOTHYECKOTO HHTErPHPOBAHKA,
Cayual HeCcKONbKHX OLICTPLIX NePeMEHHLIX

1. Crcrema ¢ asyms Bpallawxmuca $azami. B npeasigyuies
naparpage GbiAa H3A0XKEHa MPONEAYPa aCHMITOTHYECKOrO HHTErPH-
pPOBAHHA CHCTEM HeaHHeHHbIX AxddepeHNHaNbHLIX  YDaBHEHAH,
cofepXKallux OAHY ORICTPO HIMEHAIOLLYIOCA TEDEMEeHHYIO — Oouy
ppalianillylocs (aszy. Tam Mbi YKa3aau HA TO, UTO €CTRCTBEMHBIM
oGo0uWeHHeM DA3BHTOH B HeM TeOpHH OyAeT TEOpAA, H3YUHI0AA
CHCTEME], COAEPKAILHE HECKONAbKO OLICTPHIX NEPEMEHHHX, T, €, CH-
cTeMbl THOA (4.1), B KOTOPBIX BEKTCPOM ABMAETCR HE TOJNLKO Mepe-
MeHHAR X, HO H mepeMeHHan . IlofoGhoe obolileHie, Kax Mol
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YBUOHM HMXe, OTHIOAL HE ABASETCS TPHBUAALHEIM. CHCTEMbI BHAA
{4,1), B KOTOpbHIX MEpeMeHRAA y ABJAAETCH BEKTOPOM (pPa3MEPHOCTH
Godibliledi ueM efnAHOb), 06Jafal0T UENBIM PRAOM HOBHX ocobed-
Hocred. Teopas TakHX cHCTeM OKasLiBaeTcs BecbMa CAOXKHOM B Ha-
CTOALLEE BPEMs OHA elie OYeHb AANeKa OT 3aBeplIeHHS.

-B pannoM naparpae Mbl yKa¥eM JAKLWb HEKOTOpble CROCOOH,
KOTOpble B OTAEALHLIX cAy4adAx (npaBja, AOCTATOYHO BAMHBIX
NPHKAAAHOA TOMKH 3PeHHd) AalOT BO3MOMKHOCTh MOCTPOHTL acHMI-
TOTHUECKOE pelleHde. Jaqa onpeneneHHOCTH GyaeM paccMaTpusarh
CHCTEMY ¢ ABYMs BPallaOUIHMHCA (asaMH. ITHM TePMHHOM yc.no-
BHMCA HA3HIBATh CHCTEMY BHAA

i=8X(x, y, z, ¢),
g=ox)+e¥ix, y 2, ¢, (5.1)
d=h{x)+elix, u 2 %),

rae X — no-npexHeMy BEKTOPHAs MepeMeHHAA fIpOH3BOJBHON pas-
MepHOCTH, a y (¢} n z(f) — ckanaprble GYHKIHH,

Bynem cuurath X, ¥ » Z nepuosnueckuMn pyHKUHAMH NepeMen-
HbX y H 2 nepuopoB Ty=2xn/l u T,=2n/m coorBercTBeHHO, 3ana4n
thna (5.1) yacro Berpevalores B TexHuke n dusuke, Hanpumep,
K MX YHCNY OTHOCHTCA 3aAa4a O NOBeJEHHW HeNHHEeRHOro OCIHJIS-
TOPa, TapaMeTpul KOTOPOro 3aBHCAT OT BPeMeHH H KOTOpbill Haxo-
AMTCA NOA OEeACTBHEM IMePHOANYECKOR BHeWwHefl CuJABL ﬂaumenﬂe
TAKOFO MAATHHKA OBHCHIBASTCA YPaBHEHHEM

i+oz=ep(z, 2, t)

rae @ — nepHopHYeckas GyHKuds BpeMeHH { nNepuoia T= 2n/m.
Hcnoassysa nepeMesnsie Ban-aep-Tlong, 7. e, nonaras

Z=XCOSYy, i=— rsiny,

Mbl MOXKeEM CBECTH YpaBHeHHe QCLHAJAATOPA K CHCTeME ceayiulero
BHAA.
i=eX(x, y, s,

y=0+eY(x, y s), (8.1
s§=1,

dJyHKuHH X n Y 6yayr umers nepuop Ty=2n no nepemewiofi y u
nepuox T,=2n/m no nepemennoit s. B cuc'reme (5.1) npe GeicTpHIE
NepPEMEHHBIC If H 5.

B oiHOM W3 opelblyIMHX TaparpadoB MB Tak e paccMaTpH-
BaJH CHCTEMY, MapaMeTphl KorTopofi M3MeHsioTes co BpeMeneM. Ho
TaM Mbl NPEANOMAraid, UTO MAPAMETPH CHCTEMEl H3MEHAIOTCA MeA-
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JBHHO. DTO HO3BOAHAO CBECTH 3ajlayy K H3IYUCHHID CHCTEMKl BHAA

x=¢eX{x, y, 5),
g=olx)+e¥ (x, g, s), (5.17)
$§=e.

Cucrema (5.1”) cofepxut TOAbKO OAHY OHCTPYIO NePeMENHYIO H,
B OT/HYHe OT cHCTeMHl (5.17}, MoXer OHTbL H3y4YeHa. MeTOLAMH, H3-
J0XKeHHBIMH B ipeaplaylueM naparpade,

2. Meron ®ypbe. Ha HexkoTopoe BpeMsfi MBI CHOBA BepHEMCs
k cucteme {4.1). B mpeabiayweM naparpade GHA HINOKEH METOA
€e ACHMOTOTHUYECKOTC HHTETPHPOBanHA. CYLLECTBEHAHM 5J€MEHTOM
H3JIOXKEHHOTO aNropuT™Ma OwJa 3afaya onpeaeneHus ¢yHkuuH
F{x, y), ynomnerBopsiollefi caeayboieMy AuddepesnHanbHOMY
YPaBHEHHID B HACTHBIX NPOU3BOAHSIX HepBoro nopaaKa;

c?Fé;, ¥ _ V (x, 5} — D (x), (5.2)

rie V{», y) — nepuoanveckan ¢yukuus y neprnoxa 7. OcobenHocTs
3TOM 3ajatd cOCTOANa B ToM, 4TO (yHkuua D(x) Takke Gwina ne-
H3B€CTHOH B HAXOAHAACL H3 YCNOBHS OIPAaHHYEHHOCTH (YHKUHU
F(x, y) npu y — oo B npeapiayiem naparpade Mb H3SOKUIH CrO-
cof pellleRHa 3TeH 3aAadd. Ee MoXHO peullHTs TakXe W MeTONOM
Gypre, K 43710XKeHAIO KOTOPOTO MEL TIEPEXOAHM,

Tak xak pyuruns V{x, y} nepuoaudeckana A0 ¥, T0 OHa MOKeT
GslTh EPefcTABARHA B BHIe pala Pypre

ke o0

Vie, py= 2 a(x)e™,

fwm —co
i
rne ! = 2x/T, upHueM @, = % f V (x, yydy =V (x). ¥pasnernne (5.9)

it
Hepennem Tenepb B CASAYIOMeM BHAe:

Ze= X an(r) e +7 ()~ D). (5.3)
k0
Pynkuua F, npoussofnan KOTOpofi Mo y HMeer Bul (5 3), Moxer

GuiTH NpeAcTaBieHa B dopMe paga
k= oo

F(x, )= Z by (x)e‘“” +e{x)y. (5.4)

Ecau nogctaeuts pax (5. 4) B ypasHenus (5.3) u CpaBHHTb Kosg-
¢uLUUERTH NpPE OAHHAKOBEIX CTENEHRX 3KCHOHEHTH, TO Haﬁnem He-
H3BeCcTHLE HYHKUMH by (X) H £(X)

b)) =28 (e0), c(=F()~D(x). (E4)
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Gyukupa bo(x) onpemenedHa ObITh He MOMKET — 3TO OPOK3BOJbLHAA
[OCTORHHAA HHTETPHPOBAHBA.

Hs npeacrasaenus (5.4) cpasy CHeLYIOT pesyabTaTHl, KOTOPLIE
HaMH yiKe GbUTH mOAyueHn APYTHM AYTEM: A1a Toro 4tobel pelie-
e ypasueHns (5.2) 6bL10 orpadHueHo NpH ¥ -~ £ oo, HeoGXOAHMO
H JOCTATOMHO, UTOOB £=0, T. €. UTOoObl HMEIO MECTO PABRHCTBO

D(x)=V(x}.

[pn BLIDONHEHHHM STOFO YCAOBHA pellleHHe ypaeHeHds (5.2), T e.
oyHkuua F{x, y), oKasplBaeTcsl nepuoimyeckodl QyHKluued y.

3. OnHcaHKke aArOpHTMA 8 HePE3OHAHCHOM cayyae. [lepefiem
TENePk K PACCMOTPEHHIO CHCTEMbl © [IBYMs BpallalouldMucea da-
aamu. [logo6Ho TOMY Kak MBl 5To lQenand B mpeAbLIylleM NAapa-
rpade, coBa GymeM pa3bICKUBATE HEKOTOPYIO 3aMEHY MepeMeHHbIX

x=%+en (% § B+t ...,
y=g+ev,(% 7, Z+v+ ..., {5.5)
z=2z4sw, (x §, 2)+e2w.+ ...,

KOTOPaa MNO3BOJAAST YPaBHeHHA A1A MelideHHBRIX [BHXeHHil oThe-
JNUTh OT YpaBHeHHA AN# ObICTphIX ABHXeHuH. JIpyriMu cnOBaMH,
CHCTEMA OTHOCHTEAbHO HOBbIX NEPEMEHHLIX ¥, § W I nOMNXKHE HMETH
BHA,

fe=ed (D) + 824 (R) + ...,
=0 (%) +eBy (i) 4 € By (i) + i (5.6)
F=A(R)+eC (R)+eCo(H)+ ...

dyukuna u; (7, §,7), v(E §, )} ¥ wi(Z, 7, z) Oylem cuHTarth orpa-
HHYCHHHMH QYHKUMAMH § H Z NPH §~> £ 00 U T — * oo,
[MoacraBasis paas (5.5) u (5.6) B ypasnenua (5.1} u cpasHu-
Ban KO3 ULUUMEHTH IPH OAHHAKOBBIX CTENEHAX NapaMerpa g, NOJY-
UMM ypaBHeRWs LIS ONpelefieHHs Heu3BecTHHIX (YHKUHHA, BXOAA-
wax B Bpipaxkerus (3.5) u (5.6).
BuinuineM TONbKO YPaBHEHHA 0epBoro NpHOMHKeHHA

o)+ SRR =X (& 4, 2 0~ A (D)
g—?m(i)+%l(x)=Y(i, g, 5 0+
+ (”xul(ia g! 2}_Bl(j)r (57)

@+ S =2(k 5 2 0+

+ Aty (is 4 2) - Cl (2)'
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YpaBHeHHR NOCAEIYIOIUHX NpHOANHKEHUR HMET TaKoH e BHA.
TakuM o6pa3oM, BEUNCASHHE KAXKJIOro H3 uneHos papos (5.5) cpo-
AUTCA K HHTErPHPOBAHHIO YPaBHEHHS

LD o)+ LD ()= Ulx, 4, 2~ D(»), (5.8)

roe U —dydxuns nepuognyeckas mo y v z ¢ nepuogamu T, =2nfl

nrT, = == COOTBETCTBEHHO. :
PaccmoTpum nepsoe us ypaseeHmii cucreMb {5.7). ®ynkuma X

No YCAOBHIO ABAAETCS MepHOAHUecKON 1Mo MepeMeHHHM § K Z. Che-
A0BATeBLHO, ¢ MOXKHO MPeAcTaBuTh B BHIe ABoilHoro pAafa Dypbe

w400 ger oo

Xz 4, 5= 2 2 ol (z)el Wiremd, (5.9}
=00 gm0 .

A OTHICKAaNHA OrpaHHUEHHOro pellleHus ypaBHeHus (5.8) Mbl MoO-
JKeM BOCTOJB30BAThLCA MeTofoM Dyphe, cXeMa KOTOPOTO HATOKeHa
B npelbiAyLIeM NYHKTe AanHoro naparpada. [las 3aroro samerum,
ato $YHRUMA & (X, ¥, Z), KOTOpas YAOBJETBOPHAET 3TOMY YpaBHe-
EHIO, TIpeJCTABHMA B BHAE

Rm 00 gartoo

(% § 2= B 2 bylx)expliklg +ism2)+c(R)+d(R) 2.
-—p g —00

(5.10)

Moactasnas BeipaxceHHa Aaa X M u; B mepBoe u3 ypaBHeHnid (5.7)

W CpaBHHBadA KO':)E[J(leIHEHTbI NpPH 3KCNIOHEHTAX C CIHHAKOBLIMH MO~
KazaTemdaMu, NOAYEHM
by (D) agﬂ' (x)

ks3] Pkl + sma) * (B.11)

¢ (%)@ () +d(X) A (X} = aw (¥} — A ().

Beauuuna by (x) octaercd HeonpeneneHHOM.

Kak noxaswiBaer BHpaxeHue {(5.10), anfd orpaHHYeHHOCTH i
Heo(xoaume NpHHATE ¢=0 H d=0. Ho 310 MBI MOXeM cIenatb
JHIb B TOM ¢Ay4Yae, KOI'Aa

A1=aﬂ°=f(f)'
3ieck ycpeidHeHHE MPOBOAHTCA FO ofeuM 6HCTPHM NEPEMEHHBIM
. T
1

;‘c(x)=ﬁ5f !X(x-, §, % 0)djda,
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AHATOrHUHO WCCHENYIOTCR U -APYrHe ypasHeHns cucteMdl (5.7).
Hrak, n3 paccMoTpenus nepBoro NpubadKednss Mbl NOJAYYAEM Cae- .
AYoulhe BHPaMEHHA:

A=X,

Bi=Y+e.u g, 2,

Ci=Z+10 %y, 2,

8= 2 Tﬁ%_[-;%ﬁexpz(kig+smé)+agﬂ {(x),

5, k70 (65.12)
1 a'*:( ) ) _ _ 3
g = )‘ ‘,——-——(kkﬁ_'_ i) %P ikl + sm2) + alp? (X),
&, kol _
At o i e
= ?:Eui{kiw-i-smk) expi(klg + sm2) + af? (X).
-

3nece o) u af) —rosbhdunmentn pasnoxennfi B pang Pypbe
oyHRunit ¥ —ou m Z—Au coorsercrsedHo, af?, ¢ n af? —
npousBoJichbie QYHKUHA. ITH (QYHKUHR MOTYT ORITH BHIOpaHbl Mo
IPOHIBONY, H MX BHIGOP HE OTpaKaercsd Ha TOYHOCTH pemeHun. Co-
BepUIEHHO AHAJOrHYHO BHYHCARIOTCH MOCAeAYIOLIHE NPHOIHIKEHHA.

~Has roro utobel dopMmyanl (5.12), a TakXe u Bes npouenypa
HMeaH cMbich, weoOXoanMe, utalel HH OJHH H3 3HaMeHaredell He
06pallanca B HyMb, T. €. YTOGH He CYUIeCTBOBANO NEJHX Yyucen B
H § TaKHX, 4TO

klo+smi=0.

3ToT cayvail yeIOBHMCA HA3BIBATH HEPE3OHAHCHHEIM, -

Htak, Mbl H3JOMHAR CXeMY pacuera NPHOGHNKEHHOFO peleHHs
CHCTEMBI, WMeIOWeRl ABe OHICTDBe NEePeMeHHbLIE B HEpPe3OHAHCHOM
cnyyae. BuinulleM ypaBHeHHA, ompefensioliye NepBoe MPHOAHIKe-
HHe X=X,

Ta : .
J"c=-T—J‘ JX(E, ¥, £)dijdz. (5.13)
0 o

Ypashenue (5.13) ecrecTseHHo Ha3BaTh ypaeHeHuem Bau-mep-Tona
B Cayvae ABYX GbiCTPBiX NepeMeHHBIX. [lAA ero CocTaBaeHHd HaM
ORasajJoch AOCTAaTOMHBIM TMPHBECTH OCPEAHeHHe He3aBHCHMO NO
o0enM NepeMeHHBIM,

Onpefenus (HanpuMep, YHCNEHHO) pelleHHe HENHHeAHOrO ypab-
HeHust (5.13), MBI MOXeM HaNTH HeUSBECTHME ¥ ¥ Z, KAK ¥ B 0po-
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cTelllleM cayyae ¢AHOMH ﬁuc'rpoﬁ nepeMeNHON, npy NOMOLLH KB8aj-
patyp.

4. Pe3oHaHCHbIA cayyail. Mbl yxe 3aMeTHAR, 4TO AAN peaqn3a-
UHH H3JAOKEHHOTO cnocoda pasieseHHs ABHMEHHA BO BCAKOM CaY-
yae HeobxoAuMo, wrobH HM OAMH H3 3HaMeHaTenelt B dopMmynax
{5.12) mne ofipamanca s Hyab. JpyruMu cnoBaMH, 2AMOPHTM TO-
CTPOEAUS aCHMATOTHYECKOFO DELIGHHA, CBOAAILMACA K HE3ABHCH-
MOMY OCPeRHeHHI0 no o6enm OGHICTPHM MEPEMEHHBIM, HMEET CMBICJ
TOJIBKO E TOM ciaydae, eCH B NMpOLUECCe HIMEHCHHA Me,[[ﬂeHHOﬁ ne-
peMeRHO X Noc/eHAA He OKAXKETCH KOPHEM YPaBsHeHRS .

klo(x) +smi(x) =0, (5.14)

rAe k B § — NPOH3BONBHBIE UeAble B3aHMHO NPOCTHE UHCAA — TNO-
JOXKHUTENALEBE WIH oTpHuaTenbHele, Tak Kak sapaHee Hellb3A OTH-
cath 53Ty o06AacTh HAMEHeHHS MepeMeHHOH X, TO B Npollecce HHTe-
rPApPOBaWHA ypaeHeHHs (5.13) MH AOANXKHB BCce BpeMf NpPOBEPATD,
He OKasadach JH BeAWYHHA X B OKPECTHOCTH KOPHS YpaBHeHHA
(5.14). ToabKko B TOM YacTHOM Cilyuae, KOTAa BETHYHHHD @ H A He
ABHCAT OT X, YC/MOBHE NPHMEHHMOCTH H3JMOKEHHOrO AJTOPUTMA
MOXHO NpPOBEDHTh A0 HHTETPHPOBAHHA cHeTeMw (5.13).

Cnyyan, B KOTOpPBIX MOKeT OHITh HMCNOJNB30BAH AAHHDIA aJro-
PHTM, Mbl YCNOBHJHCH Ha3LIBATb HePe3oHAHCHBIMH, PesoHaHcHON
MH 6ydeM Ha3bBaTh CHTYaUH!O, KOTOpad BO3HHKAeT B TOM CJayuae,
KOCla «aMRAHTYOR® X OKA3HIBAGTCA B OKPECTHOCTH KOpHSI ypasie-
una (5.14). Econ «uactots» o 1 A He 3aBHCAT OT X, TO Pe30HAHCOM
YOTOBUMCA HA3LBATL ABACHHSA, BOSHHKAIOWIHE B CHCTEMe TOrAa,
KOFRA MacTOTH @ H A CPA3AHD YCAOBHEM

k£m+sml=0,

rae B A 5 — moGtle ue.rlbte gHCAa, NOJOXHTENbHbE HAH OTpHIA-
TebHLIe,
Curyauuw, npu KoTopoi Ikl—lsl T. €. Korda

lo = md =0,

OyiemM Ha3blBaTh 24aeHbiM pesoHaHcoM. Caywail OpOH3BOABHBIX £
W S Ha3uIBAeTCs OOBIUHO KOMOuNayuowtbism pesoHaHcoM (B dact-
HOCTH, APOGHBIM Wl KPaTHBIM).
5. HccnenpeaHde r©IABHOTO pe3oHAHCa B Ciaydyae NOCTOSHHBX
4acToT. Beanuuny
h*=Rlo (x) +smh{x)

0o0bvHO Ha3BIBAWOT paccTpoikod. YenoBHMCA HAa3HIBATD OKPECTHO-
CTBIQ pe30HaHCa Takxoe COOTHOLIeHHe napamerpoa, NPH KOTOPOM
BeAHYHHA PACCTPORKY A* Mana: i¥=¢h., B OKpecTHOCTH pesonatica
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TaKMKe MOKeT ObiTh MOCTPOEH NMPOUEce aCHMNTOTHYECKOTO HHTErpH-
poBanus. OJAHAKO B 3TOM CAyHae aCUMOTOTHKa Gyaer HHoOM, HEXeu
ta, Kotopas gaerca dopMynama (5.12) n (5.13). :

Htak, GyieM npeanonaraTte, YTO MbB H3yuyaeM ABHiKeHHe B OK-
PECTHOCTH TOYKH X=x* rae x* — KopeHb ypabHeHnsa (5.14), koto-
poe Mbl MOXKeM MHCATE B hopMe

0 (") =—2ralx), (5.15)

TOCKONBKY B3aHMHO MPOCTHIE LeJble uKcia s U ¥ MOryT OblTb H fo-
JOXMHTeJAbHBIMH 11 OTPHLUATeNBHLIMK. H3yuenne pesoHaHCHBIX Apje-
HHil HAUHEM € AHAAM32 TJABHOIO pelpHaHca s=R=1 npM monos-
HHTEJNLHOM YCJOBHH, YTO YACTOTH @ H A HE 3aBHCAT OT <«aMNAH-
Tyae» x. Torga nonomaM

fo 4
A= e
H BLIMHIIEM HCXOAHYIO CHOTEMY YpaBHeHHH B Buile
i=eX (x, y, 2),

g=w+8y(xs y’ 2), (5 16)
é——.i°3+s{2(x, 4, z}+i}, a
n m

rae X u Y 4BJA410TCA DepHOLHYECKHMH DYHKIUHAMY ¥ H 2 nepuona
2n/i u 2n/m COOTBETCTBEHHO.

B paccMaTpuBaeMoM cayyae 4acTOThl @ H A YAOBAETBOPAIOT
ypasHeduro (5.15) TOKAECTBEHHO HO X, T. €. PE30OHAHCHAA CYTYallHs
HMeeT MecTo A Aol «amnauryisl> x. IIpAaMoe HCOOAB30OBRHHE
aaropHTMa acHMNTOTHYECKOre HHTEMPHPOBaHHS, H3NOXKEeHHOFO B
npefbAylieM NYHKTe, CMBICAA He HMeer. [T03TOMYy BMeCTo nepemes-
HoO¥ y BBEAEM HOBOE nepemeriHoe O (caBur draswl)

0= —T-z -y
Ono 6yaer yIOBJAETBOPATDL YpaBHEHHID
G=—eﬁ’(x,£[2—8, z), (5.17)
rae 9 Kmeer BHA
. " h] m m

& (x, 0, z)=e{[2(x, Tz—-ﬂ. z)+5]—1-— Y(x, Tz—8, z)}
OcranbHele ypaBHeHHA CHCTeMbi (D.16) mbf mepenylieM tax:

—aX( -2-9, z]

.é=Fm +a{Z(x, %2-0, z)+%}.



§ 8} ANTOPUTM ACHMATOTHYECKOTO HHTETPHPOBAHHA 109

HUrak, cucreMy ypasHenpil (5.16) MOXHO TelNeph NPeACTABHTL B
CACNYIOWIEM BHIE:

f=eX"(x, 0, 2),
8 =28 (x, 0, 2),

'=%+a{2’(x, 9, z)——:?}, 19

rjae cMelcr ofosHaveHur X*, 0 u Z* coBepuieHHo ouepuaen, DyHk-
uHn X*, 6% u Z* spanoTcHd nepuoanyeckuMH no 2. TlepeMmenHas 2
BXCAMT B NPaBbie YacTh cHeTembl (D.18) asyma cnocoGamn. Bo-nep-
BHIX, CaIMOCTOATeAbHO 4, BO-BTOPHX, B KoMSuHaumun (mfl)z — 0.
ITpasbie uacTn cucreMbl (5.18) Gyayr mepuoiuvecKUMH PYEKIHAMH
MepeMeHHoN 2, BLICTYMAINEH B CBOeM MEPBOM KAYECTBE, MEPHOMA
T,=2nfm, a Takike NePHOANYECKHMH QYHKEEAMH KOMOHHAUHH
(m/l)z — O nepnoga T,=2xfl. CrenosaTeabHo, OHW ABARIOTCA Me-
pPHOIHYSCKHMH (DYHKUUAMH TNepeMeHHOA 2, BHICTYNAIOUEA BO BTO-

; [ n
poM Kavectse, mepuoma Iz=--T,=—. Hrtak, oKa3biBaeTcs, 4TO

dbyakuan X*, 0% u Z*, paccMaTpusaeMmble Kak (pYHKUHH nepeMeH-
HOH z, UMeT nepuad 2mfm.

CxanapHana BeAHZHHA O ABIACTCA MEANeHHO HAIMeHAloWefica me-
pementoit. [Tostomy cucrema (5.18), B otstuune ot cucremm (5.16),
ABJAsIeTCA CHCTeMO[ ¢ ORHOM, a He ABYMA BpallaiolluMHcH {aszaMi
H, CAeA0BATeNbHO, €8 H3yUeHHEe MOKeT ObITh [IpOBefeHO MeTOAAMH
ofulefl TeepHd, H3NOXeHHOH B NpeARAYIUHX Naparpadax. Ecan mu
OTPaHHYHMCH H3YYEHHEM NEPBOro DPHOAHNKEHHS, TO AOMAHBI BBIIH-
CaTh YKOpOUueHdble ypaBHeHHs BaH-gep-Tloas, KoTopble HMelT cie-
AYIOLIHA BUA: .

2, J-E«——'-G}?‘(i, G)§ ]
B, 0=eb"(z, 0).

f

* 5.19
0 (5.19)

I

Hnq onpenenedns GblCTPOR NepeMEHHON CJIeAyeT BBIYHC/AHTL KBaj-
paTypy

t
Z=zy+ M+ j Z*(, 8, D) dt. : {5.20)
]

Yepeanedue B 5THX fopMynax nOpoH3BOAHTCSE No nepuody T, T. e
2nim

X (x, e)=~2-";ef X (x, 0, z)d2
a

HT A
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NMNpumevannda 1. BaKHLM YacTHBIM caydyaeM paccMOTpeH-
nof 3ajayn fBAAETCA 10T, B Koropom w=A u I,=T, 3ItoT cayuai
Gyder cnemnanbHo paccMoTped Huxe. K Hemy cpomuTca 2alava
O r1aBHOM De30HAHCe B KBA3UIWHEHHBIX CHCTEMAX,

2, IlsuxeHua, KOTOpHE ONUCHMBAIOTCA ypasHeHwamu (5.19) u
(5.20), naspiBaloTca pesoHaHcHmMA. Cpeln THX ABHMeHuil ocoboe
3HaveHHEe HMeIOT YCTaHOBMBIUNECH pPe3oHaHCHBle ABHKeHns. [Toso-
KUB F=0=0, Mbl NONYUHM CHCTEMY TPAHCHEHISHTHMX YPaBHeHHM

X*(x, 0)=0, ©*(x, 6)=0.

Jlesble yacTu aTEX ypaBHeHME 3aBHCAT OT MapaMeTpa /i paccTpofiki.
I'naBHOe, 4TO APEACTABAAPT HHTEPEC ANA TEXHHKH, 3TO 3aBHCHMOCTh
CTALLHOHAPHBLIX 3HAYEHHH x H O oT 3HaYeHHA napamerpa f.

Mbul paccmorTpenn ABneHMe MNMABHOIO pe3oHaHea ANS TOTO YacT-
HOMO CTyYasl, KOTAa YACTOTHl A H ® He 3aBHCAT OT aAMOAHTYAB X.
OcHoBHAA €ro 0COGEHHOCTE COCTOHT B TOM, YFO PE3OHAHCHAA CHTYa-
1A HE W3MEHAETCH NpH H3MEHEHHH AMIJATYAR X.

6. O6muii caywafi raasmoro pesonanca. Paccmotpum fonee
ofIuA cayual, KOria 4acToThl @ H A 3aBHCAT OT X, T. € o= (X},
A=3x(x). [IpeanonoxuM cHawana, uTo MePHOAH No 0GeHM GHICTPBHIM
nepeMeHHbIM coBmagawT. Torda ycioBHe CAABHOMG pesoHaHca Gy-

leT HMETE BHA
Alx)=o(x) +eh(x).

O6o3HauHM 4epe3 x* KopeHb 3TCFO ypaBHeHHS npu A=0 u orpadu-
YHMCS DACCMOTPEHHEM TOJBKO TOM O61aCTH H3IMEHEHHS AMIIATYIHI,
KOTODAA HaXOAHTCH B OKPECTHOCTH TOYKH x*, HpyruMmu cioeaMu,
pa3HOCThE X — X* YOJIOBHMCH CUMTaTs MaJOR BEAHYHHOA nepeoro
HOpAAKE. '

PaccMorpuM creteMy

i=eX{x, y, 2),
y=w{x)+e¥Y(x, g, 2), {5.21)
E=a(0)+ellx, y, 2)
W CHOBA cleqaem ameHy y=z — 6. Torna, nosaran
A(x) — o(x) =gh(x}),
MBI IPHAEM K CHCTeMe YpaBHeHH# BHAa
i=eX'{(x, 8, z,
b=ed"(x, 6, 2), (5.22)
Fe=A(x)+eZ'(x, 9, 2),
rae cMbica oGosHauedndt X, 0* u Z* ouesuged. Hanpumep,
Pr=Z(x,2—0,2) — Y(x, 2— 0, 2)+1(x).
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dropmanbac cacreMa (5.22) coBeplleHHO AHAJNOTHYHA CHCTEME
(5.18), n oA noCTPOEHHS ACHMOTOTHYECKOTO pelieHHA HaM jocTa-
TOYHO MPOBECTH YCpenHeHHe mo GhicTpoMy nepeMeHHomy 2. Og-
HAKO NO CYLIECTBY 3TH 3ala¥H CYIIECTBeHHO OTAHYAIOTCA ADYr OT
apyra. TlpeactasumM cefe, uto MBH peliaeM 3anauy Koum ans cu-
cTeMbl {5.22) n nycTh B HaYaAbHBIE MOMEHT HMEAA MECTO pe3oHaHC-
Han CHTyauua, T. € nycte npH £ =0 pasHocte A(x(0)})— w{x(0))
6ua Besmupnofi Mamoll. OpHako ¢ TeueHHeM BPEeMEeHH BeNTMYHHA
3TOH PA3HOCTU MOMKET KaK YrOJHO H3MEHHTBCH, W TOTAa BCE paccy-
KIeHHA MOTEPAIOT cMbica. ToT ¢akT, YTO Bee HCCJAEAOBaHHE NPOBO-
JHTCH TOAbKO B £-OKPECTHOCTH TOMKH X¥*, mO3BOJAET CAeNaTh HEKO-
Toptle ynpolileHus, [IpeAnofodHM, YTO Mbl OrpaHHMKBaeMes pac-
cMOTpeHHeM ypaeHeHu#i nepsoro npabanxkenns. Toraa

z=eX'(x, 0),

8=e8"(x, B} =e{Z"(x, 8) ~ V" (v, )} +eh(x), (5.23)

2=Alx)+eZ (x, ).
Vepennenne B cucreMe (5.23) nponsseneHo no nepeMeHHOH 2. Mol He
HEZMEHHM TOUHOCTH NPHOIWIKEHHS, ecid B BeldnuHdax nopanka O (g)
gonyctum ownGky nopsaaka O(g). TostoMy B pamrax npHHATOf

TOYMHOCTH MBI MOKEM DOAOKUTE f{X) = (X — X*) (he(X¥*} — wo{x¥))
H 3aMeHuTh CHeTeMy (5.23) Taxoil:

i=eX"(x', 0),

0={(x—x) (A ()~ 0, () +£{Z° (", 0) =V (x", 0)}, {5.24)
3=A(x)+eZ"(x", 0).

Huxe MH euie He OIXH pa3 OyneMm BO3BpallaThed K cHcTeMe (5.24)
H y0enuMcs B ee NpPedMYIUECTBaX nepel cucremol (5.23).

B 3akawvyenne ocTaHOBHMCSE Ha oflieM clyvyae IJIaBHOID peso-
HaHca, Korna nepuogut T, u T, He paBEBl Apyr Apyry

Tz=2_ﬂ:1 I%m.

2
i n

Ty=-7
B stoM chyuaae yesaoBMe TaBHOTO PE3OHAHCA HMEeT BHA

Jolx) | #4 _ 5 (x).

m m

Ofo3naunm cHOBA uepes xv* KopeHb YpaBHEHUA

-{;-'-l(x')—m(x‘)=0
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M BMECTO MepeMeHHOR § BeeleM capur ¢as 6. 3aMeHa nepeMeHRBIX
Tenept 6YAET HMETh BHA

0=

~|3

z—y. (5.25)

ChenopaTeIbHE, 3aBHCHMOCTE O(f) OyieT onHCHIBATBCA CAedYIOWHM
YpPaBHEHHEM:

9=e£+e{2(x, 2 a9, z)——}"[ -0, z)}
=():-—x‘)(ﬁihx(x')—co(x‘))-f-e{Z(x, -r-?fz-B, z)—"; —
- }’(x, %2—9, z)}+0(52)=50‘ (x, 2, B).I (5.26)

[Tocae aamesn (5.25) nepemennas 2z §ylieT BXOAHTbL B NpaBHe va-
cTH ypasHeHR! (5.21) caMocTosTenbHO H B KoMBuHauun (mfl)z — 6.
Ilpaeble gacTu OYALYT DEPHOAHUECKHMH QYHKUUAMH 2 nepHopa 2x/m
M TePHOJHYECKHMM (GYHKUNAMH Belawuuubl (mfl)z nepunoma 2w/l
ClenoBaTeAbHO, NEpPHO/ N0 apPryMeNTy z, BXOAAlleMy B KOMOWHA-
mwaro  (mflyz—0, Takwe Oymer papen 2nfm. Tarkum o6paszom,
dyukuua X*, 8% 4 Z¥ GyayT uMeTb NEpPUHOA (0 TMepeMenHnofl 2, pas-
HHE 2m/m, W OpH Nepexofle K YKOPOueHHOH cHCTeMe MBI JOJMHBI
YCPEAHATb N0 3TOMY MEPHOTY.

7. KomOuHauHoHHEte Pe30Hanch. Mol paccMorpenn cmocoBwl
MOCTPOEHHA ACHMNTOTHUSCKHX YDABHEHHWA B CAyuae IJTaBHOTO pe3o-
HaHca. [locneannit spngercs Hanbonee BaMHBIM C© NpHKAALHOH
ToukH 3penua. QJHAKO B TEOPHH KOMeHAHHH W HEKOTOPBHIX APYIHX
ofaacTax (PUIHKH ¥ MeXaHWKH MB CTaJKHBaeMcs ¢ HeoOXoaHMo-
CTLIO H3YUEHHA Takke M KOMOHHaUMOHHBIX pe3oHaHcoB. B sToM
¢iyyae COOTHOLWEHHE YarTOT o H A OnpelefacTca cpopmy.rloﬁ (5.15).
CaeaoBatenbHO, Mbl OyZeM CYMTaTh, UTO

(x)#—m( )+t

rae £ 1 § — LeAble YHCIa MOMOXKATEAEHBIE HAH OTPHLATEIbHbIE,
Hayuedne koMOHHANHOHHELIX PE3CHAHCOB MOMHO (IPOBOANTH 110
HanoKenHod cxeme. [lpekme mcero caemaem 3ameny rtuna (5.25)

sm
b="z-u

. . (5.27)
S == )5 () — 0uley)-
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¥Ypasnenue (5.26) GyaeT Temepb TaKHM;
0= (6= 5 (3 e 3 — 0, () )+

+a{%’}52(x, —%’12—9, z)—}’(x, —sé:iz—-e, z)}=e&"(x, 2, 0).
Takum ofpasoM, mocne 3amennl (5.27) nepemennan 2z Gyder BXo-
AUTH B MpaBkle yacTH (5.21) ABaXIb: KAK CAMOCTOATEJNbHAS mepe-
MEeHHAd H [0 3TOH NepeMeHHol NnpaBWe YacTH GYAYT NHEpPHOAHYE-
CKHMH yHKuuaMH nepuopa T,=2n/m u B Buie xomMOMHAIMA
(smfkl)z — 0. Ilpasmie vactn cucteMul (5.21} Gynyr mepHoaHue-
ckiMu YHKUHAMYE mepeMenHolt (smfkl)z nepuona T,=2nfl. Cne-
NoBaT&JbHO, 110 NepeMeHHoM 2, KOTOpasl BXOJUT B 3TY KOMOHHALMIO
(yHKUHH OYAYT HMETE NEPHOA

T:=T,

»

[&]i_ 2n)k|

|sleme™ |s|m "

IMepnoa T, npaeuix wacreft cucrembl (5.21) no nepemennoit z Gyzer,
TAKHM 00pazoM, paBeH HaHMeHBIUEMY KPATHOMY NepHOAOB

«_ 2|kl
2 sjm ®
3HauNT, NpaBble Y¥acTH cHcTeMul (5.21} nocae 3amenn (5.25) ocra-

HYTCA MepHOSHYECKHMH (VHKUHAMEH GHICTPON nepeMeHHO® 2, HO HX
nepuon . Gynet Temeps papeH

2
sz._ﬂ u T
m

F,= 2ﬂ,]nk| ,
H IPH Nepexofe K YKOPOUEHHHIM YPABHEHHAM YyCpPeiHeHHe cAedyer
ApOBOAKTE N0 epHoay T,.

8. ¥YcranoBupwiwecs pexuMn. B pamkax Teopuu mepsoro npu-
fauxeHna PacCMOTPHM 3aZadyy of OTHICKAHHH YCTAHOBHBIUHMXCH pe-
MHMOB B CHCTEMAx ¢ JABYMA BpallaolaMucs ¢aszamu. Ecan B cm-
creMe {5.1) 4acTOTH @(X) H A(X} He YIOBNETBOPAIOT COOTHOUICHHUIG
pesoHaHca, TO COOTBETCTBYIAA YKODOMEHHad CHCTeMa HMeeT Bui
(cm. (5.13))

| ¢ = X (x), '

§=o(x)+e¥ (x), (5.28)
F=A(x)+2Z(x), )
rAe ycpeaenHe TPOBEAeHO MO 0BeHM GHICTPLIM MEPEMEHHLIM § H Z.

OThickalue CTANHOHADHLIX «AMNAUTYA» T CBOJHTCH K OTHICKAHHIG
peliedHa TPAHCUCHASHTHOrO ypaBHEeHHRA

X (&) =0. (5.29)
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Tak kax ¥ — BeKTOpPHAd BeNMYHER, TO ypaBHeHue (5.29) — 310 cu-
cTeéMa TPAHCUEHACHTHHIX YPaBHEHHH, KOMKUYECTBO KOTOPHX PaBHO
pasMepHocTH BeKTopa x. [locneAiHHe ABA CKaNSIPHBIX YpaRHEHHS 10-
3BOJAAIOT ORPENE/HTh CHOPOCTh Bpallehus a3 Kak (DyHKIHIO aM-
TAATYIH

QD=0 (%)+e¥ (), } (5.30)

A@ =A(R)+eZ(H).

Takofi ke crmoco6 paccyKEeHHs TPUMEHHM H B PE3OHAHCHOM cAy-
qag, TOABKO K YHCAY BEeAKUYHH, CTALKOHAPHOE 3HAUCHHE KOTOPHIX MbI
AOMKHE OyAeM ONpeleniTh, CNCOYET Telepb OTHECTH TAKKe H CABHT
‘thasnl 0.

PaccMoTpuM ofiini cayual KoMOMHAOMOHHOTO pesoHaHca

@ {x)="rA{0) (5.31)

H BbBlTHLIEeM ypaBHeHHﬂ, OanIlBﬂﬂlOUlHe CTauHDHaprle pe}KHMbl
X (%, 6 =0,

— - (5.32)
@ -o@=e{V( 8- 32, 9}

Paspewins 31y cucteMmy, Mul mo dopmyaam (5.30) onpenensem cko-
poctu Bpawenna $as Q(F) u A(X). 3aMeTHM, YTO HAM JOCTATOMHO
BHUHCAHTL TOJBKO ONHY 93 5THX BEIMYHH, TAK Kak caeur da3 no-
CTOSIHEH B YCJOBHSX CTALUHOHAPHOTO pexHMa. Tak Kak

TO H3 ITOMO PABEHCTBA CPa3y CleAyeT, 4To
QB =27 AR,

Urak, B ofem ciyyae 3ajada OnPeAeqeHHA CTAUKOHAPHHX peao-
HAKCHBIX DeXKWMOB CBOAKMTCA K OTHICKAHHIO PEUICHHA CHCTEMbl #+41
TpPaHCUeHAeHTHOTO YpaBHEHHUA.

B toM cayuae, KOorha CKOPOCTH BpauleHBA ¢a3 o W A SaBHCAT
OT X, MBl LOJIKHBl HCKATb YCTAHOBUBILMHCA DEXKHM B OKPECTHOCTH
BesuunHbl A%, 370 06CTCATEABCTBO AdeT BO3MOKHOCTD HECKONBKO
YOPOCTUTE NPOUSAYPY OTHICKAHHA cTalHOHAapHOro pexuma, C atumM
O0CTOATENBCTBOM MEI IOSHAKOMHMCA HA NpHMepe.

9. BuHYXKACHHBIE KONeOAHHA KBA3HAMHeHHWX cHcTeM, Paccmor-
pHM Tereps 3afady, KOTOPas BOCHYXKHJAA TOMUKOM K CO3JaHHIO Teo-
[PHH, H3JI0KEeHHOf B 3TOM naparpade,
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paCCMOTpHM 3agauy o KoneOGaHUH XBa3HAHHeAHOTO OCUWAAA-
TOpa, MOLBEPXEHHOTO ReHCTBHIO BHEIHHX OEPHONHUYECEHX CHA

E+o=cq(E £} +ef(h), (5.33)
rie f(f} — nepuonnueckas QPyHKUMA BPEMeHH L.
TMoAoxHm A yIPOWEHHS BHKAAACK

E=xcosy
cuctema (5.33), kak ussectHo (cm. dpopmyay (1.7)), okaxerca npu-
BeJeHHOH K cnenyfomeuy BHAY:

'=--3q>(xcosy, —XWSiHH)Siny—%“f}Si“y» ‘
i (5.34)
J

. g . £
y=m—$;np(.\:cosy, — x@sing)cos y — — f(i)cos .

[TonomuM AAs YynpouleHH BHKAAACK
_ f{fy=acos it : (5.35)
M nepenHiieM cHcteMy (3.34) B Buae

) g . £qa "
X = —-—F QSI“y-TCOSZSIn Y,

!
y= “‘__‘PCOSy——coszcos Y, (5.34)
2=},

[naBubiii pesoHanc Bo3HHKaeT B cHcTeMe {5.34) B TOM caydae,
KOraa h=@, T. €. YacToTa BHeHero pO3OYMACHHA COBMAA&ET C va-
cTOTOH KOoMeGaHMil  NUHeapH30BaHHON cucreMl. Paccmotpum cHa-
yaja 3TOT cAyua.

Hrak, nyctb A=w@+eh. CaenaeM CTaHIAPTHYIO 3aMeny

y=z—9

H COCTABHM YKOpOueHHEIe ypaBHeHus. [locae QueBHAHBIX BBIK/TANOK
nosy4aem

b= — _I.cp xcos(z—e) —xwsin(z— (B))X

20

X sin{z—8) dz— an sinﬁ}.
{5.36

0 = f@{xcos(z—ﬂ), —x@sin{z—0)) X

an €

X e¢os(2—0)dz+ arncos 9}+ eh.
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[Tockonbky 2 HE BXOAHT B BLIPAXKEHHA ¢ SINY H @ COS ¥, TO B ITHX
BLIPaKEHHAX MOXKHO He JeNaTh 3aMeHHl ¥ =2 — O i, ¢leloBaTelbHo,
3anucarb ypasHerus (5.36) tak:

o
£=—ﬁ J Q(xcosy, —xmsiny)sinydy—ansinﬁj,
0
o

9=%?}E jq:(xt:t)sy, — xwsing) cos y dy 4 ancos 8 | 4 ¢h,
o

Jlaa onpeleneHHA CTaUHOHapHLIX PeXXHMOE %, § OydeM uMeTb
CAeRYIOIYI0 CHCTEMY TPHIOHOMETPHYECKHX YpaBHeHud:

on
sin6=;:z Icpsinydy,
° o (5.37)
c036=—% h-l-J.q)cosydy .
&

COBepIHEHHO AHANOTHYHO COCTABJAATCA YPABHEHHA B CAyYae KOM-
GHHALHOHAEIX PE30HAHCOB,

PaccMOTPUM Tenleph B2 MPHMepa, HANIOCTPHPYIOLWHX NPHMERe-
Hue YKasaHHOH Npouenyphl.

10. Pesonanchbie pemenun ypasnenun Hwodidunra. PacemorTpuM
ypaBHeHHe THRna (5.33)

E+ot= — gE3+ea cos Af, (5.38)
rie (PyHKUHA -
p=—§

CocTaBuM ypaBHEHHs OTHOCHTENbHO AMIIHTYAN H $asbl

j=—%{x3 cos® ysin y + a cos zsin g},

j=a —-% {x3cos®y + acoszcos y}, (5.39)

E=h J
Paccnmpum cHavYaJa TnaBHBIN pe3oHaHc, NONOXKHE

A=w+teh, y=z-—6&, {5.40}
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Hekamouan nepeMeHHyo y u3 ypasuenuit (5.39) w npoeoas yepez-
HeHHe, MONYUHM

on
.fzgni-m{ I x¥cosdpsiny dp+ ansinb ¢,
0 _ (5.41)

6= ° {Ix3cos4¢d¢—aﬂcose}+ek.

T Tnox

Muterpannl, Bxoaslpe B ypasuetnue {(5.41), Jerko BbUHCAAITCH, M
Mbl NOAYIaeM OKOHYaTe/bHO

¥=ansinbd,

g 3
b=— ST {Tx3——a:r:-:059}+eh.

{5.42)

JIAs OTHICKZHWA CTAlHOHADHLIX PEXHMOB HOJIONUM #=0=0. O1-
CloAa caelyeT, uro

sin § =0, x3—%:c(ohx—%aucosﬁ=0, (5.43)

[Mpy H3y4eHHWH pe3OHAHCHBIX PeXHMOB HanOONBUIMA WRTEpEC npet-
cTapAgeT TAK HasblBaeMad pe3oHaHcHas KDHBAA, ONpeleadionlan
3aBHCHMOCThE AMIIMTYAB OT paccTpoMKn h. DTa KpHBaA Xapakre-
pH3YeT noBeleHHe KoJeHaTenbHOH CHCTEMH
IpH TNPOXOKISGHHH yYepe3 pesoHaHc.

[Monoxum B cucreme (65.43) 6=0. Toraa

h
HCKOMAs 3aBHCHMOCTH MOXKeT OHITE onpefte-
JA€HA M3 KYOHYECKOro YpaBHEHHS /
F T

P2 nwhy — g an=0.  (544)
HeTtpyano y6eaHTbCA B TOM, YTO 3aBHCHMOCTB
x(f) B OKPECTHOCTH TOUKH h=0 nMeeT BHA, Puc. 27.
usobpaxennnit Ha puc. 27. [lo camoMmy cMu-

cay YcpelHEHHS aMIUIHTYAE BesMHUMHA X MONoKUTeNAbHa. [ToaTomy
HaM AOCTAaTOUHO PACCMOTPETE TOMLKO TY 4acTh KpHBOH A(x), KoTo-
pan usobpadeHa Ha udepreke, Mul BHAKM, UTO NPH CTPEMJEHHH
pBCCTp(}ﬁKH K HYAKD aMnAHTYaa CT[]EMHT(‘.H K KOHe‘-IHOMy 3HAURHHIO

20 =) an. (5.45)

Cayyalh 9=r, KOTOPBIH TOXe YROBJAeTBOpseT cucreMe (D.45), Mubl
paccMaTpuBaTh He OyneM, TaK KaK NPH MaJbiXx 3HAYEHUAX pac-
CTPOHKH A NOAYYAKTCH OTPULATENbHBIE 3HAu€HMS AMA AMILINTYRBL,

11. O kpaTHmx pe3onaHcax B KoaeGaTeabHwx cucremax. Kpar-
HblA pe3oHaH¢ — 3TO YACTHBIH C/iydali KOMONHALHOHEOTO PEICHAHCA,
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Korja oTtHollenue kfs B dpopmyse (5.15) pasHo uenomy uucay. [Mo-
HATHE O KPaTHOM Pe30HAHCE Y HAC YikKe BCTPevanoch He TOABKO B
atoM naparpade. B npeasinyineil rirabe MH paccMOTPENH HECKOIBLKO
3a/a4 TAKOrO POAA H HIJOMKHIH . CXeMY BLIMHC/ACHHA MO MeToLy
. IMyankape, KoTopas noasonser OOHAPYXKHTb YCTAHOBHBWHMICA pe-
xuM. B 3ToM naparpade Mel cHOBa AafH onpelefeHHe KPAaTHOro
pesoHanca. HeTpyaHo yfGenuTbes B TOM, 4TO CHO HECKOMBKO OTAH-
YaeTcs OT BBeAEHHOro B NpPeApAYLLel Iaabe,
PacemorpiM cHoBa ypapHeHue THna (5.33)

E+twi=2q(E &) tacos il (5.46) -

ﬂpeoﬁpasoaauue Bau-nep-[Toaa Hac npuBeger K CHCTeMe ypaBHe-
Huit

.=w%(p5;ny-_%cos?.tsiny, I
. . ' (5.47)
y_—.m-a(pcosy—&-cosltcosy. ,

B atom nmaparpade Mbl roBOPHJEH, 4TO B cHcTeMe (5.47) BozBukaer
KPaTHBIfi PEe30HAHC, eCcAM BHINOAHEHB! CABAYIOIHE YCAOBHSA:

a) A=go, § —uenoe YHCAO;

6) aMnIHTYZA BHEIUHEro BOSMYUIEHHA ¢ — MasafA BeAHYHHa mo-
panka & a=0{(e).

ITocneanee yTBepiKAeHHe MH He GHOPMYJAHPOBANIA B SBHOM BHIE,
HO OHO HCMOAB3OBANOCH CaMbIM CYWMECTBEHHBIM ofpazoM. B caMou
mese, BCH MPOLCAypa OCpelHeHHA, KaK MEl 3HaeM, OCHOBARA Ha
NPEeANONAGHEHHH O MeIAeHHOM H3MeHeHHH aMNAHTYAB. TakeM oG-
pazoM, Aas $OPMaJdbHOTC MPHMEHEHHS TEOPHH, HIMOWKEeHHOR B npe-
ARIAYIIHX NYHKTAX 310r0 Naparpada, mel o6A3aHbl OPedNONOMHTD
MaJI0CTh AMNAHTYIH 4.

B rnabe Il MBI paccMaTpHBAaJM CHTYamuio, KOTOpasi BO3HHKaeT
B cucteme {(5.46), Koraa aMnauryaa @ Kohveuna, [lyets A=ga. Toraa
Mbl IOBOPHMIK, YTO HMeeT MecTO pPe3sHaHc ¢-ro pona, ecjiH B CH-
creMe (5.46) BosMyliaiollas cHAA HAaCTOTH A=¢w HHIYLHDPYET KO-
AeBaHHA YacTOTh w.

Aans 1010 4TOGE HCCAEROBATL 3TOT BONPOC METOAAMH, HIIOMKCH-
HHMH B J2HHOM nNaparpade, HAM HAT0 CHAuafja OpPeJCTABHTE pe-
ieHHe ypasHeHns (5.48) B Bane

§= Eﬂ‘f'fh
rae

§g=—“xgi_w3c05lt.
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Toraa Honan nepeMenHas v y.uoaneraopﬁer ypaBHeHHID
n+m2n—aq>( m,cos.u 0+ 3 ,smf)==acp(1], 1, Af),

(5.47")

K ypaeuennwo (547) Mbl MOXeM NPHMEHHTb CTAHAAPTHYI) METC-
AuKY. g aToro noaokum

n=xcosy, A=gutsah
YpaBHeHHS AA HOBLIX MePeMEHHMX GYAYT HMETh CleAYIOWME BHA:

g=-—-f)—q3'(xcosy, —xwsinyg, 2)siny, ]

g=a— % ¢'(xcosy, —xmsing, z)cosy, (5.48)

2=

fIpassle 4acTH 3TOH CHCTEMH ABASIOTCA NEPHOAHUECKHMH (YHK-
nHAMH § R 2 nepuofa 2m. Jaa HccreRoBaHHS cHcTeMH  (5.48)
MOZKHO yHe HCIOAb30BAaTh METOAB AanHoro maparpaga. Ilonaran

1
B—-TZ Yy

MH MNPHAEM K CACAYIOILEH CHCTeMe YPAaBHEHHA OTHOCHTEALHO aM-
NAATYAR X H pasiiocTH da3 o

i= —%q)'(xcos(%—a); --xiosin (% —B); 'z) cos (%z—e),
0=a{$q)'[xcos(%—9); — x0sin (5--—9); z)sin(%—ﬁ) +h}.

(5.49)

[TpaBbie yacT cucteMuel (5.49) — nepruofnyeckwe Gyukuum 2. He-
TPYAHO YCTaHOBHMTH, YTG nepuof paped 2ng. CrnepoBaTtenbHo, yko-
poueHHble ypaBHeHHA BaH-aep-Tlona 6yAyT HMeTh BeA

X=— 2::}& al‘qJ'COS(i‘_e)dZE BX_(x, 0)’
g
3 . 4 _
9:!:2“(””0]‘ @ stn (E'_ B) dz 4 eh = eb(x, 6).

fonaras £=06=0, MM DprAEM, PasyMeeTcs, K TeM ¥Ke PesyibTa-
TaM, KOTOpHe nonyuatores meronoM [lyalkape, ecan B HeM orpa-
HUYHTbCA BHYHCAEHHEM HYAeBOrO NPHOIIKEENA,
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12, Qann npumep xoncGarveapHoR cHCTEMB ¢ GOJAbIIHM YHCAOM
creneneil csobozp. PaccMoTpHM CHCTeMY ypaBHEHHH sroporo NO-
pAAKa

i+Felzy, ..., 2,)=0 (i=1, 2, ..., n) (5.50}

B KBa3WAMHEAHOH NOCTaHOBKe, Npeanofaras, 4To Toyka 2;=0 aAs-
AAETCA YCTOHUMBBIM NoJOiKeHuem pasHosecud. Jaa atoro Moxuo,
HanpaMep, cllayata AxHeapu3oBath cHcTeMy (5.50) H BbivHCAHTD ee
r/lagHble KOOPAUHATEl, KOTOPbIE CYLULLCTBYIOT B CHAY NPHHATHX Mpen-
NONOKEHHA, 3TH BeJAUHHLL OVOYT JAHHeHHBIMH KOMOWHALHAMH Q-

PEMEHHDBIX &;
&= 2 @, ;2;

[TpHHAB BeAWYHHB & B KaueCTBe HOBBEX NEPEMEHHBIX, Mbl MOMYYHM
ypaBiHeHuda cneAyollero Bufa:

£, 4ok, =ep(§, ..., &) (i=1, 2, ..., n. {5.51)
B cucteme (5.51) nponsseneM npeoGpasosatne Baun-nep-Nons
Zi=X; COS Yy, Zi= — X0 5i0 ¥y,

H TOrA@ 3Ta CHCTEMA YPABHeHWA 3aMEHHTCA CAeAYIOLIek:

, £ . .
xi=—a¢x(x|005!}u ves XgCOS Yy —xy@ 8iny, .. )sing,

Q=g =0,— mx; @(X1COS Y, -onr X, COS Yy — X080 Y, ...

vees — Xp0, 5iN g, ) COS Y. ]
{5.52)

CucrteMa (5.52) oTHOCHTCS K TOMY THIY CHCTEM, KOTOPHIE H3YYATHCH
B s1om naparpade. Ecan «co6cTBeHHbIE JACTOTH> HECOMIMEDKMH,
TO AAS MOJAYYeHHA YKODOUEHHBIX YPaBHeHHH HAM JOCTaTOUHO OCpes-
HHTb NpaBble YacTH STON CHCTEMBl TG BeeM OBICTPHIM TepeMeH-
HBIM ¥y, . - -, Yn.

[TpeanonoKumM, YTo QYHKIHH @; HMEOT BHA

- 0, ()
L A z'”)=sz;;a$if 321"' Z bs‘,k 22

Torapa HeTpyAHO 3aMETHTL, YTG YPaBHEHHA NEPBOTO MpubJiKeHHs
(YKopoueHHbIE ypaBHeHHA) Ana cucteMbl (5.52} 6yayr TakuMu:
.'ei = 0,

WA 3 (0
Q¢=m;—m(2‘ bl + 2‘ bm-l“qbt‘u)-
!

kall §75i
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Taxum obpasoM, mofoe KoneGatenbhoe ABHKeHne GyaeT NpOHCXO-
AMTh ¢ NOCTOSIHHOH aMOAHTYAOH, a 4HacroTa KoJeGaHHsA KaXAoH 3
KOOPAHHAT HHKAK He 3aBHCHT (B 3TOM NpHOAHXKEHHA) OT KBaipa-
THYHLIX WIEHOB Pa3/OKeHHs.

§ 6. Hccnepovatme cTauHOHAPHBIX TOYEK M YCTOHYHBOCTH

B nmpenwaymmx naparpacgax 31oil TIaBb Mbl YKe HECKOJBKO
pas olpauiais BEHMAHHE Ha BOMPOC HCCNEACBAHHA CTAMHOHAPHBIX
pexuMos u npobnemy ycrofiumsocru. Torga Mbl paccMaTpuBaiu
TOJBKO HEKOTOpble cheuHadbHble cayyal. B nanHom maparpade mbl
IpHBeAeM aHAMN3 0Ollero cAyyaR MPOU3BONBHOTD UHCTA CTeneHeit
¢BoGOAbL.

1. MpeasaputenbBne 3amenanna, DyaeMm pacecMarpuBarb cacre-

MY YpaBHeHHE
x=eX(x, g, ), }
;}=m(x)+aY(x, 4, E’)’

rfie X — BeKTOP PasMepPHOCTH #; 4 — BexTop pasmepHocTH Mm; X n
Y — nepuoauveckue GyHKUHu y. OrpaHuuHMCA H3YUCHHEM TOJBKO
MepBOrc NPHOAMMNKEHHA M NMPeANONONKHM CHayama, YTO MH HMeeM
Aeno ¢ Hepe3oHaHCHHIM cnyyaeM. Torha BEKTOp X YAOBIETBOPAET
CHCTEME yPaBHEHRil nepBoro NpueAKenns

i=2X(x, &), (6.2)

npuyeM ycpeiHeHHe APOH3BOAHTCA MO BCEM KOMMOHEHTAaM BEKTOPa ¥
He3aBHCHMO APYr oT Apyra, Taxnm oOpasoM, MeAdeHHBIE MEpeMeH-
HEle B HEPE30HAHCHOM CAYyYae YAOBACTBOPAIOT cucteMe Audideped-
UYaJbHHX YpaBHeHHH NepBOro MOPAAKA.

{(UepToukn Haj mepeMeRHbIMH B ypaRHeHuax {6.2) Mbl He cTa-
BAM, TAK KAK B PAMKaXx OePBOTO NpHGAHMEHHA X=F.)

[Tpeanonoxum Tenepsb, 4TO MLl HMeeM &30 ¢ Pe30HAHCHBIM chy-
yaem. B npeamaywem naparpade 6B10 ROKZ3aHO, UTO TOFda YHCAO
MeAJICHHBIX NepeMeH#blXx Bo3pacTaer. TaK, HARPUMED, eClIH pasMep-
ROCTb BEKTOpPA § PaBHA 2, TO PA3MEPHOCTh BEKTOpa MeANCHHHX ne-
peMeHHHIX Bo3pacTaer Ha |. Bo pesikoM cayuae, H B yCIOBHAX Pedo-
HaHCca 3a0aya B MEePBOM NPHONWAKESHHH CBOAUTCA K HCCAeI0BAHHIO
cHcTeMbt ypapHenui ThHna (6.2). Tosbko B KauyecTBe BekTOpa X
slech OyleT BHICTYNaTk BeKTOP Ooablledl PasMEpPHOCTH: €0 KOM-
noHeHTaMH, MOMHMO KOMNOHEHT BEKTOpa X U3 YpasHennii (6.1}, 6y-
NYT TAKHe BeJUYKHLL, XapaKTepusyiowue cisHr das.

D npHkAAAHLIX 3ajavuax oOBYHO OCHOBHOH HHTepec NpepcTa-
BASET H3YuYeHHE ¢«MeAJeHHbIX» NepeMeHHBX H 3aKOH H3MeHeRHA 4a-
CTOTHI «OBICTPLIX» NepeMennuIX. [L1a 3T0fi MEH JOCTAaTOYHO H3Y4YaTh
TOJABKO CHCTEMY YCpelHeHHbIX ypaBHeHHH (6.2),

6.1)
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Hrak, mn Gyaem usyyarb cucreMy (6.2). YcnoBumcs HasHIBaThb
ec CTAUHOHAPHOH TOYKOH X* KOpeHb YpaBHEHHSA

X(x*, &) =0. (6.3)

3Hauenwe KOOPARHATH X¥=x* HHOrla OyZeM HasLIBAaTh CTAaLHO-
HapHOH aMIJHTYAOH, Tak KaK NPH H3yYeHHH Kode(aTeabHBIX Mpo-
LHEecCoB AMIAUTYAA ABAACTCA OAROH H3 Mel/leHHBIX TepeMeHHBIX.

B cnyuae ctaunorapuofi ToUkH «GbicTpads» nepeMenHas y* 6y-
AET ABAATLCA «PABHOMEPHO Bpamaloweica dasofi». B camom nene,
B 3TOM cayuae §*=const v, cnepobaTeibHo,

y*=Yto+ [o(x*) + ¥ (x*, o)} {=yo+Qt, (6.4)
rae : -
Q=w{x*) +e¥ (x*, 2)=0Q(x*).

BeepeHnan TePMHHOAOTHA, KaK Ml 3TC BHAENH UPH HAKOKEHHH
Merona Ban-pep-lloss, ompaBaana TeM, YTo BCe HCMOAB3YEMbE MO-
HATHA (TaK e, KaK H MeTOR) BO3HUKAH H3 TEOPHH KoaeHaHHil.

Onpenenende CTANHOHAPHBIX COCTOAHHN CBOAHTCA K peLICHKIO
CHCTEMBl TPaHCUeHAGHTHLIX ypaBHeHuit. CHcTeMa 3THX ypaBHeHHA
MOXKET He HMETb KOPHEH — 3TO 3HAYHT, 4TO cHereMa (6.1) He umeer
cTauHoHapaux touer. Cherema (6.3) MOXeT mMeThb KoHeuHoe HAM
GecKOHeyHoe YHCHD PeilleHHH, a TAKIKE MOMET YAOBALTROPATHCH H
ToM AecTBeddo. Tlocaeanee 03HaYaeT, UTO AIOGOE H3 COCTONHHH CH-
crembl (6.1) crauuoHapnoe. C 3THM ABreHHEM Mbl CTAAKHBAEMCA
BCAKHHA pas, Koraa HMayuyaeMast CHCTeMA fBJSAETCA KOHCEPBATHBHOM,

-2, Heerenosanue ycroiunBoctH. OCHOBHOA BONPOC, KOTOPBUT
BO3HHKAeT NPH H3YYEHRH CTALHOHAPRbIX COCTOAHWA — 3TO BONPOC
ob ux ycroiuuBocTH, MBI He Oyaem 3fieck AaBaTh Kakue-iudo CTpO-
THe ONpeXefeHns H OCTAHOBHMCA TOJNBKO HA OAHOM DPOCTOM BO-
npoce. [fpeaAnonoKHM, YTo HauajdbHOE COCTOfIH#HE OT/AHYARTCA OT
CTALHOHAPHOTO, T. €.

x(0) =x*4b6x(0). (6.5)

TOF}I& eCTeCTBeHHO [OCTABHTbL BONPOC & TOM, KaK HCCASA0BATL
HameHedHe BeKTopa x({), yAiosaeTsopaicuero yeaoseaM (6.5). Ecan
pexTop 6X(0) DOCTATOYHO Mahd, TO MLl MOMKEM [OJQKHTh

Xx=x*4bx

K COCTaBHTL AMA 6X AWAeapU30BaHHbie YPABHEHHA, T. €. COCTABMTH
Ana cuetembl (6.2) ypasHeHHA B BADHALMHX.
IMocsie oueBHRHLIX BHIYKHCIECHAH TOAYUHM

8= Abd, (6.6}
rae A — matpuua .
ax
A=Tayl={g)
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SneMenTsl 3Tol MaTpHUb 6YAYT NOCTOSHHLIME BEJMUHHAMH

- i)
qU - ( d.fj o '

TAe X; H X; — KOMNOHEHTH BeKTOPOB X H X COOTBETCTBeRHO. TaknuM
00pasoM, NoBeAEHHE YCPEAHEHHOH CHCTEMBI B OKDECTHOCTH CTaMHO-
HAPHOH TOYKH MOKeT OHTh H3YYCHO NPH MOMOIM CHCTEMBI JHHEH-
HHX AHpdepeHUHaRbHEIX YPaBHEHHHA ¢ MOCTOAHHBIME Ko3ddHUHER-
TaMH.

B nauase 3Tof TiaBbl MBI pacCMOTpeaHM 3afavy o6 ycroiyuBo-
CTH AAS CHCTEMB! C OAHOH cTenenblo cBoboan. B Tom caydae BMecre
BeKTOPHOH CHeTeMB (6.6) MBI HMeeM OZHO CHANAPHOE YpaBHeHue

i = gbx. (6.7)

s acHMNTOTHYECKOR YCTORYMBOCTH TPHBHAMBROIO PEUNICHHT YpaB-
HeHus (6.7) HeoGXOAMMO. H ZOCTATOUHO BLIMIOJHEHHS HEPABEHCTBA

(ﬁ)x_x‘-(_o,_ (6.8)

9= dx

T. € JJIA HCCAENOBAHMA YCTOHYHBOCTH HaM JOCTATOUHO MPOBEPHTH
TOJMBKO 8HAK NPOU3BOAHOH QYHKIMM X (X) B Touke x=Xx*.
[MTepefineM renepb K paccMoTpeHuIo 00Lero cayuas.

3. YcrofiumpoCTh TPHBHANLHOTO peleHHs cucrembl (6.6). VYwmnuo-
XKHM ofe dacTH ypaBHeHua (6.6) ckanspHO Ha Bekrop Ox. Tak Kax

, Ld, o 1 d
(65 -8x) =5 JrOx*= 55 31633,

70 ypapHeHHe (6.6) Ml MOXeM 3anKcaTh B BHAe

2%~ 2(Abx - x). (6.9)
3aech depes p o6o3naye paanyc chepol «<BapHauuits

p= ]./2 oxZ.
Hanee saMeTum, uTO
2(:‘16.‘»\.’ ‘6.‘7)-;(}”6.‘3‘64:]4‘;?”61} 6x1=' .
' ¥ . X
- Qm dx,0x; = (R bx - 6x),

rie R - yie cHMMeTpHYHAA MaTPHUA, TaK KaK fiy=¢;+¢ji.
WUrak, phpaxenne {6.9) uMeeT cleayioWnA BuA:

20" — (Rox - 8x). | (6.10)



214 ACHMIITOTHHECKHME METOOB PAINEMEHHA ABMXEHHM {ra. 11t

Otciona BUAHO, UTO AASA aCHMNTOTHUYECKON YCTOHYHBOCTH TPUBHAML-
Horo pemerud (6.6) (r. e. ana Toro urobel p?— 0 npu f — co) A0-
CTaTOYHO, YTOOGBI KBaapaTHYHas gopma (R6x-56x) Onna sHakooml-
peaesienno orpulatenshol. CheaoBarenpeO, YCIOBHAMH YCTOHYH-
BOCTH CTAUHOHAPHOTO PEIMCHHR 6ynyr YCNOBMA 3HAROONPegeaet ol

OTPHIATENLHOCTH 3TOH KBaAPATHUHON (POPMBL.
BeroMmHEM Teopemy CuabpecTpa: 948 ro20 4Tofbt fcsadpamqnaﬂ

Popma Zai,x,xf GbLAa onpedeaeHHO NOAOHCUTEABROL, HeoOX0duMo

u docmmqno uTofint ee Koaduyuentot a;; yoosaeraopaay caedymo-
UM HEPABEHCTEAM:

51=au>0,

&2=' ap a4y >0,
G2 Qx

e e e e e e (6.11)
ay @ (4T

Be=|l D00
Qpr Oz .o Ogg

Hna toro uroGel ksaApaTHuHas dopma (REx . §x) Obina zHaxo-
onpeneneHBe OTPHUATENbHON, HEOOXOAHMO U AOCTATOYRO, YTOGHI
dopma — (Rbx+bx) OGputa onpegenedano nonoxuTenciod. Ho, ecan
MONOMHTEL — £ =045, TO

~ my Ty
Ai=rn=—A~4;, H= =

oy Tom
1 Boobie

Ap=(—1)" A,

{Tostomy H3 ycnoBuik (6.11) Mel cpasy HaxoAWM AOCTATOUHHE YCIO-
BHA YCTOHYHBOCTH

A0
A0
. (6.12)
>0 ecnad &k ueTHoe,
Ak[ <0, ecam k HewyeTHOe,

rae & — pasmepHOCTE MaTpunbl A,
Mpu 2=1 ycaosua (6.12) csosaTca K oAHOMY yenoBuio (6.8).
4. 3ameyanna. a) Hanomenuble paccyxbenHa moryr ObiTb He-
NOoAb3CBAUB H AJMA H3YYEHHS YCTOAYHBOCTH llecTaUMOHAPHEIX 3aay.
Pacemorpum cHoea cuctemy (6.2), w nycte X% — Hekortopoe
jactHoe pemeHye sTelt cuereMhul. [ToctaBuM Bonpoc 08 YCTOHUUBOCTH
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sroro petlenus. [lofo6Hbie BONPOCH! BO3HHKAKT BO MHOTHX NPH-
KAAAHBIX 32JauaX, HaumpHUMep NPH HCCNeJOBaHHH TepexOfHBX pe-
HKHUMOB B KONeOaTeJbHMX CHCTEMAX.

3aMeHa (6.5) Hac cHoBa npMBQAMT K ypasHenri (6.6), Ho
TOABKO Tenepb saeMetitel MaTpuunl A SyAYT yime Heé NMOCTOAHHLIMH
GHCAAME, 3 HeKOTOPHIMY H3BeCTHBIMU (YHKIHAMH BPEMEHH.

nOBTOpﬂﬂ paccy¥ACHHA MAHHOTO pa3feaa, Mkl ONATh MOXeM CO-
crasute ypasnenue (6.10). Pyuxuna o? urpaer poab dyuxuan Ja-
nyHoBa AsiA ypaBHEHHN C MepeMeHHBIMH KozdduuHedTaMu

di=A(t)bx. (6.6)

CoraacHo teopeMe JISAVHOBA fifif ACHMOTOTHYECKCHE YCTOWYHBO-
CTH TPMBHAJIBHOrQ pewleHus ypaBaenda (6.6") aocratouno cyue-
CTBOBAHHA TaKOH OnNpefeteHHO noaoxurenvHoll $pydruun W (6x),
He 3aBUCAILEH OT BpeMehH, uto fiad Jwboro bt M awGoro MoMen-
Ta BpeMeHd f HMeeT MECTO HepaBeHCTBO

—(Réx - dx) 2> W (8x).
B kauectse gynxune W mMb MoxeM NpuHATE QYHKUKIO
W=p(dx - bx},
rae ¢ — a0foe NONOXKHTENbHOEe WHCMO. Torga aaa yeroifuuBocTH
HaM J0cTaToUHO noTpeGoBaTth, uTo0H KBaapartuuHan QopMa
— (R8x + X)) — p(dx - x)
) F OnpeIesEHH0 oA O HTENBHOM. Orcmna B CHTY HepaBeHCTBA

CunppecTpa, MBl DOJYYAEM cAeidVIOIHE JAOCTATOUHHE YCAOBHA
YCTOHUHBOCTH:

A=rp<<—p,
'n rpe
By = > Ul
Fop Top
(6.13)
Fil iz ... P |[<—p¥ ecam & HeuerHoe,
Ag=|- -+« .. ,
Fel Fez o+o0 P [R5, ecaH  k ueTHoe.

6) Yecnopua (6.12) onperensiior TpefoBaHHsA, KOTOPHIM LOMMKHEI
YyAOBAETBOPATh Ko3dhHuMeHTH cucTeMbl (6.6) zZas Tore, yrobsl
obecrneynTs ycToAUMBOCTE pemedHa. Hanomennwnit cnocof uccae-
JOBAaHHA YCTOHUHBOCTH fABJNETCH BAPHAHTOM TNPSMOTO MeToLa
Jlanynosa, a yHeuHa p?, Kak YKa3blBasIoCh, ABJAETCA (yHKIHE
Jlanyuoga. .

B npukaagHBX 3afavaxX UIHPOKO HUCTIOAR3YIOTCA W APYrue Me-
TOAbl HecqeioBawus yeroluuBoctTH. Hanpumep, ecnu matpuna A
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NOCTOAHHAS, TO MOKHO pa3biCKHBaTh pelleHMe ypaBHenus (6.6} B
BHAS

Ox = yet, (6.14)
TMoactasasa (6.14) B (6.6}, Mbl noydaeM ypaBHeHHe A A
|4 —AE|=0.

Xapaxtepucruseckuit onpeneanteas |A — AE| npeacrasaser cobok
HeKOTOPHIT nOAHHOM OT A. JIAA acHMNTOTHYGCKOR YCTOHMHBOCTH
peweHus dx=0 Heo6XOAWMO H HOCTATOUHO, YTOOH KOPHH 3TOTO NO-
AHHOMZ HMeAY OTpPHIATe/IbHbie AEACTRHTENbHBIE YACTH, YCAOBMS,
KOTOPbIM HNOMEHK YAOBACTBOPATL KO3(HUHEHTH 3TOIC NMOAHHOMA,
HeoBXxoanMble @ JOCTATOYHBIE IAA TOTO, 4TOOHI ero KOPHH HMeNH
oTpuuaTeNbHbe JeliCTBNTeABHBE 4YacTH, AalTeA TeopemoR I'yp-
era *). Merog, ucenonwssyouiuit teopemy Iypauua, COBepHISHHO
3KBHBAJEHTEH H3N0KEHHOMY ¢ TOSYKH 3peHHS OKOHYAaTeABHOTO pe-
3yAbTara.

B} Mol COCTaBHAH YCIOBHA aCHMITOTHYECKOH YCTOHUHBOCTH TPH-
BHAJBHOrO pelueHHA ypaBHeHHs (6.6). Tlo Teopuu JlamyHoBa us
sToro takra caefyer u 6ojdee cuAbHBI pesyabrar. Ecau ycnosrs
(6.13) HMer0T MeCcTo, TO MBI MOXEM YTBEPXKIATh, YTO DeilleHHe x*
HeJuHeHHOR cneTeMbl {6.2) VCToHYHBO B cMuicae Jlsnynosa (Ho He
ACHMOTOTHYECKE YCTORYHBO).

5. TpakTorka pe3dysnbrTatoB. B gaHHoM maparpade ME 08cyxX-
AAJH BO3MOMHOCTH HCCNENOBAHHA YCTORYHBOCTH HEKOTOPOTO pelle-
Husl CHCTEMH ycpeAHeHHBIX ypaBHeHHR (6.2). Mui nogomwnu x atomy
BONPOCY COBepIIeHAC (OpMaNbHO, ONHCAEB OGUIETPHHATHIE cnocob
MCCIeA0BAHEA YCTONUHBOCTH PelleHHH M MOHMMAA NMOJ YCTOHUHBO-
CTbIO YCTONUKBOCTL B cMbicle JlanyHoBa. ¥YcrofiwHBocTh B 3TOM
cMbIcAe MpeinofaraeT HceAejoBaHHe NOBeJeHHA pelleHHA Ha Gecko-
HEUHOM HHTepBaJe BpeMeHH. Takoe HcchenoBaHHe M GBIIO NpoBe-
neno aaa cucredsl (6.6}, Ecan pelrenHe 3T0H CHCTEMBL aCHMTITOTH-
qecKH YCTONUHBO, TO, COMacHO TeopemMe JlANyHOB2, H3 YCTORUHBOCTH
JUHEAPH3CBAHHOTO YypaBHeHHs (6.6) cnemyer yerofiuwbocts B
cMuicae Jismynosa pewends x* cicreMe (6.2). Ho cama cuactema
{6.2) sengercs npuGamxeHHo#. OHa ¢ HeKOTOPON TOUHOCTHIO (MO-
paaxa O(g)) ondchiBaer pelleHHe HCXoAHOH cacremm (6.1), u To
'TOJBKO Ha HEKOTOPOM KOHEUHOM OTPeske BpeMeHH (mopsaxa
O(1/e)).

B caay nepedyncieHHBX oGcTodTenbeTs Ge3 NONONHHTENLHBIX HC-
cneosaHuil HHKaKHX cyxaeHnfi of ycTofiuHBOCTH B cMbiche Jlaoy-
HOBa peweHHd Hcxomnoft caetembt (6.1) w3 Hallnx paccMoTpeHuit
HenmocPedCTBEHHD CAenaTh Heab3s. Tem He MeHee HCRONBIOBaHMe

*y H. I'. HeTaer, YcrofidRpocTh ABHXKEHHA. PaboTW nNo  aHamnTHYECKOR
mexannke, AH CCCP, 1962
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OBHCAHHOTO cnocofa paccymAeHHs JaeT MHOro 444 TeXHHUECKHX
sapay. Heno B TOM, YTO ACAMNTOTHYECKHH METOA HCCAEACBaHHUA
ypaBHeHAA AMeeT CMEICT MPHMEHATh TOABKO Toraa, KOTAa Mbl XOTHM
H3YUaTh NOBEAGHHE CHCTEMBl HA KOHEUHOM (XOTA H GONBIIOM) HH-
Tépeane BpeMeHH. CneaoBaTeNbHO, HHQOPMANHA, KOTOPYID AOCTa-
BJfIET MPHBEAEHHBI cMOCO0 PACcCYX AEHHA, MOXKET OKa3aThCA BNOJIHE
JOCTATOYHON ANA pelleHHA TeX HAW APYTHX TeXHHHUECKHX 3aial.

[TIpuMevanue Cneayer 3aMeTHTh, YTO B HEKOTOPHX CHeLH-
anbHHX cayuanx, uaydapminxes H. H. BoromofoBeM M ero yyedu-
KAMHA, 0 YCTOHYHBOCTH PeIUeHHA YCPeAHeHHBIX ypaBHenu# yXaeTcd
CYAHTL 00 YCTOHUMBOGTH pelieHHA HCXOAHDIX YpaBHeHH.

§ 7. Bpawatesbhbie ABRKEHHA MAATHHKA

1. 3amedanng o6 W3YYEHHWH KOXeGATEABHBIX KBHMKCHUH MAATHH-
Ka. MasTHHKOM MBI YCAOBHMCA HA3HBATH CHCTEMY, ABHIKEHHE KOTO-
POl CNACHIBACTCA YPABHEHHEM

P+ (2) =0, (7.1)

rie f(z) — nepuopnueckan ¢GyYHKUUA cBoero aprymenra. He orpa-
HHUHBZS OOUIHOCTH, MB MOXEM NPHHATH, YTO NMEPHOA 3TOH PYHKIHU
pasen 2n # f{0)=0; kpome .

TOro, Mbl OYyAEM CUMTATh, YTO Z

cpentiee sHauenne | Gyner

on
f=oo f f(2)dz=0. (7.2)
Q

Bee pBHKeHHS, ONHCHBAE-
Mele ypaeHenueMm (7.1), ye-
JOBEMCH HasWBaTh COOCTBEH-
HbIMH ABHXKEHNHAMH MaAT-
HHKa. :

Kpome coGcTBeHHBIX ZBH- Puc. 28.

JKEeHHA MaATHHKA, Mbl OyneM

efile paccMATPHBATE BHIHYXAeHHuIE ABHMKEHHs, NMPOHCXOARLHe MoA
NeflcTRHEM BHEMHHX BO3MYlueHHHA. Takne ABHMXeHHA Mul GyaeM
OTHCEIEATD YPaBHCHHEM

i+f(2) =e9(2, 4, 1), (7.3)

rae £ — MaAnA napaMerp.
dazopas NAOCKOCTE ypaBHeHus (7.}) wumeer sHI, u3obpamked-
Hbif Ha PHC. 28. 3aMKHYTHE BEeTBH CEnapaTpHChl OMPaHUYHBAIGT OG-
AACTH 3HaveHud 2 H 2, COOTBETCTBYIOUIHE NEPHOLHUYECKHM (KoJeld-

TeSbHbiM) AEWKeHnAM. HeaaMKkHYTHE (a3oBble TPAEKTOPHH OMHCHI
BaloT BpalkaTeAbHEE ABHMKEHNS,
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Bo Becex nmpumMepax 3Toil raBkl MB paccMarpuBann konebarenb-
Hble ABUXKeHHA. MeTonbl, pasBuTbie B 9TOH IVIaBe, (O3BOASIOT pac-
CMOTPeTh GIelYIOUIHE 3aRaUH;

a) Ksasusurnedinvie xorebanus. B 31oM ciyuae konebanus Cuu-
TAIOTCHA MaJBMH, H ypaBHenue (7.3) 3aMeHACTCHA TAKHM:

i+wiz=eglz, 2, {}.

Bu6op noctonnsoil o B ToM caydae, Koraa f(2) — aHaauTHyeckas
$yHKINS, oUeBUASH — 3TO Ko>QQuUUHEHT TNPK NEpBOM uHCae Telno-
POBCKOr0 pasioXeHusi ¢yHKuuu f(z). Ecnn [(2) He aHanauTH4eckasn
QYHKUHA, TC BENHUMHA « ONpeNeNseTcs METOAOM 3IKBHBAJEHTHOI
AHHeapn3anud., B 3TOM chayvae BeIHYHHA ® 3aBHCHT OT aMIJH-
Tyas £ Pasnocts

f(2) — otz=ep*(2)

OTHOCHTCH K BOZMYIHAOWIUM CUTAM.

6) Koasebanus ¢ maaod snepeuen. KpasuiuHefinbe koneOaHus
ABNAIOTCA YacTHRM cayyaeM Takux cucreM. OJHako Ha 3Ty saiauy
MOKHO {1OCMOTPETH M ¢ Gonee oblell Toukn apenns. [1peanonoxum,
YyTO MBl CHOBA TMpedCTaBHIH QYHKIHIO f(2) B BHAR

[ (2} =0’ — wp*(2),

rie p — HEKOTOPBIT Majbili mapaMeTp, He 3aBHCAWAA oT e Torna
H ypaBHeHue BO3MYLIeHHOro ABUXKenus (7.3) Gyaer

i+ 0%z —wp* (2) =e9(z, 7. 1). (74)

YpasHeHue (7.4) copepKHT ABa Matbix napaMerpa. [Tpn-e=0 wmbl
nojaydaeM nopoxjaiclliee ypapHerHe

FroZz=pp* (2). (7.5)

Ecan 30eprus cucTeMbl Masa, T0 MOXKHO MOCTPOHTh NPHOMHAKeHHOR
pewenye (7.5) ¢ 1060l TOUHOCTBIO OTHOCHTEABHO

2=Q{x, w{x)({+)). (7.6}

Henonbaya pemenne (7.6), Mbl MOMKEM Tenepb NOCTPOHTH pelileHHe,
ACHMUTOTHYECKOE IO e.

Takoft OAXOM K HCCMEAOBAHKIO YpaBHerui (7.3) apasercs foniee
ru6KuM, ueM TOF, KOTOPHIA faeT KBasunuuedHas rteopus. Henoas-
230BaliHe ABYX MaiblX NApaMeTPoR T03BOAALT OOHAPYXUTHL B Heas-
TOHOMHBIX CHCTEMAX TaKHe pelieHHs, KOTOpble Hedb3ds ONpelelHTh
METOOOM KBa3RIHUEHNON Teopuu. TeM Heé MeHee €ro BOIMOMKHOCTH
OrPAHHYEHE! TOJbKO MAJBIMH aMIAATYRAMM.

B) B ToM chyuae, eenid aMnAMTYIH KoneDaTesbHOro mpollecca
Be/HKH, (A30Bafs TPAaeKTOPHA ye O/H3Ka K CeNapaTpHce, k Mbl
AQJIKHBI HCOIOAb30BATH AAA NOCTPOSHHA ACHMOTOTHKH ofliHe Me-
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TOAbLl, KoTOpbie OblAn n3nomenut B § 2 31Ol rnasu. 3aMmeraM, oa-
HaKO, UTO eCVlH NPH YBeNHUEHHH 3HEPTHH MepHoA Koaebauuit Gymer
HeOrpaHHYEHHO VBEJIWUMBATBCA (MepHOA ABMXKEHHS BIOMbL cenapa-
Tpuckl GeckoHeqyHo GONIBHIOH), TO TOYHOCTb ACHMMTOTHYECKHX TPE-
crapneddfi 6yAeT YMEHBIWATRCA,

TakuM o6pasoM, MeTOAbI JaHHON FIABhl MO3BOAIOT C GOJBLIOH
TOYHOCTLI) H3YYHTE BCHO 067acTk KoaefaTesibHLIX ABHKeHHi, 3a
HCKJIOYEHHEM Y3KOH ROJAOCH, MPUMBIKAIIE] K cemapaTpHce.

B nacroawem naparpade Mel PacCMOTPHM BpawlaTeqBHEE ABH-
KeHna MmaaTHuka. OKasblBaeTesi, YTO METOALl OCPeTHEHHA NO3BG-
AKOT A GOALIIEX SHEPIHIt NOCTPOHTL TEOPHIO, MO MeHblled Mepe
He Donee CAOKHYIO, YeM HM3NOMKeHHAA TEOpPHUA HENWHEHHBIX Koneba-
Huh. Maydenne BpaiateJbHbIX ABHXEHHA Mbi HauHeM ¢ paccMoTpe-
HuA coBcTBeHHBIX ABuiKeHudi (p== 0},

- 2. Hoawe wesaBHCHMUe nepeMelHbie, [lepefiaem Ttenepb Kk Hay-
YeHHIG TeX ABiKeHWwd cHcremut (7.1}, KoTopble naofpamkalores le-
3AMKHYTEIMH (asoBHIMH TpaekTopHAMH. OHH COOTBETCTBYIOT $0Jibe
M 3HAUEHHMSIM HRYAABHON 3HEPrum.

PaccMotpum ~HoBa puc. 28 W KagYI0-Am60 H3 KPHBBIX, OIIHCHI-
BAIOHIHX BpalkaTe.1bHoe ABHXKeHue. Ona nmepecekaer ock OF B TouKe
=0, 1 (a3zoBast TICKTOPHA, COOTBETCTBYIOWLASl 3TOMY YPOBHIO
9HEPrHA, mpeacTasa: o1 coboll BOMHOOGPA3HYID KPHBYI, JeXallyid
B oKpecTHocTH mpamoft Z=Q. ITostomy B ypaBHenun (7.1) ecte-
CTBEHHO C¢Heath 3aMeRy NepeMeHHBIX

d
d—f =Q+x. (7.7)

Uonoxum ewle f=es, rie e=1/Q. Toraa ypaseenne (7.7) 6yaer
MPHBEASHO K CHCTEME ABYX ypaBHQHHﬁ nepeoro nopankKa

¥ = —ef(2), }
Z=14ex,

Tae npHHATC obosHaueHne ¢ =dp/ds. 3Ta cucreMa ypasHeHuit or-
HOCHTCA K PAaCCMaTPHBAEMOMY THNY YPaBHEHAI: OHA COREPKHT OJHY
MeLTCHRO H3MeHSIOWYICA EePEMeHHYI0 — YTAOBYI0 CKOPOCTh Bpa-
(eHHA X W ORHY GBICTPO H3IMEHFIOWIYIOCS NePeMEHHYI0 2, KOTOPYH
MOXKHO HHTepNpeTHPOBATh KaK Yrol MeKAY HUTBIO MaAdTHHKA H
HEKOTOPOH NpaMOH, (pukcHpoeanHoA B npoctpancTee. Kpome Toro,
ApaBble YacTH ABMATCH NEPUOLHYECKHMH (GYHKUMAMU «GbICTPOH»
nepementoi 2. Takum 06pa3oM, 1in H3ydeHna cuctembt (7.8) Moryr
GHITE MCOONL30OBAHB METOAH, pasButble B STOH rMaBe.

Has cacremw (7.1) ycnoBuMcs paccMaTpuBath CAELYIOUEYIO 3a-
Aauy Komin:

(7.8)

npa f=0; %=Q, z=1)
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HAH .
mp {=0: xr=02=0 (7.9)

Tax kak cucrema (7.1) He coaepKuUT ABRO BPEMEHH, TO paccMoTpe-
HHe Takoll crneuwanbHoft 3aaaun Kown He orpanauusaer oﬁmﬂocw
Ecan My HafileM ee peinenye

z=z{l, Q),
TO 06Kt HHTeTPAA ypaBHeHda (7.1) zamniterca B hopme
z=2z{l+4, Q), (7.10)

rae Q ¥ f, — NPOU3BOJBHbBIE TOCTOAHHBIL,
3. MocTpoende ACHMNTOTHKH nopoxzawwere pewenns. Caenys
oflleH cxeMe, NOIOHHM

x=F%eu, (%, F+elu (% B+ ...,

z=z+tev (%, 2)+ &0 (% 2+ ..., }

rae OYHKHUE T M I YAOBRAETBOPAIOT CAEAYICLIHM yDABHEHHAM:
-’7:72 gd (B) + AR+ ...,

Z=14+¢eB, (£)+e’By (%) + }

Kak u Bo BCEX APYTHX CAYUAAX, MB OyIeM CUHTATb (PYHKUHH U; H

v; orpanydendbimu. Masee, ana Toro 4ToGu YAOBAETBOPHTHL YCJO-
BuaM {7.9), mpuMeM

(7.11)

(7.12)

4 (Z, 0) =v:(F, 0)=0. (7.13)

YpanHeHHe ans onpefeneHus dyHRuMil ¥;, v;, A; u B; 6yayt B sToit
3ajsaue TaKHMH:

ﬁ“—'-f(z) A®, B=x-B®)
%“ 3£ h = a”‘ 3z A 6”’ B — Ay (%), (7.14)
aUg

6‘0 60 -
2z~ =7 A= 33 Bi—B:(®)
HT - ’

PaceMoTpHM nepeoe u3 ypaBHenruli cueremu (7.14). Haa orpa-
HHUYEHHOCTH GYHKUHA &) HeoOX0AHMO H N0CTaTOYHO, YTOOH

A;(f) = - ?..
Ho, coraacuo yenosiuio {7.2), =0. Takum obpasonm,
Orcropa

u (&, 2= — [ f@)dz+C (2),
0
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rae C(¥) — npouzBonbHaa ¢pyuxnua F. Oanako yeaopne (7.13) Ham
cpasy Laer

C(z) =0.
Beegem oGozHaueHne
mn T
[Fyan=2@m, [ ¥Yman=2 . (7.16)
0 3
Torga Mol MoAeM HanHCcaTb _
w(f)= — ¥(z). (7.17)
TMoBTOPSS DACCYKMEHHS [N BTOPOTO M3 YPABHEHHA CHCTEMBI
(7.14), noayunm .
Bi=x (7.18)
H, CIEA0OBATENBHO,
v =0 (7.19)

Hcnoawaya pesyastatul (7.17), (7.18) 1 (7.19), nepenmuiem tpethe
ypaBHeHde cHcremsl (7.14)

duy _ d¥(3)

33 =“'—&‘2—5C—Az(5‘).
OTKyAa
@=L gm0 (7.20)
H, CJACA0OBATCNEHO,
s (F, 2= F ff(z) dz = 3¥ (), @2
. i}

[Tepenumiem, HaKoHeu, nocJelHee H3 YpaBaeHHA cuctemu (7.14)
C Y4ETOM MOJYYERHHBIX Pe3yNbTaTOB

S W (5~ By (),

OTKYAA .
By(z)= — ¥, (7.22)

H, cleAoBare/bHo, Henonbsya obo3navenus (7.16), nmonyunm
v:(F, D= —QE+7T. % (7.23)

TpoAG/MKUB 3TY NPOLEAYPY, AETKO .NOAYuHTE, yTo A;=0, w T. 4.
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OrpaunuuBAACh B HALLMX BHIUHCNTEHUAX uleHaMu nopaaka O(e?),
npuaannmM ypaesedusm (7.11) u (7.12) Bua

x=F—eW(F)+eRV () + ...,
z2=2-e*(@(2)-¥3),

=0

3 =147 — 2T,

Hiuterpupys Tperbe H3 ypaBHeHu#i (7.24) W VUHTHBAs Haua/bHbie
yoaoeus (7.9), noaydam

(7.24)

F=0. (7.25)

Ha ocroBanum paseHctBa (7.25) ocraibHEie YpaBHEHHA CHCTEMH
(7.24) 6ynyT uMeTH CUeYIOMHE BHA:

x=—e¥(3),
z2=z+e(Z¥ — D (3)), (7.26)
3 =1—2"F,

MepennmenM opmyns (7.26), posppauasich Kk nepemernomy f=s/Q,
H nojaoxuMm e=1/Q

z=(g_$ﬁ)r,
2 m(g—%ﬁ)wgi,_{w(g—éﬁjr-m((g H%W)_z)}, (7.27)
r=—g¥((2 -5 ¥)t)

MNpoaosnxue 3Ty npounenypy, Mbl MOMEM NOJYYHTEH PelieHHe ¢ Jio-
Gofi CTENneHbIo TOYHOCTH OTHOCHTENBHO 1/Q.

Tak kax W #ABAAETCA NOCTOAHHOW, He 3aBHCANIEH oT §, 1O
YL0GHO BBECTH HOBYIO NOCTOAHHYIO :

]—.
7L=g—'§1}r-

Toraa acHMNTOTHYECKO MPEACTABAEHHE OGIUErO HHTErpana ypasHe-
uua (7.1) pasa cayuasd GOJBUINX SHeprAfl OYIeT HMeTh RHA:

2= +1)+ T‘;{? A+t -00¢+e)+0(55) Y. 129

Petnenne (7.28) cosepiHT ABE NPOH3BONBHHIE OCTOARHBIE A H o

*} Ilpu suBone (7.28) MH HCNOABL3OBAAH TO OGCTQATENLCTBO, YTY

1 1 1
-F=-‘—3+O(~xs—).
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[lpumevawna |. Hrak, acuMuoToTHYeCcKOe mnpeacTaBieHue
obulero uuterpana ypassenus (7.1) agn cnydas 60oablEAX 3HEpTHi]
MoXeT OuiTe mpusefeHo B popme kpazpatyp. Takum ofpasoM, B
3TOM CJAY4dae MBl HMeeM TY XKe CaMYK CHTYAaIlHIO, KOTOPYI0 MBI
HMEIH AJA Maablx 3HepruA. B caMoM mene, ecaim paccmaTpHBarh
ypaBHeHHe (7.1) Kak kBasuAHHekHOe

F4+0z=e9(2)= —(f(2)— 0%2),
TO MH JOMKHH NPHHATH
Z=X005 Y, x=const.

Toraa y yposnersopsier ypaBHEHHIO
n

Qan f [F (x cos y) — @®x cos ¢] cos y dy,

]

=04+

2
g=9.(x)=%+2ﬂ;wjf(xcosy)cosydy
0

H acHMIITOTHUECKOe NpeAcTaBJeHHe OOLIero HHTerpasa Oyaer
z=xcos Q(x) ({+1,), : (7.287)

rae X H fy-— ABe MPOH3BONBHLIE IOCTOSHHELE,

Caenosatenbno, tdopMmyaa (7.28) spaserca auamorom (7.28"),
a dopmyna (7.7) urpaer Ty XKe poib NPH H3YYEHHH BPalATENbLHBIX
ABHXKeHHH MafATHHKE, KaKyK urpaer npeoGpazosatne Bau-gep-IToas
B cay4ae KoseGaTenbHBIX IBUKEHHM.

2. Ona noctpoenust hopmyn (7.28) Mbl HCMONB30BaNM pasnoxe-
HHe (PYHKLHE B PAALL ¥ CBA3aHHbe C TOR ApOLEAYPOH onepauuH
nuddepenunposanui. B § 4 3tof riaswl 6bI0 nokaszako, 4TO dop-
Myna tana (7.28) MoiKer GBIThb NOAYUeHa METOAOM MOCASLOBATENL-
HBIX NMprONHKEHHH, peanu3allHa KoToporo He Tpefyer npeanosoxe-
WA 0 ARQQepeHUHpYeMOCTH (W JAaXe HelpepHIBHOCTH) Npasoil
yacTh ypasuenus (7.1). CxeMa MeToAa MOC/EROBATENALHbIX TIPHGAH-
WKeHHH OPHMEHHTEIBHO K HAHHOMY CAYHAlo CBOAHTCA K CAELYIO-
uemy.

Bmecto saMenbl nepeMenusix (7.11), (7.12) Mb1 nonaraem

x=k+eu(% 2 ¢), }

=Z+evix, 2 e, (7.11)
F=eA(%, 2, }

. i (7.129)
z=14¢B8(x, &)
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Moacrasass (7.11°) u (7.12) 8 HCXOAHBe ypapuenus (7.8), Mul
NoAYYaeM
At eugAd+ uz{l +eB)=—f{Z+¢0),

Btev:B+0:(1 +eB)=%+eu.

PellleHne* 3T0H CHCTeMbl NPOBOAHTCS MO CAEEVIORIEH HTepallHOHHOH
cxeMe:

B — Ff5 (R} — pr(R=1) AlE=1) _ anll=D k=1 _ A(8)
ul f(Z + eo®-D)—en-V A ev®-Dp A,
Ugﬂ =¥ + auik-l} — sﬂ(_k—n{q(k"l_]'_ eq{?‘”B{k‘" —_ B{H-

X

Hetpyano y6epurhes B TOM, UTO, HCNIOAB3OBAB 3afaHHKWE HAaYa/bHDIE
YCNOBHS, 4 TaKkiKe YCA0BHA OMPaHHUEHHOCTH QYHKUHA ¥ H U W npo-
BOJAA IBA LIATA HTePALHOHHOMO Npouecca, Mbl npugeMm k dopmyne

4, BpamareabHnie ABHKECHHA MATEMATHYECKOr) MAATHHKA, B Ka-
YecTBe NpocTefllero MPHMEpa PacCMOTPHM BpallaTeibHble ABHME-
HUA MaTeMaTHYeCKOro MasTHHKa

Z4sin 2=0. (7.29)
B stoM cayyae

F(z) =sin 2
H, CeJI0BaTeNbHO,

¥(z)=1—cosz, ¥=I|, ®»(2)=2—sinz

Hcnonbsyst 3TH BBipaXkeHHA, COCTABHM BhipaMeHue (7.28)
z=M+ %sin?ﬁt-}-O(%). (7.30)

Peinedne yparHeHHA (7.29) BhipaKaeTca depe3z SMIHATHYECKHE
(YHKLAH, NDO3TOMY acHMOTOTHKY ypasHenua (7.30) MoXHo no-
CTPOHTb, ONNPAACL HA CBONCTBR FNJHNTHYECKHX (yRKUHIA.

Mpumevatne Ecniu mpabas vactb ypaeHenna (7.1) — ana-
AHTHYECKaR DYHKUHA Z, TO NPHOJNHMEHHOE pellieHHe B cayyae GoNb-
IMHX 3HeprHil MOXeT OBITbL MOCTPOSHO H APYTHMH crocoGamu. Ha-
NpHMep, moaaraa B ypasHeuuu (7.1}

z=H+a, Qf=s, é—=e,

Mbl IPHBEJEM ero K BHIY

2
a=—(s+a).

Hpaaaa 4acth J4HHOTQ YpaBHEHHA 3aBHCHT OT MaJOTO NapaMeTpa e,
NpHYeM 3Ta 3JABHCHMOCTHE AHANKBTHYECKAH, NOITOMY €ro pelucHHe
MOIKHO HCKaTL B BHAE DAAA MO CTEMNEHAM &, OOHPAACh Ha TCopemy
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Hyankape. [TpuMenss nonobHbie paccyxAcHHn k ypasaeHuto (7.29),
Mbl NoAYUHM : o

zan-]-Sith{é-"-ﬁ%y'!‘ }-l-
+sin 20¢{ 2 + ...}+sin3£2t{48%+ O A &)

[Neppuie unenw paanoxenuit (7.30) n (7.31) cosnanaior.

5. MpumMep MaATHHKA, BO3BPAMIAIOWAR CHAA KOTOPOTO Paspbib-
aa. B § 4 3toff raaBy MW yiKe 06CyAAaNH NPHMEHHMOCT, METCAOB
yepesdeHHst K TOMY caydalo, Korda ¢yekuma f(2), Bxoasuian B
ypaeHenue (7.1), He AomyckaeT pasnoxkeHus B panbl. [MokakeM Ha
NpuMepe, Kakde pesyAbTatThl MOTYT
6oiTb NOJYYCHH B TOM CAyuae, i)
Korna ¢yHkuxs f(z) paspuiBHA.

yers  f(2) — nepuoAnueckasn ) 2
GYHKOHA 2z mnepHoma 27, RpHYEM z — e
+1, z=(0, n), e
f(z)=[ _ _
1, ze=(—n, 0). _
padux ¢ynkumn [(z) usobpaxen Puc. 29,
Ha puc. 29.

Tak xak f=0, ro ¢asobas naockocTk ypaBHewua (7.1) Gyaer
B 3TOM C/y4ae GEPHOAKYECKAN, T. €, HMETb CTPYKTYPY, H306paMeH-
Hy[o Ha puc. 28.

BeiwHcn M

2z, 20, n),
—2z, z&(—mn, 0).

Y= ff(z)dz=[
: ¢

CneaoBaTteabHo,
n 0
% ! _ =
‘P‘—E{J‘?’vdz— J.de}—-Q“.
I -n
Lanee
23
-2_ ] z E {0) n}'
b (2)= 27
T e ZE(--:'E, .0).

Teneps sns 3TOrC enydyas coctasiM seipaxende (7.28)
| = A n
?‘.f'l‘ﬁ[‘é—lf“-?- ’ fE('D, —i‘),

M+ 5+ 55, re(-2, 0). (7.32)
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Jpuxenun, kotopoe onpefeasawres dopmyaamu (7.32), naobpa-
HEeHbl Ha puc. 30, rie

hA=1g ¢.

6. Cucrema ¢ Bpamaiuumca 3BEHOM. MeToaMka, H3J0XKEHHAA
B 3TOM maparpade, MoKeT ObITh HCNGAb3IOBAHA 03 KAKHX-1HG0 Cy-
. ECTEEHHBIX H3MEHEeHHN AAS UCCAed0BAHWA YPABHEeHHHA 3HauyHTENbHO
Goaee ofwerc BuAa, ueM PaccMmo-
TPeHH b,

Ipennonoxum  Tenepn, 4¥TO
BMecTo ypasHeaus (7.1) ™Mbl pac-
CMAaTpHBaeM TaKoe:

FHf(z 2) =0,  (7.33)

rae f — BEKTOpP, H3MeHeHHE KOTO-
poro ONHUCHIBASTCH CHCTeMOH AHD-
depeHIUHANBLEEX YPaBHEHHEH

E=R(t 2). {(7.34)

Ho-npexuemy Gyaem npeanosarate, uro OYHkUMA f{2, £) mepuoau-
wecKad no 2 nepuona 2n aag J0boro §, 6puvEM

Puc. 30.

Ho=n |G 9dz=0,

Kakogo Onl HY ObLa0 £,

dyakuuio R Takxe GyleM cuuTaTh nNepHoAMuYecKodt dyHKuned
nepeMeHHON Z MepHofa 2n (B HacTHOCTH, He 3aBHcAwed ot 2}. By-
IeM mpeanoiarate Aadee, 4to

£{0) =

ECTh HeKOTOpOe GOABLLOE YHCIO.

Cucremy {7.33), (7.34) npm 9Tux ycaoBHAX Mbl OyaeM Hasw-
BaTh CHCTeMOR ¢ apawiaroujumcs 38eAoM. Takue CHCTEMB uacTo
BCTPEYAOTCA B npuiokerdax. HaapuMep, kak Mbl 3T0 YBHAUM B
caeayiollem naparpadge, oCWian 3a30a4s ABHMKEHHA CRYTHHKa, T. e.
3ajaqya HCCACAOBAHHA COBMCCTHOTO HOBHKCHUA UEHTPA HHEPUHH
COYTHHKA H €70 IABHMEHHA OTHOCHTENBIIO UEHTPA HHEPUHH BO MHO-
FHX Caydanax CBOAHTCHA HMEHHO K HCCNeA0BAHHKW CHCTEME C Bpaliam-
ILHMCA 3BEHOM (MJH ¢ BPALLAIOUWKMHCA 3BeHbAMU).

Tfocae 3ameubl
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Mbl NpHBENeM CHLTCMY (7 33) (7.34) k caepywlLeMy Bnny

=eRE, 2),
x’ =—ef (§, 2), (7.35)
=1 +ex,

rae ' — wrpux o3snavaer auddepeHunpoBaine MO HOBOMY HE3aBH-
CHMOMY MepPeMeHHOMY &.
Ias cueremu (7.35) paccMOTpHM 2afady Koulw ¢ HAvalbHLIMH
JaHHBIMA '
E(0y=a, x(0}=0, z{0)=0. (7.36)

Srta 3afava MoxeT ObiThb H3YYeNa CTANAAPTHEIM METOAOM. Buictpas
nepeMeHnas 2 NPH 3TOM UCKIIOUASTCH, H Mbi NPHXOIHM K CHCTeMe
ypaBHeHH#, mopaloKk Kotopo$ pased n+1. OAHako B 3TOM cAyqae
Pe3yaBTaT YXKe He MOMeT GbITh NPeACTABAEH B CTOJNb KOMIIAKTHOH
dopMe, KAKYI0 HaM YAANOCh NOJAYYHTL B 3alaue O BPallaTe/bHOM
JBHKEHHH MAaATHHKA,

7. MasaTHHK ¢ nepeMesncii Bo3spamaromeil cHAOR. LlaLTHhIM
CAyYaeM CHCTEM € BpallaiilAMCA 3BEHOM RBJIASTCH MAATHHK, ABH-
eHHe KOTOPOTO MMeeT BHMI

i+f(z, ) =0 (7.37)

OpH YCNOBHH, YTH €0 HAYAAbHAA JHEPTHA BeJHKa. 3Ta 3amava cBo-
AnTcA K cHcteme tuna (7.33), (7.34) samenoi

t=t &=L,

Toraa cucTeMa YpPaBHEHHA THMAA (7 35), cooTBeTCTBYIOWAA 3T0M3r
}’pﬂBHeHH[O 6YH£T HMETE C.I'IE,IL)-IOUJ,HH BHI:

g =g,
X = —eflz, E) (7.38)
2'=1+4¢ex. :

[MosTOpPAA AOCJAOBHO BCE Te PAacCYy)XAEHHA, KOTopble OBlM npHBe-
JeHH B Hauafde maparpada, Mbl Aerko NOJIYUHM 445 3TOrC ciyuas
dopmyan  tHona (7.18), (7.17)—(7.19), (7.20), {7.22) u (7.23).
Boaepaliladch 3aTeéM K CTApbiM NEPEMEHHBIM, HalleM

2= (2 -5 o)) t+ g {F (R - 5 T (1)~ |
l A

—0[t, (@ ~ 52w} ]}
KAH, BBOAR HOBOE ofo3HaueHHe a4 “pOHBBOﬂbHOH NOCTORHHON

A=Q -3 ¥y,
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NOAYYHM OKOHUYATEJNbHO ANiA BEAHYHHbl OTKAOHEHRA MAATHHKA cae-
AYIOULYI0 aCHMOTOTHYECKYIO dopMyay:

2(t) = + o5 {F () AL~ D (2, AD). (7.39)

3aMeTdM, YTo acHMNTOTHYecKana (QopMysa (7.39) OGuina nmonyuena
Gez karux-Aubo NpeANCACKEHHHA O CKOPOCTH H3MeHeHWS napame-
TPoR MasnTHHKA (7.36). 3To 06CTORTENBCTBO ABARETCA OTAHYHTEND-
HOf 0coGeHHOCTI0 324a49 acHMNTOTHKH Ooablnx 2Heprudi. B aTnx
3ajayax YCpPeLHEeHHe NPOM3BOAHTCE M0 TNEPHORY BpPalaTeALHOTO
ABHMEHHA, KOTOPBA Man, 4, CNenoBaTeNlbHe, MNAPAMETpbl CHCTEMH
3a BpENA OHHOLO UﬁOpOT& HE YCMeBAKT NOAYUYHTE IHAUATENBHHX
NpHPALICHH, [LaMKe ec/H HX NMPOHSBOAHLIE H HE JABJAIOTCA MaJbiMH
B <peajibHOM MacliTabe BPeMEHH»,

B kadecTBe npHMepa paccMOTPHM BpaIaTeJhHLle RBHXCHHR Ma-
TEMaTHHECKOTO MAaATHHKA B Node nepeMmedHo#l rpapHTanMH. Ero
YypaBHEHHE MOMKHG 3aNHCATh KAk

i+g{f)sin z=0. {(7.29)

[Mpumensaa gopmyay (7.39), Mmb nonyaum c.neﬂ.yidmufi ananor ¢op-
Myaul (7.30):

z=M+ %‘{l sin AZ. (7.30")

MpuMmevwaume Pewienwe ypasHerua (7.29) mel Mornn noay-
YHTb B 3JNHNTHYECKUX GYHKUHAX, H dopmyay (7 30) MoxHo OBIAO
BEIBECTH ¥ M3 TOYHOTO pelleHHA, He npuderag K acHMNTOTHYECKOR
TeopuH. YpaBHeHue (7.29”} yKe He WHTETPUPYETCHA B 3AeMeHTaPHbIX
dyuknuaAx. _

KoneGaTenbHble IBHXKEHAA, H3VYEHHEe B NMPeNbIAYIEIHX naparpa-
$ax, — 970 HEeKOTOPHIH KAace ABHAKEHUA B OKPECTHOCTH NOJOMKEHUA
paBHoBecHd. [IBHXXeHHA, KOTOpble ME paccMaTpHBaeM 8 3TOM napa-
rpadié, — 370 KJAace ABHXKeHHH, GAH3KHX K paBHOMEDHOMY Bpalle-
HHIO H HMEIOLIMX Takie konebaTeabRH i xapaxktep. TlosToMy u sgech
YMECTHO BBECTE MOHATHE AMILIHTYAB — MAKCHMAMLHOTG OTK/IOHE-
HEA OT PaBHOMEpHOrO BpalleHHA. B JaHHOM ¢/ydae, Kak 3TO cie-
ayer W3 dopMyan (7.30°), amnanryay a(f) MOKRO onpeaenuthb
dopmyaoit '

1
a=-z &)
Hs 370r0 BHIpaXkeHHs BHAMO, 4TO aMilIATYla MPH BpalllaTelbHOM

ABHKEHHN PacTeT C YBEJAHUEHHEM HANPAKEHHOCTH IPaBUTALHOHHOIO
noan. HanoMHuM, 4To B ¢iydae kojebarebHbIX ABHXKEHUN aMnii-
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TYAA ¢ YBeJHYCHHEM HHTEHCHBHOCTH MPaBHTALHOHHOTO MOAA YMEHB-
Uanacky Mo 3aKoHy

&
a=—,

q  —

Ve
Conocrasnerne 3thx ABYX (opMya YKazeBaer Ha CYLUIeCTBOBAHHE
KayeCTBEHHLIX padadyHii B XapakTepe KoaeGaTeNbHLIX NBHKEHHH B

OKPECTHOCTH MONOXKEHHt PaBHOBECHH M PaBHOMEPHOTO BpaLeHus.
8. Teopus eoaMymeHHA. PaccMOTPHM TelepbL ypaBHeHHe

EHf(z D =pelz i 1), t=pidT (7.40)

1 GyAeM Npeanonarath, 4To 3HEPruA 3TOH CHCTEMB 10CTAaTOYHO Be-
anka. Takum ofpaaom, npeanoaaraerca, uto npH p=( ABHIKEHHE
maarauka (7.40) ppamatensnoe,

Mapamerppl Q, XaPAKTEPH3YIOUIHA SHEPTHIO CHUCTEMbL, H p, Xa-
PAKTepPH3YIOLUHH BO3MYUAIOWIHE BO3ACHCTBHA, CYHTAIOTCH He3aBUCH-
MBIMU; TIOSTOMY AR HCCJAEAOBAHHA YypaBHeHHA (7.39) moOXHo no-
CTPOHTE TEODRIO, aHANUTHUHYIC TOH, KoTOpas OBla pa3suTa B § 2
3TOH MTaBH, ONMKPAACh Ha ACHMITOTHYECKHME DelleHHA [TOPOXKAdID-
wero ypaeHedus (7.1)

f+f{2, ‘to)=0‘.
Byzem cyutaTh, YTC peileHHe nopoMKAaloMlero ypasHeHus (7.1)
uMeerT BHA
2=Q(x' . T)»
rae
Q=y+Z{x, g, 1), (7.41)

3flech X —— NPOH3BONLHAN NMOCTOSHHAS, A
y=wv(x, 1) (t+4),

@(%, T) — HOPMHPYIOUIHH MHOXHTeNb, BHOPaHHHA Tak, 4Tobw
$yHkuHA Z O6HAa DepHORHYecKORl (YHKUNEA NepeMeHHoro y mne-
puoda 2n. ComnocraBnfaa sblpakedue (7.41) ¢ aCHMOTOTHYECKAM
npeactrasieHdem (7.28), Mu nonydnm

o=t 1o, o=l
= v a'2) V;,

2, 5. 9= @)y-Bly, 0+ 0( %) =26, -:)%o(-x%]‘

I (7.42)

Takum ofipasom, ¢ TounocTsio g0 O (1/A%) GyHRUMA Z He 3aBHCHT .
ot x. Onpegeaun ewe Z: ' ' '
Z=wl, (7.43)
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HJH, HCHOJ'IbS-YH dopMyin (7.42),

; 1

L= =
Vx
Hcnosbayn 3ameHy nepeMesHbX, onpegenennyio dopmyaamu (7.41)
u (7.44), cocTaBHM yPaBHEHHWA OTHOCHTENBHO HOBBIX MEPEMEHHBIX X

B y (cM. § 3 aroii rnasm):

==k QB =X (v, 4, O

z, (7.49)

(7.45)
y=0 +% {q)Q_t‘ + gl} = !"'}/(xi Y, 1:)1
riae
b= — 0,02 +(Q.Q,, ~ ,.Q,) o
§g=— thny + meer +o (QxQxy - Qy-:Qx}r (7.46)
A=0(QQ,~Q,Q)—0Q

Hcnoavays nanee dopmyau (7.42), noayunm
Q=y+xZ(y 1),

Qy=1+x2Z, Q=1+2xZ + 527
Quy= X2y Quy=12Z, 0,=0,
Qt-—_xzv er‘_"xzyv

H, CAel0BaTeNbHO, BLpaweHHd (7.46) MOXkHO mepemHcaTs B CJe-
JIYlOu.LEM BHOE:

-4 VYol L _ L
M=o+ Vi (z A 2m+m(zzy %)
§l“]fx [— Zw"'x(ztzyy"'zytzy)]v (7'47)
— ZHZ-;

(2 2z,)

Zy
O
Ha popmya (7.47) enenyer, uro

| i1 1
A =“‘2—(03+ O (E) l

LR (7.48)

[
T2V
- 9, ¥Ypasteune Baw-mep-flons. B »1oli kuure mMu He pas ofipa-
m.a.uuet X ypasHeHuio Bau-pep-Tloas

S+z=p(l—052")3 (7.49)
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Ucnoabayem ero B xauecTRe mpuMepa IS HNACCTPALHM H3J4Tae-
MbIX MeTofoB. Hanomuum uekoTopble pPesyiibTaln, OTHOCHLLMECH
K ypaBHeHHIo (7.49).

Ecan pasbiCKHeaTh pelleHHe 3TOro YPaBHeHHA B BuIE

Z=cos y,

TO NepBOE H3 YKOPOWEHHLIX ypapllenuii GYAeT KMeTh BU/

£=P—x(l—£). (7.50)

OTKYIZa Cpasy cheayert, YTO CYULeCTBYIOT ABE CTalHOHapHBIe aMNAan-
TYAR
2
x1=0, Xp=—"—. 7.51
1 * 2 ﬁ ( )

Ina npoeepkn YCTOHYMBOCTH CTauHOHADHBIX pelleHnit (7.51) vam
JAOCTATOMHO OUPEAENHTh 3HAaK MPOH3BOAHOR NPaBOR 4acTH ypasHe-

Hua {7.50)
(&l (=5, =10
(Le(i-2]) | _=—g<o

M3 3Tx HepaBeHCTB CaefYET, YTo CTAUHOHAPHOE pellenHe Xy He-
YCTORUMBO, a Xz YCTORUHBO.

Vpasrenve (7.49) — 570 kBasunuuelinoe ypaBHeuHe, Ero amna-
JIOMOM fLAA TPOH3BONLHBIX OTKAOHEHHRA Z eCTeCTBEHHO CUHTATh YpaB-
HEHHE

f+sinz=p(l — bsin®2) 2 (7.52)

Tfopoxknaroulee ypasHenae, KOTepoe noAyyaercs ipu p=0, HaMmn
yiKe n3yueHo. Ero ofuiee pelieHue MOMXKHO NMPeJCTABATL B BHAE

z=y+xZ{x, y), {7.53)

1 .
rre y=of, o= i Z — nepyoauueckan (YHKUHA NePeMEHHORN ¥

neprofia 2n. Beawudny X -~ OTKAOHEHNE 01 PaBHOMEPHOro Bpalle-
Haa — Oynem Has3eBaTh AMIONUTYIACH.

Pewenne (7.53) ronyckaer, Kak Mul 3laeM, ACHMIOTOTHYECKOE
tpencTaBietne

z(x, y)=siny+0($].
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Benwunnnt x # y GyaeM paccMaTpPUBATL Kax HoBbie mepeMeHHHe H,
NPUMeHSS METOJUKY NPefBIAYIHEro NYHKTa, NOAYYHM

2=Q(x, yy=y+xsiny,

1 1
t=0Q, = V—;(l+xcosy), ﬁmﬁ-

Bunumem nepsoe 3 ypasuenmii cucreMu (7.45)
f=—togQ = —2px{l~bsin’(y+xsing}{l +xcosy}. (7.54)

[IpaBaa uactb ypasHeHus (7.54} — nepuonudeckan PYHKIHA nepe-
MeHHO y nepuoga 2x. [Tpexse ueM NMPOBOAMTE OCPEAHCHHE MO 3TOM
nepeMeHHo{, NPeacTasHM NpaBylo vacth ypapHeHus {7.54) B Bnje
PAa, PaCNOJOMKEHHOTO IO CTENEHAM X '

&= — 2ux{l — b sin? y+x(2cos y — 4b cos y sin? y} +
+x2(cost y+bsin®*ycosy — Bb sin?ycos?y) +43(.. )+ ..}

Vepeausst APaBYIo 4acTh 3TN0 YpPaBHEHHS,, HMEeM
x=——~2ux{l——+ (——-— b)+x‘( O+ }

Ynepwum B burypHoix ckoOKax TONBKO BesHYHHb HyNeBol H BTO-
poft CTENeHH OTHOCHTENLHO aMOAHTYAN X

. b, a1 8

gt =g+ 23 4)b} (7.55)

A B 270fl npubaMKeHHOR NOCTAHOBKE HafileM CTAUHOHAPHBIE aMDaK-
TYIB!

=0, fy= ]/ 2 22 (7.56)

3.’1 2
Tak Kak npu BbiBoge ypaBHerds (7.58) Mbl NPHHSAH NPEANOAOKe-
HHE ¢ MaJOCTH aMuiInTyab, To ¢opMyaa (7.56) nMeer cmbica
TOALKO ANl 3HAYeRHH Koacpq:nuueura b, GAH3KHX K ABYM {Ho b<2).
Jan necnenoBaHuA YCTOHUMBOCTH BHUHCANM

£eri=peel-to})-——)-so(-10)

Orcmla celyeT, uTO pelleHHe Xy YCTOAYHBO, & pemeﬂue Yo He-
YCTOHMHBO.

10. OcofeHHOCTA pPe30OHARCHBIX ABJCHUA B CHCTEMAX C Epaman-
HHMHCH 3BEHbAMH. 3anaun HCC/AEIOBAHHA PEe30HAHCHHIX ABRACHIL
B CHCTEMAX ¢ BPAlLAKIUHMHCA 3BeHbMH AMelOT Uenblfi psji ocolen-
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Hoctelk. [IpoaeMoHcTpupyeM »TOT (PAKT Ha ORHOM TPOCTOM MpH-
Mepe,
PaccMoTpuM YacTHBRA cayyal ypabuern# (7.39)

I+f(2)=o(z, ¥). (7.57)
e(2, ) =yp(ol) — 2v2,

3fech v -~ KeKOTOpas NONOKHTENbHAA NOCTOAHHAS, a4 YHCAO ¢ NO-
go6paHo tax, 410 QyHKLHR P (of} HBAAETCA NEpHOAHYECKOR GyHK-
uxedi mepuofia 2x no nepeMetHoMy of. [lpeanoaoxum, Kpome Toro,
uTO CPeAlne 3HaYeHHdA NepHOAHYeCKHX QYHKINE | H Z paBHEl HYJIO

$=0, Z=0

rae

OrpanHyiMca paccMOTEeHHeM CAY4as TJABHCrQ PEe30HAHCA H BOC-
nonbayeMca obuwes Meroankok § 5 aroit riaem. Ias atoro caenaeM
npexAe Bcero 3aMeny

2=Q(x, )=y +2Z(y), t=aQ=y=(1++Z)

M 3aMeHHM ypaBHeHHe (7.57) creayiowedl cucTemoR {CM. ypaBHe-
mus (7.49)):

% ==K 90, = — 2t (4@~ T (1 +x2)) (1 +22,),

ot B o0 =k v, -2 7.58
j=o+ eQ, = x4+ 2ux" {w(&) V?(sz")}z' (7.58)
=g,

Mol yeROBHANMCE PACCMATPHBATL CAYYal [/1aBHOMO pe3ouaHca.
3T0 SHAMMT, UTC AMMNAMTYAA X M3MEHAET(s B OKPEeCTHOCTH 3Haue-
HH% X%, ABAAIOWEroca KOpHEM ypaBHeHuA

1
Ve = o. (7.59)
Ipu 3ToM npeAnoaomeHRHHd npeobpasyeM CHeTEMY ypasHeHui
(7.58), caenas CTAHAAPTHYH) 3aMeHY NEPEeMEHHBIX

y=E+6. - (7.60)

IMocne zamensr (7.60) npasote yacTh cucTeMul (7.59) okaxyrca
nepuoanyeckiMH GyHKUMAMH nepemennod & nepiona 2r. Janee
npoBeAeM YcpeaHenue 0o ObLICTPOH MepeMedHHOH §, B pesyabraTe
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OAYYKM CABLYIOHLYIO CHCTEMY YDaBHEHHl NEpBOro NPUGAKMKEHNS:

on on
x=—2px=h{%f¢(§)d§+ Ed] VO 2,6+ 0) a8~

an

— }"‘;"_ —-f(l +92xZ,(E+ 9)+x"’22(§+9))d§l (7.61)

9—-]——cr+2[.mx {Qﬂ J“b(’g’. )Z(E+ 0)dE —
pie 14

-————f Z(§+B)+ny(§+B)Z(§+9))a‘§}.

0

Cucremy {7.61) MOXHO 3HAUHTEIbHO ynpoeTats. Taxk Kak 8 pac-
cMaTpHBaeMoil TeOpUH TpeAnoaaraercs, ure ¥ — x%= O(n), To

1 x—x° o
V; 2@"‘0(“‘)'

IMockoaAbKY Mbl H3ydaeM ypaBHeHHs Nepeoro APHOARAKEHHA, TO
caaraeMoe nopaaka O(p?) MoxHo otdpocurk. Ha atoM xe ccho-
BAHWH B TIPABBLIX YACTAX CHCTeMB! (7.6} ™Mbl MOXeM 3aMeHHTb X
Ha 1% [asee mbl Gydem npeHeGperaTh BelHYHHAMH X% 1O CpaBHe-
HHI0 C eJHHELEN.

3aMeTaHM, KpOMe TOro, 4To:

1} no yenosHio

Zn
> | v®ar=0;

o
2} B cuay Toro, uro Qywxuua Z(y) nepHolnveckas, nMeen
i 1
% J' Z,E+0)de=5—{Z(2n+6)—~Z{0))=0;
0

3) Ha TOM Xe OCHOBZHHH

2n
%ngm 8) Z(5 + 8)dt = 0;
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4) mo ycuoBHio H B cHAy mepuoguaHocth Z ()

n
E%IZ(§+ 8) dt = 0.

Beegem ewme cacayioline 0G03HaqyeHuA;

2 [e®2,6+ 0 a=F @),
a

) |
+ [viozE+od=Fa).
L}

Ucrnoansyst 5TH 3aMcdaHHa W BBefeHHHe OGOIHAYCHHS, MepenHLIEN
cacreMy (7.61) B dopme

x=-—2pVxT{x°F,(e)—yfxl ] oo
B=— +2u Vi®F, (0). '

21/-

BoauvoXHEHe CTAUHOHAPHEIE PEKUMB PEIOHAHCHHIX «KOAe0auuit»
¥ v 0" onpemeaslOTCs CHCTeMOA ypaBHeHHH

. 2'\?
F (B ) =0
‘ Y } (7.63)
X" = x® 4 dux®F, (6",

KoTopan noayuaerca H3 (7.62) npu £=8=0.

flepsoe us ypaBuewuit (7.63), onpeaendwinee casur $az npu
pesoHaHCe, ABAAETCH HEAHHEAHbLIM YPAaBHEHHEM H MOMeT HMETh
CKOMbKO YrogHO KopHell (B TOM YHCne ¥ HH ogHoro). Onpefeaus 6%,
HAXOOMM PE30HAHCHYIO aMIIRTYAY X* ONHO3HAYHO,

B kauecTee mpuMepa paccMoTpum ypaBuedue (7.57), B KoTopom

' f(zy=sinZ, (of)=sindl.
Toraa
Z=siny, Z,=cosy,

on

F,(8)= Ismgccm E+ B}dg=——sm6
0

1
o d

an
Fo ()= J singsin(§ 4+ 0) dt = icos 8,
Q
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Bennuuua x° onpenesifneTcs paBeHCTEOM

i}

X P

L)

CooTHOWIEH A, ONHCHIBAICHIHE CTAUMOHADHOS pellieHHe B AARHOM
c/lydae, MBI MOXEM NPEeICTaBUTh B CAeAYIOUeM BUAe:

$in 0° = — = — 4vg3,
Vs
(7.64)
. x'— x“ Ua . |
cosB' = =X -
2ux?® 21 a?

[Teppoe w3 ypaenenuii {7.64) gam NOKA3HIBAET, 4TO CYLIECTBYIOT
TOMBKO AB4 PE3OHAHCHHIX pexuma 9] u 82 3TH BeNHUMHBL heXaT
BQ BTOPOM R HETBEpPTOM KBa}lPdHTaX T. & ¢cos O] u cosﬁ HMEIOT
pasHble 3Hakn. CAeaoBaresibHO, O4HA H3 PEIOHAHCHHX AMOAWTYA
GoAablle yeM x° a Bropad MeHbllle.

PaccMOTpUM Tefeph YCTOHYMBOCTL CTAUHOHAPHLIX pewuenuft x*
H 0% xotopbie onpeaenstorcd Gopmyaamu (7.63). JLis storo mbl
AONKHB COCTABHTL CHCTEMY YDABHEHHA B BAPHAUHAX ANA CHCTEMB!
{7.62).

[Tonoxam .

X=x*4+8x, O=0*+40.

Moncrapans stH Besmuuknl B (7.62) W AuHeapHays OTHOCHTENbHO
Rapuanuufl éx u 66, nonyuaem

di=—2p V& 10 5o,
80 = ——2t_ 4+ 2u Vo 22l g5,

2 Vx"a

CoCTAaBHM XaPAKTePHCTHUECKOE YPABHEHHE STOH CHCTEMbI

b oV B

@ dF, @ | =0 (7.65)

A—2p Vi® L)

2 V 73
BruneaHM npowasoanylo dFy/dB nna suauennii 0= 0", yroeaerso-
PAIOILKX NEPBOMY H3 YpaBHeHHH (?.63):

on

%=ﬁ%f¢(§)z(§+9)d§= frb(ﬁ)z & +6")dt = F, (6.
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3amenas pnasee F,(0°) no dopmynam (7.63), Mu npHBOAMM ypa-
BrenHe (7.65) x BHAY

W — dpvh —px® gt = 0, (7.66)

JLnst TOro yTo6Ll BHIUUCAHTE NPOHIBOAHYIO dF /A0, HEOBXOANMO KOH-
KPeTH3upoBaTbh 3aaavy. HanpuMep, B TOM YacTHOM caydae, KoToO-
pblif MEl paccMaTPpHBANH B KaYeCTBE NPHMEPA

dFl — ] -
0 = -,EcosB,

H ypasHenue (7.66) umeer cnenywomun sri:
A% — 4uvd + "—2{ cos 8" =0, (7.67)

. 3aMeTHM, OAHAKO, 4TO ANA CyXAenHA 06 YCTOMUKBOCTH HET He-
O6XOAHMOCTH KOHKPETH3HPOBATL BHA QyHRUHH dF,/dD. KakoBn 6nl
HH OblIN BenHYMHa W 3HaR dF/d8, oba xopHs ypasHenua (7.66)
HMEKT NOJOXHTeAbHEE ZeHCTBHTEAbHBIE YACTH, T. € MBI HMEEM B
3TOM CNydae COBCPLICHHO OOWHE peayfbTaT: CTailHOHapHBIE Pe3o-
HAHCHBIE DEXHMH Y BpAllAOLIerocs ManTHHKA NPH  HAAWUHH
TPeHHA HeyCTCHUHBHIL,

Brepsbie 3TOT pesyapTaT AAA YacTHOre <JAy4Yan MarteMaTuue-
CKOro ManTHHKa, Korha pellleHHe MOMeT SbTb MOAYYEHO B NIHM-
THYECKHX GYyHKuBAX, 6ot veranoBaen P, JI. Uepnoycbko. Henons-
30BaHHe ACHMATOTHKH GONbIIAX 3HePrHA NOKA3LIBAET €ro VHUBEp-
CaNbHOCTS.

Ha ocroBanun ofwiux coofpaendii Mbi MOXeM BHICKasaTh
TOALKO CYMKAeHHe o HeycTofiuueocTu. MayueHHe xapakrtepa passi-
THA H3MEHeHNA aMIJAHTYAb H (a3n rpebyeT HCAOALIOBAHHA Oonee
AeTaNbHON HHPOPMaLHH.

PaccMOTpuM CHOBA NpHMep BpalllaTeabHBIX JBHNEHHHA MaTeMa-
THYECKOTO MaATHHKA, Mbl SHaeM, 4TO 3Ta CHCTEMA HMeeT [Ba CTad-
RHOHAPHEIX pexnMa X, > x° H x;< x¢ TlepsoMy B3 5TAX pexy-

MOB, COTVIACHO dopMynaM (7.64), oTeedaeT Takoe 3Hadelmne By, uTo

cos B; > 0.
ClenoBaTeIbio, B 3TOM CAYYAE

Ap 2= 2uvi = ]/4;52'92 - “—;1 cos B*,

B 33BHCHMOCTH OT COOTHOWEHHS BEAHYHHK, BXOAAUIHX B MOAKOPEH-
Hoe BbipameHHe, HEYCTORUHBOCTb MOJKET GLiThb JHGO KoaebaTeAbHOH,
Ak6o anepuoauueckoi, Ecay

q
v < i% cos 0°,
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TO M. 2 OVAYT KOMMIEKCHO CONDPAMXEHHBMH 1 MB HWMeeM koaeba-
TenbHylo HeYCToHUMBOCTE. B npotusHoM caydae neyctofuupocts 6y-
JleT anepuoOdHULCKOI.

PexuMy x* oTBeyaer Takoe 3Ha4yeHHe <CTalHOHapHOH asnl
0, ute cos0,< 0. Jlerko BHOeTb, 4TO ITOMY CAydaio BCerda OTBe-
gaer anepuoiHdecKas HeycTOHUMBOCTS,

Hrak, pezoHancHble peMHME B YCNOBHAX BpallaTessHOro ABH-
HeHHA MAATHHEA Beerjia He)’CTOI‘:I'-IHBb], eCNH TOJbKO HA MAATHHK
AeficTBYeT AHccHnmAaTMBHAsS cuaa (v>0). Ecan v=0, 10 Mbl uMeeM
HelTpanbiel eayuait. O6a KOpHA XapaKTepHCTHYECKOTO VpaBHEHHS
YHCTO MHHMBIE. JTO 3HAYMT, 4TC JiA CymAeHH® 00 YCTONYHBOCTH
MBE AOJMHBL paccMoTperb Goflee CAOXKHYW 3anauy o KofeGaHHH
¢ yYeToM HenhHefiuntx usepos. Bo BCAKOM c/lydae, H3 H3AOMEHHOR
TEOPHY CNEYET, YTO JIHCCHIATHBHBIE CiaraeMele WrpatT fAectadu-
JAHSHPYOLLYK POdb, DTQ OOCTOATE/ECTBO YKZ3HIBAET HA CYUIECTBO-
BaHHE KauecTBeHHbIX PaziHuYHA MEMAY KoaefarTe/ibHLIM ABHKEHUEM
OKOJ0 MOJOXKEHHA paBHOBECHA W HoAeDATEALIBIM [ABHKEHHEM QKO0
pPaBHOMEPHOTG BpALleHHA.

MpuuHna storo pasanyds ouyesHaHa. B nepsoM cnyyae ouccuna-
THBHBE CHJbl HHKAK HE BJARAKIT Ha cam xapamep HeB03MYI.|.lEHHOI'O
BHHeHHS (cOCTOAHHE MOKoA), a BO BTOpGM cAydae oHH paspyiualoT
CaMO HEeBO3MYLIEHHOE ABHIKEHHE,

Jasa toro ytobul GWH ApPaBOMEDPHO PAacCMOTpedb AHAAOTHH Me-
MAY ITHMH ABYMS THOAMH ABHACHHI, deo0xoanMo B cnyvae Bpa-
WaTeAbHOrd JABHACHHA UPHJIO)HHTI: K MaHTHHK}' HEKOTOpHﬁ no-
CTOAHHBIA MOMEHT, KOMIeHCUDYIOLUHA B8 cpeiHeM neiicTBHE AHMC-
CHNATHBHLIX CHJ.

11. Meron B. M. BonocoBa & TeOpHH BPAlIATENLHBIX IBHKCHHKH,
Lo cHx nop Bce HallW DAcCyMASHHA OCHUBHIBAAHCH HA OPEANOAD-
JKeHuH, TO 3HEPruA BeJHKa W TEOpHs, KoTOopaa Oblla passura, —
3TO ACHMITOIHYECKAs) TeopHa Goabliux 3Heprifi. Ee BoiBoabl TeM
Tounee, Yem GoJblle YIA0BAA CKOPOCTh BLAIMATENBHOrO ABHMEHUM.
Mos3TOMy H3AaraeMy®w 34echb TEOPHID MOMKHO elle HA3BaTh acHMIITO-
THKOH OBICTPLIX BpallelHi.

Tenept npeacrasam cebe, yrTo pedb nier of nHCcAefOBAHHH Bpa-
WATeNbHBIX ARUAEHHH, ¥ KOTOPLIX YINCBasA CKOPOCTH BpallleHAn eme
He HaCTILKO Besinka, 4T00b6 MOMHO GblI0 HCTOAB20BATH ACHMIITO-
THYECKYIO TEOPHIO OLICTPBIX Bpalenui. B 3TOM caAyuae MoOMHo Roc-
noab3opatees Merodom B. M. Boaocosa n naitth npnGaumennoe
BHIpaXeHHe HHTErpafoR HeBOZMYUleHHOro lpHmedus, B § 2 stof
rAaBbt MB YXe W3J0XKATH noaxol B. M. Bosnocoea Ana dayueHus
CYUIECTBEHHO HEeAWHEHHBX KodefarenbHbX ABHIEHHHA. ITOT noaxXoa
Mo#ieT ObITh C YCOEXOM NPHMEHEH H AAS HCCACAOBAaHHA BPAILATENb-
upix ABmixkenuii. bosee Toro, B Teopuw spamiaTeABHBIX ABHIMKeHHE
peanuaauHda IToil cXeMut Jamke Npolie, yeM B caydae KoJedatedb-
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nbix  gsmwkenuil. [osropum paccyxaenun n. 4 § 2 stofl rnael
¢ yueToM Tex ocoleHHOCTell, KOTOpbI@ CBA3AHEI ¢ BPalllaTeNbHLIM
XAPAKTEPOM M3yuaeMbiX NBHXKeHHH.

Hrak, paccMOTpHM CHOBa ypaBHeHHE

i+ (2) =ep(22), (7.68)

rie e>0 — Maaulit napaverp, f(2) — nepuognueckan QyHKUMA ne-
proaa 2.
Tak Kak ™Mbl paccMaTpHBaem — _— _ _ 77
BpalATedbRble IBHMKEHHA, TO
peus Haer of HU3YUYeHHH YacTi
¢razopoll  NAOCKOCTH, 3a00JHEH-
HOH HeorpaHHUYECHHBIMH JIBHXKE-
HuAMH  (puc. 31). Tlpu p=0
ypaBnenne  (7.68) ndomyckaer
clelyoWke Apa HHTErpana:

24+ U(2) =

rine
U(z)=2jf(z)dz,

l . ]
; .

Yz, ¢)= o) I == I/\
={ + const = f, I'//\

[TpuMeM B KauecTBe HOBHIX fe- Puc. 31,

PeMEHHBIX [PH H3Y4YEHHH YpaRm-

HeHHA (7.68) peAWuNHL « W §, H BLIMUCAHM DPOH3BOAHBIE YTHX Be-
JUYHH B CRJEY YpaBHeHHa (7.68)

a=2:E+F(2)=2e0(2, Va-U@)Va-Ule) =
= Qaq:‘(z, a) Va-U{z), (7.69)
=20 s 2ty o+ 200 (2, 0 Ya=TE).

[MpaBbie uvacTh cucTeMm (7.69) ABAATCS NepHOJHHECKHMH (YHK-
unAMH ¢ nepuona T(a), a caenobaredviio, n nepementon f. [lo-
STOMY AJst TOTO, 4TOGH MOJAYYHTH YPaBHEHPA NepBOro npubaxe-
HHs, AOCTATOYHO OCPEAHHTH MPaBLIE YACTH CHCTEMBI (7.69) no ne-
peMeHHOH f

~ fq: (@ @ Ve~ Ut db.

(7.70)

’ a —_—
b= :a) + ———TQ&L) j@ (z, u)d—2’~ Va—Uz2) dg.
)
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Ho puddepenunanm dz n df cBAsanb COOTHOIEHHEM
dz=xVa~U(z) ds, (7.71)

re mJI0C COOTBETCTBYET ABHIKEHHIO B BEPXHEH NOAYNAOCKOCTH, MH-
HyC — ABHKEHHIO B HHIKHEH TOAYRAOCKOCTH,
Tponssona B ypapHenusix (7.70) sameny (7.71), nonyuum

Z

[=1
I

¢ (2, @}dz,
: (7.72}
% ¢ (2, @) dz.

(L]

B

..,T__,

HaTerpupoBanne B 3THX BbipaKeHHHX NPOW3BOAMTCA BIOJbL $aso-
BOW TPAeKTOPHH, OPIHKATA KOTOPCH B Chyvae BpaileHHsA sABAdeTCs
nepHonMueckofi (yuxuuell nmepeMenHolt z nepwoda 2m. [ostomy
B KaYecTBe 2 MOXHO B3ATh 2=0, Torfa z=2n.

Boiuucienne repuoaa T{a) Tak¥e CBOAHTCA K KBajpaType

2n
dz
T (G) = 6[ }T-_W . (?.73)

Jlna sepuuyHsl & U B MOMKHO TONYYHTL W ApYrHe npubaurken-
HBle GopMyabl, onupasch Ha ypasitedns (7.69).

Tak Kax 1paBbie 4aCTH 3THX YpaBHEHHA ABAAITCA B Ccaydae
BpallaTeNbABIX ABHMKEHHA NMepaoiHveckHMH QYHKHAAMKH Z NEPHONA
2%, TO, YCPeaHsA no 2, MB NOAYYHM aHator dopmyr (7.72)

n
%f ¢’ (2, 9 Va—Ul(2) dz,

0 o (7.74)
b= T;a) +3 J ¢ (2 “)%V“**U(z)dz.

MoMuMo & H P, MOXHO BHIMHCAWTB ellle HeAblit PAj BaKHbLIX Xapak-
tTepucrak. Hanpumep, npeicraBiaser HHTepec 3HATbh H3MEHEHHA
MaKkcHManabHoll BenuHu £=2({0}. Tak Kak

% —eg-12)
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H, N0 npeanoiokenuw, f=0, 10, ocpeaHss 0o %, noaydaem cie-
Ayowyw ABHYI0 GopMyay:

&_t ¢ v 7.75)
0

12, 3akawuenne. Urak, MB BHINM, 4TO H3YUeHHe BPALLATEABHLIX
ABHXEHHWA MOMXET, HECMOTPSl Ha HX CYMECTBEHHO HeRWHefiHHN Xxa-
paktep, ObiTh NPOBENEHO CTAHAAPTHWME METOAAMH HeNHHefHOo#
MexaHHKH. B HeKOTOPOM OTHOWEHHH H3yYyeHHe BpallaTe/bHbiX ABH-
WEHKA game Jqerde, Yem KoaeGateNbHRIX.

Hayuenne BpaliaTenbHBIX ABHMKEHHH B MOCAE€AHME TOALI 3HAUK-
TEJBHO TPOABHHYNOCH: PaccCMOTPeH [1@ABblI pAL NPMKAAafHBIX 33jad
H, B YaCTHOCTH, 3HAYHTEJABHO YCOBEDIIEHCTBOBARA METOAHKE HX pe-
meHHs. T1poABuHYT BOepea W uesbli pAj TEOPETHYECKHX BONPOCOB,
YTO KacaeTed MpeXkie BCero TEOPHH Pe30HAHCHBX petennfi. Ma
YUCc/Na aBTOPOB, BHECWHX CYLIUECTBEHHBIA BXKJal B 3Ty 081aacTs,
crefyer mpexae scero ynomanyts B. M. Boaocosa, B. M. Mopry-
voera # ©. JI. Uepaoycesko.

§ 8 MpuaoxeHnst K 3ana4aM NHHAMHKH
opGHTaNBHEX annmapaTos

1. MpexsaputessHvie 3ameuanna. ACHMNTOTHYECKAS TEOPHA pas-
AeJleHHH ABHMEHHA BbIPOCAA H3 TeopeH KoneOaHHWi#, KoTOpan Aoa-
roe Bpems Oblia eAHHMCTBEHHLIM [IOCTABIUIMKOM MaTeépraZia Aas ee
dopmupoBanna. OaHaKo 5 pocielHHe roAbl METONb H3aaraeMoi
TEOPHH NPOHHKAH B CaMble pasHooGpasHbie o0AaCTH DH3UKH H Me-.
xawyku. Hactosunit naparpag nmeer cBoell UeAbK RPORMIIOCTPH-
poBATEL €€ BOIMOXHOCTH B TakOl HOBOH oOnacTH MeXaHMKH, xa-
KOA #ABagercs AHHAMHKA KOCMHUYECHKHX DpﬁHT‘athHhIx annapartos.
3anauH, KOTOpble 30€Ch BOSHHKROT, NO CYILECTBY ABJAAIOTCA MHOTO-
MepHEMH. TToaTeMY OHH OYeHb TPYHAHBL ANA Kakoro-116o KauecTseH-
HOTO aHasu3a. B AMHAMHKe KOCMHYeCKHX annapaToB Mbl DPaKTH-
YecKH He HMeeM aHaauTHyeckux peweHudl. [axe B cnywae kenne-
POBCEOTO ABHMCHHA B NOME QAHOTO NDHUTATHBAOHIETO) UCHTPA CBA3bL
KOOPARHAT ¥ BPEMEHH CBOOMTCS K TFPOMO3idKoll KBaipatype. [lo-
3TOMY B IAHHAMHKE KOCMHYECKHX annapaToB 0coGylo poab HIPaioT
YHCABHHBIE METOALL.

Onpsa U3 BaXHHX 3ajav, KOTOPY0 B TeOpHH KoaeGaHWA pelian
MEeTOA Da3fe/eHHs ABHXKeHHA, — 3TO 1aTh TaKoe GPHOIMKeHHOe
onucadde koneBaTesbHoro nponecca, Koropoe ofecnenuBano Gbl
HarJAlHOoe MpeacTaBienne o ero npupone. IMocKonbKY B AHHAMHKe
KOCMHMECKAX altapaToB MOAOGHBIE 33aR3a4u HE WIPEIOT CYLPCTBEH-
noft podW, TG METOALl pasiedcHus [ABHMEHHA 31ech B IEPBYIO
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ouepelk HCMOMBIYIOTCA AAd NOCTPOEHUS PALAOHANLHEIX BHUHCAH-
TEJAbHBIX CKEM.

B zawwom naparpade paccMaTpuBaercs psji IPocTefillnX MmO~
CKHX 3afau LHHaMHKH, BLIGOD KOTOPHIX ONPERenaeTcss MCKAIOYH-
TEALHO METOIHUECKHMH COOOpaKeHHSMH. 3aJaul, ¢ KOTOpPBIMH
MPUXOIHTCA CTAAKHBATBCA HHIKEHEPY MpH pacuere U APOLKTHPO-
BaHHH OPOHT, 3HAUKTENLHO CHOKHEE PACCMOTPEHHBIX 34ech. ABTGP
cnefioBan B OCHOBHOM cBOeMY Joxaaay Ra XIV MexaynaponHoM
KoHTpecce No acTpoHaBTHRE B T. Bapua B 1962 r., ueanio kotoporo
B6HN0 MPOHATIOCTPHPOBATE BO3MOMHOCTH METOA3 YCpelHeHHN A9
MOCTPORHHA 3PHEKTHBHBMX BLIYHCIHTEILHBIX CXeM Kak B npodaems
pacyeta opbur BHe aTMOcdepbl, TAaK W NPH HCCAGAOBAHHH ATMO-
chepHOTo ydyacTKa TPaekTOPHHU ¥). B nocaeawne roan 6uATH mony-
HeHBl HOBbBIE H BaXKHBle pe3yibTaTH B 3T0H ofnactu. B umcne amto-
pOB, BHECHIMX BKJNak B 3TY oﬁ.ﬂarTb B MEePBYID Quepelb caeayer
nassate nmeda 10, M, Eprymesxko, I E. Kysmaka, ®. JI. YepHo-
YCBKO.

BoaMoXHECTH W MepCHeKTHBB ACHMNTOTHYECKHX METOI0B B 3TOH
TEOPHH OCHOBHIBAIOTCH Ha caeRryloweM ofcrodTenbcTRe, CVIIECTBYET
0oabilloe YHCAO 33424 AHHAMHKH KOCMMYECKHX annapaTomR, B KO-
TOPHX HMeeTes Mo MeHbHIef Mepe ABa PAa3NHYHBIX XapaKTepHBIX
MmacwraGa Bpemend. Hanpumep, nAeficTBHe BOSMYLLAILHX CHJ
BHEWIHRX NJAHET Malo, @ Pe3yNbTaT HX HeliCTBHA CTAHOBHTCA 3a-
METHHIM TOJABKO NO NPOIIECTBHR 3HAYHTEJIBHOTG OTPe3Ka BpeMeHH,
B TEYEHHE KOTOPOre CNYTHHK COBEPLIHT MHOIMQ BHTKOB MO CBoel op-
6ute. Takum ¢OGpa3oM, B TeueHHe OAHOTO BHTKA MapaMeTpsi opSMTHI
U3MEHAIOTCA OUY€Hb HesHauuTenbHo. Mpyrofi npuMep: scaeacTaue
cnyualHblX HMIYJALCHLIX MOMEHTOB, AeHCTBYIOUAX Ha ammapaTr B
MOMEHT €T0 OTAETEeHHA OT MOcNeAHeR CTYNeHH, ABHXKeHHe HecTaly-
JAHAUPOBANHOTO anftaparta HOCHT BpallaTenbHB Xapaktep. Moxer
OKasaTbCd, UTO MEePHOJ STOrQ BPaMIATEJBHOrQ ABHIKEHHA BO MHOrO
JECATKOB Paz MeHblle BpeMeHH MOoNHOro o6xoza opbuthl. Yneno
TAKHX MPHMEPOB MOMKHO 3HAUHTENBLHO YEENTHYHTh.

CylecTBoBaHHe HECKOJbKHX XapAKTePHBIX MacilltaloB BpeMeH
l03BOJIAET PA3BATH COOTBETCTBYIONIHE ACHMIOTOTHYECKHE TEOPHH H,
c/leflopaTeNbHo, BO MHOTHX CAYYasX MOAYYHTb NOMEIHYIC HHPOpMa-
UHIo ¢ mMpuUpode ABukenuA. KpoMe Toro, H 310 eme 0odee BaxKHO,
¢ MOMOIMBKY ACHMITOTHUECKHX MeTOHOB YAAaercl NOCTPOMTH 3KO-
HOMHEBIE W §ofiee TOYHBIE CXeMBl YHCAEHHOTO PaCyeTa.

2. BosMylleHHs KENJepOBCKHX OpOAT. PaccMOTPHM NJIOCKOE ABYH-
AelHe MaTepHANLHOH TOYKH B MpaBHTALlHONHOM mode 3emad. Ecnu
ee IBHAEHHE NPOHCXOAHT BRe aTMoOc(epbl, To OCHOBHON cuiofl, Hei-

*) H. H. M onceepn, Methods non-linear mechanics in the problems of the
dynamics of sefellites. Trans of X[V-th Astronautical congress, 1962,
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cTBYILeft Ha TOMKY, GyfdeT cuaa uputaxedds 3eman. [Tostomy
JIBHKEHHE paccMaTpHBaeMoll TOYKH OYyAeT ONUCHBATHCA YypaBHe-
HHEM

a2 [
Fﬂ—r—,r-l-ﬁf, (8.1)

TAe 7 — PajAHYC-BEKTOD TOUYKH, | — FPaBHTALKOHHAR FOCTOAHHAS,
ef — BEKTOp BOSMYWAKWHX CHJI, &— Maabii napametp (ofosHa-
veunst AaHpl Ita puc. 32). [epeoe cnaraemoe, croslllee 3 npasod
yacty ypapsHenun (8.1),~—3T0 HAMPAXKEHHOCTH TPABHTALHOHHOTO
noAf OAHOCO OPHUTATHBAWILErO LCHTRA. B NEeACTBHTEABHOCTH, CHJB
NPHTAMEENAR 3€MAH HECKOAbKO OTJINYaA-
1OTCs OT >Tofl BEAHYHHB, MOCKONBKY 3eM-
An He npeacrasager co6ofi TOUGHHYIO
maccy. PasWocTy BekTOpa HanpaMeH-
HOCTH peanbHOTO TMOAR 3eMaHd H BeAH-
unuer  (pfrd)r aBaserca oAHOR U3 co-
crasnsionx pektopa ef. Kpome Toro,
K UHCAY COCTABASIIOILKX 3TOTO BEKTOpA
Mbl OTHeceM TpHTAKeHHe JIyHbl H maa-
HeT, CONPOTHBAEHHE aTMocdeps H T. A.
Moxer okaszarbesi TakXKe, uTQ anmapar
(KOTOpPBIH MBI CXeMaTH3IHpYeM KakK Ma-
TePHANBHYIC TOYKY) HAXOAHTCA AOA Ael- Puc. 32.
CTBHEM TATH ABHMraTeas <MaJjof TArH»,
B srom cayuae yckopende, KOTOPOe CO3AAETCHA 3THM HBHratenem,
MH TaKXe OTHeCeM K UHCAY BO3MYIRAIOUIHX CHA.

[epenuiiem ypasuedue (8.1) B NpoekuUHAX HA OCH noAapHoH
CHCTEMbB! KOODAHBAT

du, v Il
-9
i
(8.2)
dvq, v,0p
ar == r + Bfm.
3neck [L Uq,— NPOCKUNH BEKTOPA CKOPOCTH
dr 0
V=—"r=ur4 0,0° (8.3)
#a HanpaBAcHUE PafHYCA-BEKTOPA H TPaHCBEPCAIb
dr | e a9
Urﬁ‘d—lt, Ucp'_r?ﬁ-- (8.4)

Beauuuna A, onpeaenctiHan paBeHCTBOM
h=V Xr,
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HOCHT HA3BAHHE CEKTOPHAJbHOR CKOpOCTH. Micronbays paBeHcTsa
{8.3) n (8.4), nerxo HahgeMm, 9TO

d
= ZE(p" X ).
Beoaa ofoszHaueHHe
1
H= ? '
MOXCHO BLIPaXeHHe YPIOBGH cKopocTH dgfd! zanncatk Tak:

2 = wth, (8.5)

PaccMoTpuM pepeoe H3 ypaBHeHHR (8.2). 3aMeTHM npeAae beero,
UTO, HCTIOAL3YA (8.5}, ero MOKHO MpeiCTaBHTEL B BHAE

(G = e o, (8.6)

CocraBHM Tenepb YpaBHEHHe, KOTOPOMY YIOBJAETBOpPAET YHKHE
u(p). das 3Toro npodenaeM ClAeAYIOUHE BHYHCACHHA:

4 _dr o 2;,_( )__
& =
P TP

Henoabays 3TH BCNOMOraTebHBle BhipaxkeHHA R ypasHeHue {8.6),
OJYUHM

d"’u 1 du dh 1y ef,

Wi T T E T @7
CocraBum panee ypaBHeHHe KOTOpOMY YNOBJIETBOPAET BedHuHHA h;
TaKk Kak

_, g% _ dr g d

Vg=rgr=uh, v =g=—hoo,
TO BTOPOE H3 ypaBHeHHH chcTeMbl (8.2) Mbl MOXeM NepemHcaThb
B BHIE

4 2 2
-7 (wh) =" — + &f -
[epexeas K nepeMenHOMY ¢, HalieM
d __[du ah
Sr k) =[G b+ S uuh.

H3 sTux ABYX BHpa}KEHHI?‘.I noJyynM HCKOMOE€ YDaBHEHHC

dh sf{p

== (8.8)
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Ucnonssyn B cpolo odepeab ypasueHne (8.8), Mm MOKeM HcKAIO-
4uTh H3 YpaBHeHKs (8.7) npoussoinylo dhfdy

d i fr de [y
W+u=-ﬁ—e{w+d—¢w}. {8.9)

Ypaeneunn (8.8) m (8.9) 06pasyior 3aMKHYTYIO CHCTEMY YpaBHEHHI
OTHOCHTeALHO u u #. B peaynbTate ee HHTErPHPOBAHHUA MBI TMOJSY-
yaem dnemeHTol OpOHTH Kak (QYAKUHH noaapHore yraa ¢, Ao
Toro 4tobb nepefitn & apryMedrty f, HeOOXOAHMO elle BHIYHCAHTH

KBaApaTypy
[ 4
t= j’ e (8.10)
]
Ipn e=0 cncrema ypaBHenu#fi (8.8), (8.9) umeer TOHHOe pelienne

u{q})=%+xcosq3, ®.11)

h=const = A,

rie x u fig — HEKOTOPHIEe NOCTOSHHbIE.
Cnenys ofwWelt cxeMe MeTONa YCpeAHEHWR, penieHHe CHCTeMbl
(8.8), (8.9) Synem nckaTh B BHAE

u=—-—+xcosy. %=—xsiny, (8.12)

rAe X H ¥ — Hen3BecTHHe $YHKUHK yraa ¢. M3 (8.12) Haxoaum

ViR E e

1 |
. (8.14)
B

h!
Iupdeperunpys (8.13), B cuny ypaeweunit (8.8) n (8.9) noayunm

dx l[ _ d (p.) dn (f,- du fo )]
A S AV Y I A i i

zs{ m 2[1;’.';0053 3 +Sil’ly » Ir 3 - xsmyhp 3
(-5,—+ xcosy) i (F-fxcosy) n (h’ +xc03y) he
H OKOHYATEALHO
.‘.‘i { 2ufght cos y frht sin y xfght sin® @ }
de W+ xhZcosyl T (mrxh2cos g (p+ £A8 cos g)?
a=ef(x, b, 4, 9)- (8.15)

y=— arctg 29
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[ponuddpeperunpyemM Teneps papeHcTBO (8.14)
(S]]
@ ["’(ﬁw)]( -]

OTKYAA NOC/HAEe 3aMeHbl (9.12) NOAYUAM

dy w—— xcosy{—xcosy—e [ -
dq, ¥ B n o
( -+ X c0s y)

x sln yf ) . 2ne
- @3 +xsmyf|—xsiny— nefy =
(h” +xcosy) ht h"(—% +xcosy)
HJI¥ OKOHYATelBbHO

dy Jrh? cos g fyftt sin 20 Qnfohtsing
—=1+e T T 3 T ] 3 }=
dp x {p + xh¥ cos y) 2{u-+xh3cosy) x (. + 2A% cos g)

= 1+eF(x, & 5 ). (8.16)

Cucrema ypasrennit (8.8), (8.15) u (8.16) Moxer Suith mpegcra-
B/ieHA B BHAE

st(x h ¥, qJ)’

dx
i
dh
v — el By, 9), 8.17)
d

l+sF3(x, h, 4, 9),

rape

fh®

Fo= 0.
(p -+ xh? cos gy

Ecan dyuguan fy, f aBaA0TCH NepHOSHYECKHMH (PYHKUMAMA 0O-

JAPHOTO yraa ¢, To cHcTéMa ypaeHeHuil (8.17) orHocHTcs Kk THDY
ypaBHEHHH, n3yyaeMoMy B 3To# raabe. OHa coNep:HT ABe MeANEH-
Hble MepeMeHHble ¥ 0 ki & Ape ObICTPble ¥ H @, TO3TOMY AAf e He-
CJIeAOBAHHA MOryT OBITH RCHOAL3OBAHBE HAMOMEHHbIE BHINE METOMH
aHanusa. Ilpn H3yueHHH 3TOH CHCTeMbi MOMET BCTPETHTbCH EBCA
raMMa CJay4aeB, H3YYeHHBIX B 3700 riape. B cucreme (8.17) moryr
BO3HHKATE Pe3CHAHCHBIC CHTYALMH.

B roM cnyuae, KorHa BO3MYLLAWINHE CHAM He 34BHCST OT [O-
AApHOro yrna @, cuerema (8.17) — aro cHeTeMa © OAHoK Bpawalo-
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wedics ¢asoil. YkopoueHHne ypaBHeHdHs Bal-gep-IToss momkHO
3anycath AAs Hee B CEAYIOLIEM BHIE:

dx B
Tflib. =gfF ] {x, h),

d —

7%= 14 eF;(x, h), (8.18)
dh
dp

[lepexoa ot cuctemul (8.17) k cucreme (8.18) cBAzam ¢ omepauneh
ycpeaneHnfi no Suictpoll nepemenuoit y. 3ameTuM, uto F; B oblieM
cayuae, KOria f; 3aBHCHT OT ¥, R H §, — 3TC HEKOTOPLIE AOBOALHO
cAodHule KBaapaTyphl. TakHM oGpazoM, nepexon or cHcTeMul (8.17)
K (8.18) npHBOAHT K OTHEAGHHI® MeNeHHbIX nNepeMeHHBIX, YTO
No3BOARET TPH TOH e TOUHOCTH APOBOGAHTL HHTETPHPOBAHHE <
GOMbIIHM LIATCM H, CJeJOBATENLHO, YMEHBIIHTE 9MEAO [NATOB YHC-
NeHHOro HHTErpHpoBaHufa. B To me BpeMs Ha KaXKAH WAr 4YHCIeH-
HOro uaterpuposadnda B cucreme (8.18) sarpaunsaercd aHauHuTesb-
Ho Oonbillee YHUCJAO MALUHHHBIX ONepaukil, NMOCKONBKY OH Tpebyer
HA KaXJOM llare sblyncaedus xsaaparyp. Oreciofa cieiyer, 4To
BONIPOC O HenecoobpasHOCTH Nepexola OT OJAHOH CHUCTEMB K ApYrof
B KAXAOM OTAeAbHOM Cay4yae A0JKeH ObITh IPEAMETOM COEHHANb-
HOTO HCCAEAOBAHHA,

[MTpuMevanue, MeTod YyHCAEHHOrMO HHTEMPHMPOBAHMA, MO HAEE
OMH3KHA K H3JOXKEHHOMY, HO HE HCMOAB3YIOWHH HemoCPelCTBCHHO
IpHEMOB TeopuHH YycpelHeHsd ABWKeHuda, Ouwa paspaboTad elile
g 1960 r. . I1. Taparetdosot *). Meton ocpesHeHAN B €TQ CTaH-
LapTHOM EBHIe 8 TPaeKTOPEBIX 3a0a4aX TEOPHH KCKYCCTBEHHBIX
CYTHHKOB 3eMAH, Mo-BHAHMOMY, Breppbie Gbia npuMener Jlaccom
u Jlopennom *¥*).

PaccMorpuM cHOoBa cHeteMmy (8.17) W npeanoacium, uto Tpe-
GOBaHHA TOYHOCTH ONPefeAI0T BEHYMHY Wara Ao (a3oBBIM 0e-
peMedHbiM. [Tyctb war Ax~8, Ay~ &, Ah~&. Torna war no epe-
MeHu Af, ecni NPHUATE NPOCTEHIIYIO Pa3lOCTHYK CXeMy, onpefe-
JIUTCH M3 paBeHCTBA

= 3F2 (x’_ h)‘

. Ay , T AR .
M'—mm{ smax| Fy{x, 1, A)]° emax|F(x, g B[
l+emax|Falx, », P 1 +emax|Fa] ’

YT ML TapaTenopa, MeTonu YneAenHOro pellléAun yDaBHEHHA B KO-
HEYHELK PA3HOCTAX M HX MPHMEHeHHe K pacteTaM OpSHT HCKYCCTBERARBIX CNYTHHKOB
3emay, ¢5. «HCKyCcTBeHbIe cnyTRHKE SeMams, My 4, 1960,

**} H Lass, J. Lorell, Low acceleration takcoll from a satellite
orbit, J. Amer Rocket. Soc,, vol. 31, Ne 1 (1961).
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KOTOpOE CNpABeAIHBO ANA ROCTATOMHO Mafiblx 3xaueduil e. Takum
o6pa3oM, 4ucAo Wwares Ny ONPeleqUTCA TaK:

T
NIE“S',

rie T — npoMeXyTOR UHTErpHpOBaHHS,

OfGo3daunM wepez k, 4ncjiic MalUHHEX ONepauuii, He0OGXOXH-
MbIX [JA peanu3alMi OLHOFO 1ara HHCAEHHOIO HHTETPHPOBAHHA
cacreMnl {8.17), Torna R, — ofutee umcno onepauwfi, seobxoan-
MBIX 05 BHYHCIEHBA X 0 A, 6yaer

T
R| =T kl'

PaccmorpuM tenepb cucteMy {8.18) u mocrasum cele ty ke 3a-
Aauy. BoiyHcAuTb X (T} 0 A(T).
Tenepb Beanuuna Af; Wara YHCJAEHHOTO HHTETPHpOBaHMA Gyaer

&
Ar=<F
rae

F=max{F,{x, &), Fslx, ).

Ofo3sHagan 4epe3 k; UKCNO MALIKHHBIX Omepauui, HeoSXOAHMMBIX
AN PeanKsaudy OAHOTO Wara WYHCAEHHOTQ HHTETPHPOBAHHA CH-
ctembl {8.18), Mut nmoayuaeM Takyio OUeHRY R, — uhcila omepaumi:

R2= ";';glpkg.

Bonpoc ¢ nelecoco0pasHOCTH 3aMeHbi B NMPOLUECCE YHC/IEHHOTO HH-
Terpuposanua cucreMsl (8.17) cucremoir (8.18) Momer GbiTh B paH-
HOM CAYyYae pelied cpaBHeHMeM YiHcea Ry u Ry

INpameuanns. 1. [na usyueHuss sagaud, paccMoTpeHHOf
B IaHHOM naparpade, Mbl COCTABHAM YPABREHHA AJA BENIHYHK X
u A, Kotopble B ciaydae =0 ABAAIOTCA HHTerpalaMu HayvyaeMmof
cHcTeMH ypaBHeHn#. Takwe BeMMUHHE! B HeGecHON MEXaHHKE HOCAT
Ha3BaHHe OCKYAMPYIOIUX 3AeMedTOB. BHIGpaRHble OCKYJIHpYIOUIHE
3/eMeHTbl ObLTH OYeHb YAOSHLI ANSi AEMOHCTPALMA MPOLEAYPH TPH:
MeHeHHS MeTOAOB ocpedHeHud. OAHAKO ypaBHeMHs AJA 3THX sJe-
MeHTOB OKA32JHCh JOBOABAO CAGKHBIMH: NPH YCPENHEHHH BOIHH-
Kana npoGfema BLIYHCACHUA CAOKHHX BCMOMOTATENbHLIX KBAA-
patyp. [losToMy B NpHKJAAAHBIX pacyeTax HCHNOABL3YIOT OOHYHO
APYTrHe OCKYAHPYIOLHE 3AeMEHTEL

2, 3aMeraM, 4TO ec/1H BeNHYHBL BOSMYILAINHX CHJ NOCTOSHHE
(WAM He 3aBHCAT OT Y), TO KBAAPATYPHW B ypasHeHHaX (8.18) Bkl
YHCAADTCH B ABHOM BHIE,
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3. 3anaua o TpascrepcaabHOR TAre. PaccMOTpUM 3a12uy O ABH-
KEeHHH KOCMHYECKOro annaparta Madoll TArM, cYATad, 4TO CH/Aa ABH-
raTeAs Hanpas/ieHa N0 TpaHCBepcani, T. €, NEPTeHfHKYJApHo pa-
AHYCY-BEKTOPY KOCMHUECKOTO Aannapara, KOTOpHIli cuHraeTca Ma-
TepHaABHOl TOUKOA. DByseM cumTarbh, UTC JBHMEeHHE annapara
NPOHCXOIHT B i107e OJHONO NPHTATHBAMLIErQ HEHTPa, T.€. €AHK-
CTBEHHOI BosMyllalowlet cuaokt apaserca tara psuratens. Cacrema
ypasHeduf (8.2) 6yaer B 5THX NPeANONOKERHAN HMETE CHCAYIOHIT
8HA:

dr d¢ vy

@ =% =T (
8.19)

do, v% o1 duq, 7,0

e T e

rle f Teneps o6o3HAYaeT BEAHNHHY «MOTOPHOIO YCKOPEHHA» — OT-
ROWIEHHE CHJAB TATH ABHTaTeNnd K Macce amnapata.

B 3rtoli 3aafaue ynofihee WCMOAB30BaTh OCKY/JHPYIOWKE 3TeMeH-
TH, OTAKYHbBIE OT TEX, KOTOpbie GHIAH BBeJeHH 8 BPefbIYLIEM pa3-
Jene, H MBl NOJAYYHM NPHMEP HHOH peanH3aukH npouefypsl ocpea-
Henua. [NposeleM BHYHCAEHHA, chelysl B OCHOBHOM MOHOrpaduu
B. H. JleGenera *).

B sTof 3anave Mb NpaHaAH p=1, YTO BCerfa MOMKHO CIenaTh
SHGOPOM COOTBETCTBYIOILNX MacwTabos,

B cucreme (8.19) nepefineM Kk apryMmeHTy ¢; TOrTAa OHa TIPHMeT
CJAeAYIOULHA BHA:

dr oy do, —g - 1

dQ o Uq, ' dq) _' ¥ mm '

dog rf de v (8.20)
T T W T

Bwmecro 1, U, H Uy BBeJEM HOBEIC 3aABHCHMBIC NepeMeHHBIe

r "
G

@ = r 9y (g cos @ + v, sin ¢) — cos ¢,
B=rou,{vysin ¢ — o, cos g) — sin g.

(8.21)

BeencHHole AepeMeHHble HMEOT ONpeicfedHbld PHIHYeCKHIT CMLECH,
Kak nokasbipaercs R kypcax melecHol MexaWugn, A — OTHOIMeHue
GOABWON MOAYOCH OCKYAMPYIOUIEro SAAHNCA K ero HAYANbHOMY
3HAUEHHIO, & W P — 3TO KomnoHentwl BexTopa Jflanaaca, BecbMa

*y B H. leGenes, Pacuer Asmmends KOIMHUECKOro anmapara ¢ Maaod
rarofh, Hap, BLL AH CCCP, 1967.
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NPOCTO CBA3AHHBIE ¢ BEMHYMHOR 3KCUEITPUCHTETA, TIPHYEM AJs -
AUNTHUECKOTO IBWeHHA o+ f2<]. Echy peanuunn A, o WP 22-
JaHbl, TO PARMYC-BEKTOD W BEeAHUYHHBI CKODPOCTER Jerko onpese-
JRIOTCA 00 GIEAYIOMIHM opMynam:

_ (@ sin ¢ — B cos g)?
Ur_]/ A(I-(ﬁ—ﬁz ¥
(gcos g+ fsing+1)?
Up = A=t —p?) ’ (8.22)

B | — gt —p?
r=A acosp+fsing+1 °

Qopuyan (8.22) nerxko suiBoparcs Hz gopmya (8.21). Buuncanwm
nponsaonnme A, « w § B cuay ypasHeruii (8. 20)

d
dA [Q-r(u +v +r[—(62+02)+2r( 29 +v¢p ;:)J
do f2—r (o + o3))?
dar du, dug
QTq:l 4 2rF (U,- o +vg d{p)

. [Q—r or+ﬂ$)]2
[MofacTaBass 3HAaUeHHA TPOH3BORHBIX H3 (8,20}, momyuHm
dA g 2
do [2—r ol +oZ)]*
HManee, neprana H3 dopmyn (8.21) moxer GHTh mepemMcaHa B BUIE
—r {4 0y =L
2—r(v}+1) T
Hoatomy
a4 2er A%.

3amensnn, HakoHen, BeAHUHHY r mo0 nepeoil H3 dopmya (8.22), no-
JAYYHM OKOHUATENLHO

dd -3 2f(l —a® —p2) A3

dp Il +acosgp+fsing * (8.23)
AHAJOTHYHO COCTABJAIOTCA BLIpAMeEHHs uas duofde u dfi/de
.“i_ F{l=0~B2)2 (2cos @+ acos? @+ P sin g cos ¢ + a)y A?
dp _ ° (1 +wcos @+ fsing)? : 8,93
@ _ f{l«-a’*-ﬂ*)*'(25|nq3+ﬁsm @+ asingcos g+ f) 4! (8.23")
dy (L +acos @+ BsingP®

CueteMma (8.23), (823} conepuT Tpa MeAneHHble (epeMeHHbIe
A, a B P roany GuCTPY §.
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CocTaBUM 19 3TOH CHCTEMBl YPaBHEHNS MePBOTO NpUOAHKEHHA
)

m

dA _ I (1-at—pY J‘ dg

de n l+acos@fsing °*
0

on
_d_a__afAz {1 —a?—p2) 2eospdacosiptPsingpeosgta

aQ I (1 + o cos g+ fi sinq)?
0

21
dg  JATU —ar— %) J 2sin g+ Psinfgptasingeos g+
dp =e n (1 +acos g +psin f)’

deg, t

(8.24)

YepenHeHue 3lech 3aKOHHO, ecau QyHKuHa f-- BeawumHa no-
CTOWHHAA WMM He 3aBHCHT OT ¢@. OHO 0CTaeTCs: 2aKOHHHIM TaKXKe
H B TOM chydae, €y [ — MelAleHHO MeHAIWAACA PYHKUHA MoAAp-
Horo yraa. Heno oGCTOMT ¢JloKHee, ecAn BeluYnHa TArd 3apaHa
KaKk MeANeHHO H3MeHsllanca QyHkuust epemenn. B stom cnyuae
MEl JOMMHB €lle TpUBIedb NOCHeIHee H3 YPaBHEHHE CHCTEMb
(8.20). Cuctema ypaBHeHHH, noJyd4eHHAs NPH TaKOM APEANOA0-
MEHHH, OKAMeTCAd YKe 3HayHTeAbHO Oogee CNOMHOH, NOCKOABKY
Bpemsi ¢ OTHOCHTCH K 4ucay OHCTPHIX DepeMeHHHIX. TakuMm ofpa-
30M, OKax{eTCA, YTO CHCTEMAa YpaBHeHWH COAepKHT JiBe OBICTpHe
nepeMeHHele { W §.

PaceMoTpeM TOAbKC ToT caydafl, xoraa f nocroanua. Hure-
rpansl’ B npaBoil 4acTH cHcremsl (8.24) oTHocATCcAa K uyHeay Tab-
JIHURLBIX K BBHYHCJAAKTCA B ABHOM BHJIE, Oﬂ}’CKaH BbIKN3aAKH, BHIIH-
IHeM OKOHYATE/bHLIH pe3yJabTart:

L = WAV,

4 N
%=—_.g_ef,42]/lma2—ﬁ2 . q, (8.25)

%=—%ef;42]fl-—_a2——_p?-ﬁ.

UYncreHHOe WHTEMPHPOBAKNWE 5TOW CHCTEMBI HE MPEACTABIAET HH-
KaKoro TPYAA K MOXeT GHTh BHIIOMHEHD ¢ GOJbIIHM IIATOM [0 ap-
rymedTy ¢. Mayusnm HeRoTopMe cBolicTBa pewehuii cucrtems (8.25).
3amerHm npexjae BCeTo, YTO 3Ta CHCTEMa YpaBHeHMA Jonyckaer
IBa nepebIX MHTerPana. B caMoM Jene, nepexols K aprymenty A,
MBIl - IONYYHM CJIeAYIOIIMe ABA YPaBHEeHHS, KOTOPbe He cojepxar
BOAMYULAIOLLEA CHAB f: : S

do _ 3o dp
af

]

I
el
e
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TR YpaBHEHUS NETKO MHTETPHPYIOTCH, H Mbi HAXOMMM [BA NEPBHIX
HHTErpaJia
o= Q;OA—’L’ ﬁ = ﬂoAfsh, {8.26)

rae o H Po— HavaJbHbie 3HAYEHHA BeJIMYHH ot H P COOTBETCTBEHHO.
Henmonbaya sth (opMyAb, MBl JIETKO CBEAEM HHTETrPHPOBAHHE CH-
cTeMbl (8.25) K HHTErpHpPOBAHHIO HeMHHEAIHOrO YPaBHEHHA MepBOro
nopajkKa

-g% —2%f AV 1 —(& +p) A, 8.27)

Ecan dynknuna f noctoaHHa wau asasercs dyHKuMed TOABKO mO-
AsApHOTO Y3 ¢, TO B ypabHenur (8.27) nepeMedHble pasgendiores
1 3aja4a CBOANTCS K KBAAPaTYpPaM.

PaceMorpum noapoGHee oaut wacTHbil ciydail. Tpeanonoxum,
gr0 ag=fo=10. Toraa, kak 310 caexyer ma (8.26), TomnecrBeHHO
aaa aoboro ¢

a=p=0.

dusudeckoe cofepkKaHke 3toro Pakra caenywluee. Eean a=
=f=0, To 3TO 03HAYALT, YTO IKCUSHTPHCHTET 2=0, T.e. ABHIKeHHe
NPOHCXOAHT Mo Kpyropofi opGure. Takum ofpasoM, ecam crapt
anmapara NPOHCXOAHMT ¢ KPYroBoH opGATH, T.e. ecan gy=Py=0, TO
4 B TedeHue BCero BpPeMeHH IBHMEHHA aNnapata noA AeRCTBHEM
TpaHcBepcaNbHOR TArM OYAYT DPONCXONHTL MO KPYroBoH opGwurte,

3TOT BHBOJ CAEAAH HAa OCHOBE HCCAeROBAHHA YpaBHeHMA nep-
goro npubanxenns. Cnenosartenbro, Mbl MOKEM FQBOPHTD TOABKO
0 TOM, YTO B TeUeHHE OTHOCHTRILHO GOALINOTO MPOMEXYTKa Bpe-
MeHH mopAlka lfe ockynupyromasn opfura annapata Gyiaer Ganska
K Kpyronof.

YpaBHeHue (8.27) B 3TOM ciyuae npumert BHA

dA4
T = 2l A (8.28)

Ecan [ — Bearynna nocToAHHasA, To YPaBHEHKe HHTErpupyercs

B RBHOM BHAE
I

Vicew ®:29)

3ameruM, 470 npu €=0 BeaAHdMRa GOBILOA TICAYOCH OCKYAHPYIO-
wed opluThi annapara — 3TO MPOCTO PafHyC-BEKTOD anmapara.
Takum obpasom, dopmyia (8.29) naer sakoH HaMeHeHHA pafmyca-
perTopa (puc. 33). Ilpn ¢=0¢%*, rie

A=
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paanyc-BekTop oGpamaerca B GeckoseynocTb. dta Popmyaa nepe-
ctaer GboITh cpaBeanuBol npu ¢ —@* JaMETHM npemje BCero, UTo
p* AoCTaTOMHO BenHKo (nopaAka l/e), a BcA TeOPHA OCPeiHeHHH
UMeeT CMEICA TONBKO HA MHTEPBANaX HIMEHEHHA He3aBHCHMOro ne-
pemeskoro nopafaka t/e. Takum ofpasoM, ycioBae ¢=g* O3Hayaer
TOIBKO TO, 4TO MH MOAXQZHM K TPRHHUE AONYCTHMOrQ HHTEPBana,
H, CIEACBATENBHO, TEOPHS B OKPECTHOCTH @=¢¥ TepfAer CMBICI.
Jlerko noHATE TakXe H uaHYecKoe ConepiKaHHe 3Toro dakra.
C yBeflHYEeHHeM paauyca OpOHTH Bpe- :

MA Ooaucre o0OpOTa  HenpepoiBHO A

BO3PACTaeT H, CJENOBATEJIbHO, TE Be-

JHUHHE, KOTOpLIeé 33 OJHH OOXOR

OKPYXKHOCTH Maaore DAAHyca He yc-

NeJH 3HAYHTEABHO H3IMEHHTbCH, CHJb-

HO H3MEHAIOTCR npu odXoZe OpGHTH

foskmoro painyca. ' 7"
dopmyna (829) naer 3aBHCH- :
mocte A(g). [lpescrabasier onpege- Prc. 33.

JeHHbIH HHTEpec HAHTH Takike 3aBH-
cumoctb A (!). Hng sToro BepHeMcs cHadana k dopMmynam (8.22),
[Mpu a=H=0 Mb umeemM

r=A, v,=A",  0,=0.

HUcnonbaya (8.30), MoXHO mepenHcaTs NochefHee U3 ypaBHeHui
cucreMul (8.20) B BHAE

d My ,
-‘%= h, {8.30)

Jdas toro utofb MONAYUHTL WHTEPECYIONIYI0O HAaC 34BHCHMOCTD,
cAeAyeT HCKMOUUTL B3 ypasHenud (8.28) n (8.30) nepemennyio @

dd _ 3,y
=z = 28}:1‘1 N

OTKYAA NpH MOCTOSHHOM f moayuaem

) .
A = e (8.31)

Pazymeercs, KavecTBEHHBH XapakTep NOAYYeHHOH 3aBHCHMOCTH
TaKOH e, KaK W ToH, KoTopaa ZXaetca dopMyaoi (8.29).

4, 3apava 0 NBHKEHHR cNYTHMKA4 Ha mocaeanmx oboporax. 3a-
Aaud, pacCMOTPeHHbIe B NEpBHIX paszldenax sToro maparpada, oTHo-
CHIMCL K TEOPHH RO3MYIIEHHH KeMJepOBCKOro ABHMeEHHA. [Ipm co-
CTABNEHHH 3THX YPAaBHEeHUH Mbl WTHOPHDPOBAAH ULl psjg Ba-
anX ofcroarenbctd. Hampumep, Mbl He TMPHHHMaAH BO BHHMaHHe
npucyrerere armochepel. Ha nocnegnux oboporax, KoropHe npo-
HCXOAAT Ha BHICOTaX nopajka 100 xm Hap NOBePXHOCTHEIO 3eMJd,
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BAHIHHE aIPOAHHAMHYECKOTO CONPOTHBAEHHA [EpPecTaeT HIPaTh
podb BoaMyulawulero GakTopa W CTAHOBHTCA OAHOH H3 CHJA, ONMpe-
HeAABUIHX BeCh XapAaKTep ABHMKEHHUA. -

B 9THX YCNOBHSX annapar yAHe Helb3Aa paccMaTPHBATE KAk Ma-
TEepHAJALHYI0 TOUKY, NOCKONBKY BeMHYHHA a3POAHHAMHUCCKOH CHAL,
Touneée KozdOHUHEHT azpOAHNAMHYECKOr0 COMNPOTHBAeHHA, Oyaer
CYLIECTBEHHO 34BHCETH OT OPHEHTALHH CIYTHHKA OTHOCHTENLHO €ro
CKODOCTH.

Ecau cnyTHHK He cTaGHAH3NPOBAH CrNedHadbHHM 0OpazoM, 10
OH OGydeT HAXOANTBECA B COCTOAHHH BPallaTeAbHOro JBHIKCHHSH.
PaccMoTpumM 5TOT KIAce ABHMMCHUH, KOTAA BpalllenHe RBPONCKOAHT
€ IoCTATOYHO GOABLWICH YrA0BGH CKOPOCTBIO. B 370 nOHATHE BKJa-

LHBAETCA CARAYIOWMHA CMBICA: YI-
n’ JIOBAA CKOPOCTb BpPAULeHHA CNyT-
. HHKa BO MHOro pas (oaple Yreo-
F B0l CKOPOCTH BPAIUEHHS CNYTHHKA
1 BOKpYr 3eman. [3 sTOM cayuae B
4 3ajlaye NOABAKETCA Madblid Hnapa-
L MeTp — OTHOLIEHHE BpeMeHH Od-
HOrQ 000pOTa COYTHHKA BOKDYT
CBOEro [EeHTPa HHepUWH KO BpeMe-
4 : HH MOAHOrO 00X04a COYTHHKOM
ceoeil opSuHTHL

Hrak, 6GyleM paccMaTpHBaTh

Puec. 34. NAOCKOe [AEHMeHHe annapata noja

JEHCTENEM TPABHTAUHORHOFO MONS,

aIPOAHHAMHYECKOH CHAB H €8 MOMEHTA OTHOCHTENbHO LEHTpa
HHepLHY anpapara.

JlBmKeHne ueHTpa HHEPUHH anmapaTta ONMHCLIBACTCA BEKTOPHBI-
MH YPaBHEHHFMH

i

) Tz

dar

dr v L
dt r?

=V‘ — e —

o P+ F, (8.32)

rie r — pajHyc-BeKTOP LeHTpa WHEPUMH anmapata, a V- ero cxo-
pocTh.

Jlna cocTaBneHHA CKANSIPHBIX YPABHEHHH BBEAEM CHCTEMY KOOp-
auHat, naoGpamennyis na puc. 34. [Nepenuiuem nepsoe u3 ypasue-
Huil (8.32) B BHAE

Lrogrd p=ove,

rae 1, p° V? oGosnavawor ezlmmqnbl'e BCKTOPbl COOTBETCTBYIOUIUX
Hanpasaeunii. M3 puc. 34 cpasy HAXOAHM BeAHYHHBl CKaARPHLIX
npoOH3BeIeHHEH

V) =sin®, (pV9)—=— cos b, (8.33)
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yron O o0o3HayaeT yrod HAKAOHA BEKTOPAa CKOPOCTH K FOPH3OHTY
B AalHHOH TOUKE.
Uenoasaya (8.33), noayuum ckangapyble ypagHeHus

% =psiné, -‘;—T = —-f—cos 0. (8.34)

¥pasrenua (8.34) OyieM Ha3bIBaTE KHWHEMATHYECKHMW COOTHO-
MeHHAMK. PaccmoTpuM Teneps BTOpPOE M3 YDaBHEHHWA CHCTEMH
(8.32), Mpoexuus BexkTopa F Ha HanpaBleHHe CKOPOCTH HA3M-
paetca noGosuM conpotusaenden. [Ipoexuns sexropa F Ha nanpa-
BAEHHE HOPMANM K TPAEKTOPHH (BexTopa A%} Ha3blBAeTCA NOABEM-
HOR cHJACH. YCA0BHMCA A8 DPOCTOTH, YTO BEJIHYHHOH MOABEMHOH
CHABI MOMHO npeHebpeub. Toraa Beipa-
JKeHue 144 BekTopa F 3anuiuem B cAe-
AYIOUIEM BUOE:

Fee T 0% e 0, r, )V,

3nece p — nAoTHOCTL atmocdepw (oua
32BECKHT OT BHICOTBH OpOHTHL W, CJeIO0Ba-
TEJABHO, OT BeJHUYHHHL F), M — Macca
“annapara, S -— xapakTtepHas naollajes Puc. 35,
(nanphMep, naocwaae cevenun Muge-
A}, ¢x-— aspoaHHaMuveckunil Koapduunent. KpoMe ApyrHx senu-
uiH, 3ToT KO3GHLKHEHT 3aBUCHT OT YT1a aTaKH o — YPIa, KOTOPHH
COCTABASET HEKOTOopoe BLIGpaHHOE HanpaBAeHHe Hd anpaparte ¢
BEKTOPOM CROPOCTH {(pac. 3B); ¢, ABngercs deTHON (yHwumed yroa
aTakn a.
Mepennlllem Teneps BTOPOE H3 YpaeHeHHd (8.32)

v
di

— 4y 1y dh o B0 P2 0
=-r V-FUFFI ——-rr—gr-%—Sc,V.
3ﬂ3Cb A obosnauaer yron Hax/oHa BekTOpa CHOPOCTH K HEROTO-

poOMY (QHUKCHPOBAHHOMY B NpPOCTPaHCTBe HanpaBnednic — och Ox
{cm. puc. 35). 3ameyas, yto

(- n") =cos 6,

4 Henoab3ys (8.33), nepenwiieM 3T0 ypaBHeHHe & NPoeKUHAX Ha
nanpasnaedue v° u nt

2
%a-—%-sinﬁ—%—.s.cxeh(r, v, 8, ), ¥
di I (8.35)
ar T 7y cost.
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Oas panpuefmero yaoOHO HCKAIOUHTL H3 ypaBHeHuii (8.35) mean-
4HHY A. g 3TOro aaMeTnm, uto (cM. pHC. 34)

B=2+(F~0),
OTKYOA CPa3y HaxoAHM _
%}q ~—cos 6 (—’L - ,3) = fo(r, v, ). (8.35)

rip
ypaBHEHHE, OMUCBIBAKDIIIEE ABHMKEHHE annapa'ra OTHOCHTENLHO I.I.EH-
Tpa Macc, MH NONYWHM, MPUMEHAs TeopeMy MOMEHTOB
d2y

T = Mo, 1, @), (8.36)

rie M o6o3HauaeT a3pOANHAMUYECKHA MOMEHT, OTHECEHHHBIHl K efu-
HHUE MacCWl H TAKXKe 3aBUCAMHIT oT yraa ataku. Beawunwa & na-
3uiBAETCH YIVIOM TaHraXa. JTO yroJ, NOA KOTOPHM OCk annapaTta |
HakaoHeHa K ocH Ox. Ha pnc. 35 HaxoauM cBAsb

V=a+A
Henosibaya ypasresna (8.34) u (8.35), spumcnum d?\/d#
a2 . .
7 -r—,'%sm 0f(r, v, B)+%sm28+%f.(r, v, 9, @),

MoacTasassn 910 Bblpaxkedue B ypapueduwe (8.36), mbi Moxenm
3aNHCATh ere B BU/AE

2
L —filr, v, 8, 0), (8.37)
rae

=M(r, v, @) —{L-sin8 (v, r, 0)+
+5sin204 L5 10, 0, 8, 0.

Hrax, cucrema ypasHenui {8.34), (8.35) u (8.37) onmcwsaer
NJIOCKOe ABHIKEHHE anmapata. ITe ChCTeMa lectore mopajka. Ox-
HAKO B CHAY TOFO, YTO PYHKUHH ¢ He BXOANT B Npasble YacTH ypas-
HeHHH 3TOM CHCTEeML!, HaM AOCTATOMHO pa3paboTaTe MeTOA HHTE-
TpHPOBAHAS CHCTEMbl AATAOrG nOopaiKa.

Bpeaem oboznauenuye

%‘?‘ == (I)U + 2,

[ £54 ﬁ)q-‘-‘}']‘.ﬂﬂﬂaﬂ CKOPOCTB BPHHIEHHH annapa'ra B HEKOTOphII.{
GHKCHPOB2HHDIH MOMEHT BPEMeHH fo.
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CornacHo HameMy OCHOBHOMY IMpeANOAONKEHHIO BpeMA T =
=2nfwy MaJo N0 CPABHEHHIO CO BPEMeHeM MOnHore o6xoAa anua-
paToM cBoeil OpOHTH BOKPYR 3eMAn (3a OdMH 0GOpOT ROKPYL
3em/H anmapar cOBepIHAET MHOTO OOCPOTOB BOKPYT CBOEro WEHTPd
HHEPUHH), T, € wg BEAHKO.

Brenem Manuiii napamerp

1

£=—

Gy
H cAefdeMd 3amMedy He3aBHCHMOIO QCPCMEHHOrC
"I:=U)of.

Torpa cuctema ypapdenuit (8.34), (8.35) u_ (B.37) npumer che-
AYIOWNRA BHA: _

& a9

Lo —eh(r, v, 8, @), Se=eh(r, v, )

d_i =gy sin B, % =¢fy(r, v, 9, Q) (8.3¢8)
j—':= 1 +ez

YpaBHeHnyue OTHOCHTENBHO MOMAPHOTO YINA 8 CHAY coobpaKeHHR,
BbICKA3AHHBIX paHee, Mbl HE BbEINKHCEHIBAEM.

CucreMa (8.38) cofepxur oZny spallawulyoca ¢asy — yroa
@ W ueTHIPE MENACHHBIX nepeMeHHMX. JIA ee HCCAENOBAHHS MoO-
¥eT OBbITh HCTIOAb30BaHa CTAHAaPTHARA Npoiteaypa.

OcTaHOBHMCH TONBKO Ha asadule ypasHeHHH mepBore npubiu-

AMeHnn d

?:‘=3f1(r, o, B)’
(8.39)
=els(r, v, ©). |

Oecranbuble ypaBHEHHH MLl HE BLIMACKIBAEM, TAaK KakK HX l'lpaBbIe
qyacTd He COAEepMAaT yraa aTakd ¢ H, CReloBATENbHO, NOC/E ocpen-
HEHHH OCTARYTCA 0e3 H3IMeHeHH .

PaccMOTpHM NepBoe H3 ypasHeHHH cucteMbl (8.39). Beanuuna
fi umeer BUA

. 2
filr, v, )= — Losino— LS, (r, ).

Tak Kak cx— OGLIMHO ueTHas QYHKUHMA Yrjia aTakH, TO BEAHYHHA
" € 3ABELOMO He paBHa HYAK.

Bennuuna momenta M(v, r, o} obbuno GbiBaeT HedeTHOR (HyHK-
UHeA YrNa aTakH ¢, NOTOMY PYHKUMICO f3 MBI MOXeM 3anHcathb
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B CJEOYIOUIEM BHIE!
Bstr, v, 9)=—{ Lsin0f(r, 0, 0)~ Lrsin20+p i, 0, 9)}-

TaxkuM 0o6pasoM, 8 TepBOM NPHOANIKEHHH Mbl AOMKHEL MPOKHTE:
TPUPOBaTL CHCTEMY Tpex ypaBHeHWd. BoinulleM 3TH  ypaBHeHHs,
BO3BpAlLafch K CTAPOMY MacliTaly BpeMeHH:

%ﬂh(f‘ v, e}l %?‘=f2(f, v, 9); ’ .
(8.40)

dr .
=7 = vsin 0.

Onpenedus 5TH BEAHYHHH, Mbl HAXOAHM OCTABUIHECH iIPH MOMOIUH
KBaapatyp

d

df ﬂfa(r’ 9, B)! (8 41)
do '
g,—=tﬂo+2-

Hrar, e nepeoM NpRGAHXKEHHA YPAaBHeHHA [ABHMKEHHS WEHTpPa
Mace MOTYT GHITh OTAENEHH OT YPAaBHEHHA ABHAEHHA OTHOCHTENBHO
ueHTpa Macc. TIpH 3ToM aspofsHaMHYecKan CHJA, KOTOPas BXOAWT
B 3TH YPaBHEHHA, NONYYaeTcs NPoCTbiM yepegHeHueM ee Do YLy
aTakH. ' .

Onpenenns ABHXEHRe LEHTPa MAacCC, Mbl MOXEM saTeM 8accun-
TaTh XapakTep H3IMEHEHHA BPaINATEABHOr0 JIBHIKEHHA. cofes-
HOCTE -3TOr0 npHOJIHKEeHHA COCTOUT €lle H B TOM, YTO BeAUYHHA
yra aTaku H YIVIOBAA CKOPOCTH BPALLCHHA annaparta He OKa3bl-
BAIOT HHKAaKOTO BAUAHHA H3 [ABHXKEHHe UenTpa Macc. B csoio ove-
penb XapaKkrep BpallaTeNbHOrO JBHKEHHA Aalnmapata  UeJHKOM
onpefeiseTcs 0COBEHHOCTAMH NBHAKEHUA uLenTpa macc. [las Goaee
TOHKOIO H3YYeHHS B3AHMHOING BJAHAHHA ABHXKEHHA WEHTpa Macc H
spallleHusl BOKPYr UeHTpa Macc #eobxoiumo paccMoTperh  Sonee
BbICOKRHe NPHOAHKEHHSL.

"MpumMevanne Mo npeanonarann, 4to 33pOAHHAMHUECKAR
CHJIA CBOZHTCA TOJABKO K CHAE JOGOBOFO CONPOTHBAEHHS YHecTb
BAKAHHe TOALEMHOM CWAL He NpescTaBAfeT ocoboro Tpyaa (310
6yner coenaHo B caepywowleM mnaparpade). Oadako B pamkax
nepBoro NpuGARMKEHHA ee ydeT (puBefleT K HyheBomy 3dpexry,
ROCKOJLRY NOABEMHAN CHAA ABIdeTcs HeueTHOR PyHKu#eR yraa
ATaKH W ee -CpelHee 3HaveHue Oyfer HyneM. Taxkum obpaszom, cH-
creMa ypaBHeHud (8.40) um {8.41) momer OniTh HCNOMIb3OBAHA AJIS
MBYUEHHS JBHERHN annapata B aTMocdepe, eCin TOMbKO Mbl CUH-
TaeM. AOCTaTOUHO TOYHBIMEU YPABHEHHA NepBOro OpPHGAHKEeHH:,
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5. 3amaua 0 ABHKEHHN CNYTHHKA B KOHUE MOCAEAHEro oGopoTa.
Byaem u3ayyaTb OsueHne OCECHMMETPHYHOTO CHOYTHHXA, ‘BXOAA-
IErc B MAOTHBE CI0H aTMocdepsl. YCJIOBHMCA CYMTATb, HTO CHYT-
HHK HMeeT 60/biof 3anac cTaTHuecKol yctoliuupocTh. Kax MM 3TO
YBH/IUM HHXKe, JAHHOE NPLATIOI0KEHNE CYNIECTBEHHO,

3apaua, paccMaTpUBAaeMans B ITOM paalene, o4eHb OaH3Ka
K OpeAbtAyIUeH: TOMHO Tak e OCHOBHHMH CHJaMH, AefCTBYIO-
WHME Ha cnyTaAR, OypeT cuna TSKECTH W a3pOJAHHAMMHUECKHE
cunbl. OfHako B 2Toil saflaue ecTs OJHA CYIIECTBeHHAR ocofeH-
HOCTb, KAYECTBEHHO OTAHUAIOLUIAA XaPaKTep H3Y1aeMOro RBHIKEHHA
OT TOro, KOTOpoe ObLIO H3YyueHo B npe-
Abinyumem pasgene, Ecnm annmapar, 06- &
fnanalolui a3poiHHaMHYecKOR cTabunn-

3auMei], BXOAHT B NNOTHH® CJOH ATMO- : '3

L‘q]epbl‘ TO XaOTHYECKOE BDAULEHHE NOoCTe- 7’ 7 -
NeHHO 3aMednfdAercAd H INepexoiHT B KO- o d

nebaTenpHoe HBHAKeHHe. (hepoBaTeib- 4

HO, B KOHUe nochaeiHero obopora (npH
noaxoje K 3eMne) NBHXEHHe COYTHAKA
OyJAEeT HOCHTb He BpALLATEAbHBA, a KO-
nefaTenbHufi  xapaktep. 310 06cTOA~
TEAbCTBO KAUECTBEHHO OTJAHYAET Oco-
GeHHOCTH ACHMITOTHKH, KOoTOopaa Oyler
H3y4YaThCA B 3TOM pasfede 0T ToH, uTo Puc. 36.

6Lina paccMOTpeHa padee.

YpapHeRue ABHXKEHUH MBI CHOBAa MOXEM 3alHCcaTh B BHAe
{8.32). Oanako nocleaHuft OTPe3OK TPAEKTOPHH annapara, MPOXo-
NAWAI B DAOTAHIX ¢A0AX aTMocdephi, HeReHK, H NOJe TAICTEHHA
MOXKHO CUHTATh NOCTOAHHBIM, NO3TOMY HeT HeOOXOAHMOCTH HCNOJIb-
30BATH MOAAPHYIO CHCTEMY KOOPLHEAT.

BBegem 0ObIUHYIO A€KAPTOBY CHCTEMY KOOpAHHAT (pHc. 36), n
ypaBHeHHs ABHMKEeHUA 3aNHIeM TOTAA B BHIe

d a
=0 F=—gy+F (8.42)

rAe r ¥ U, Kak H paHee, o0oalaval0T PaAHYC-BEKTOP H CKOPOCTb
UEHTPA MACC annapaTa OTHOCHTENbHO BHOPa2HHOro Hawana oTCYHeTa,
BETHYHHA g — 3TO HANPRAKEHROCTH TpaBUTAUHORIOrO nons, a F—
a9poAHHAMHYECKas CHIA. KnueMaTHyecKWe ycAOBHA MBI NOAYYEM,
SanHCLIBAA [EPBOe M3 YpaBHeHHH cuctembl (8.42) B npoekunsx Ha
OCH JBKAPTOBOH CHCTEMBl KOOPAHHAT

dx _ dy _
W—vcose, g =vsind. {8.43)
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Asposrnamuueckylo cuny F, IeHCTBYIOLLYIO HA annapat, Mb Npel-
CTaBHM B CAEAYIOLLEM BHAE:

2 2
For 208 g0 (0, g, ) VO+ BB 50 (v, 4, @) nt,
['lepaoe cnaraeMoe, cTodlllée B MPaBOf YacTH, - ITO YHE H3IBECT-
Hoe HaMm J06oBoe conpoTuBiAeHue. B ero BHIpaeHHH COXpaHeHbl
ofo3naueHun npejblayilero nyakta, Bropoe caaraemoe — 310
fnofbeMHas CuAa, BeNHYMHA ¢, Ha3bIBaeTcs  KO3hOHIMEHTOM
NOALEMHON CH/bL DTy Oe3pasMepHylo BeAH4HHY GYAEM CYHTaTb He-
yeTHo#! ¢yakuHet yraa aTakd o [lomgbeMHasi CHIa HanpaBaera 10
HOPMAJAHW K TPaekTOpuyu saonk eektopa #% Ha puc. 36 nyHgTHpHBIR
BEKTOPD % AaeT HanopagJeHHe OCH BBPOJIHHaMHlleCKOﬁ CHMMETDHH.
Ha 3toM vepresxe noKa3adHo TaKKe HanpapfleHHe OTCYETA YIVIA
aTakh o: m, Kak H paHee, ofo3Havyaer maccy ampapata. Tak Kak
B AAHHOM 3azaue JMUHHA MECTHOTO FOPHIONTA COBMAJAeT ¢ HeMo-
ABWKHOK ocklo Jx, 70

4o do dﬁ

0
=t

H, c/eoBaTeNbLHO, AHHAMHYECKHE YDABHEHHA, KOTODHIE MOJAYYaloTes
M3 BTOPOro ypaBHeHHA cucteMel (8.42), ecnn ero sanucarh B npoex-
uHaAx Ha ockH Ox u Oy, GYAYT B 3TOM CIy4ae TAKHMH:

do ; pv?
g = —gsin®— S-Se.{y, v, ) =f,(0, 9, y, 0), 51
= — 2 Sy, 0 = oo, 8y @) |
YpaBteHnne MOMeHTOB akanornuio {8.36) sanumem B Buae
d*t df
Ly =M(v, o, *E). (8.45)

Ortauvue ypaBHenHa {(8.45) or (8.36) cocroutT B TOM, YTo Te-
fepb MH HeoOXOAMMO AOMKHBl YU€CTb 3aBHCHMOCTb A3POAHHAMH-
q4eCKOrp MOMellTa OT YrMOBOH CKOPOCTH KoAeOaHHA, NOCKOABKY no-
CARJHARA BeAHKa, a aTMocepa A0CTaTOMHO NACTHAA,

B npukaapHofi ajpoiuHaMUKe BedddHHY a>POAHHAMHNECKOTD
MOMEHTA OOBIYHO HpEﬂCTaBﬂH}OT B BHIe NBYX CiaraeMblx

db
M {p: yQ G, df )_" ngz (v y! “) + S[mz (U! y) * (8’46)
l'lepBoe cJAaraemMoe HHOIA3 HasblBaeTcA CTATHYECKHM MOMEHTOM,

BTOpOE — AeMROHDPYIOWNM, J — (IOAAPHBIE MOMEHT HMHEpPLHH anna-
parta, m:(v, ¢, o) — GespasmepHulfi KosQHUHEHT a3poAHHaMHUe-
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CKOTO MOMeHTa, [ — HekOTOphili xapakTepHMH JHHeAHBIH pasmMep
d
(HanpumMep, AnuEa annapata). Bennwuuna my {v, y)w onpepe-

AAET OCHOBHYW) XaPAKTEPHCTHXY AeMndupynollero mMoMedTa. 3asd-
CHMOCTh BeJIHUHHLL AeMIGHPYIOINeTo MOMEHTa OT YrIOBOH CKOPOCTH
0o8bUHO cuMTaeTed JHMeldHOH. BeawuwmHy & npuusTO Ha3blBATH YI-
JOM TAHTaXKa.

Taxk kak yribl &, @ H B CBR3aHBI KOHEYHBIM COOTHOIEHHEM (CM.,

puc. 36)
$=a+8, (8.47)
TO
a2 d2a a28 d2a da
“&P“‘"Tx‘z‘f“'F*ETz_"'q’(e’ v,y o W)
rie

_d geosB | py }_“ dfy
q)_ﬁ?{— 5 T om SO = -

Ucnonbays pasencrba (8.46) u (8.47), mepemuiiem ypaBleHHe MO-
MEHTOB B BHAE

d? i - &

E}g"+f3d_?+f4(e‘ v, y, ®)=d&(o, 9, y), (8.48)
rine -

v pr _ de,

fy= 57 SIm$ — 5 S5

. 00°

fﬁvS‘mz“z—{"gsmﬁ ai (‘”’}}’

= #%sin20

E="gr

Cuerema ypaBreHwit Nectoro mopanka (8.43), (8.44) w (R48)
NaeT MONHOE ORUCAHHE MIOCKOro ABHXKeHuA. Mbl yCAOBHAHCL H3Y-
1aTh FBHXKeHHe amnapara, obnalawilerc GoAbLUIHM 3amacoM ¢Ta-

*
THYECKOH YCTOHYHBOCTH. B 37T0M ciyyae BesuumHa f, Bcerga no-
JAOXKHTENbHA A BesHKA. CefoBaTefbHO, MBl MOXeM MONOKHUTb

fa= %,

rie A2 — HekoTopbifi 0ablWOH napaMerp.
Hanee mbl CHOBA CAEA4€M 3aMeHY He3aBHCHMON nepeMeHHOR

t=%=8t.

Ilocne aroft aamenwr cucrema (8.43), (8.44) u (848) npusier
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CASAYIOWNE BHA:

dx dy _ :
<7 =8 cos g, —r = eusin 0,
: 0
ﬁi = 8f| (0! Bt 5': U)‘ d_ =£fﬂ (U’ 8‘ y’ u)‘ (8‘49)

d12+ f3d +f4(U 9 b, U.)---E.(I.

Mpu =0 n3 cucremnl (8.49) moayvaem

d'r’

% (o, 8, g @)=0, = t = v,
ful y )= v =cons 0 } (8.50)
B=const=0; g =const=y,.

Bynem cuntarb, uT0 pewenne cucrembl (850} npu ycaoeuw, 41O
BCe BEAMMHMHLL U, § H y — HEKOTOPHE MOCTOAHHLIE, HAM H3BECTHO
H 4TO OHO HMEeT BHJI
a=q(c, p, ¢ 6, y),
rie
p=w(c, v, 6, ) (v+);

30eCh ¢ — NOCTOAHHAA HATETPEPOBAHHUN, KOTOPYH Mbl Gyoem Hasbl-
BAaTh aMIVIHTYAOH, Tp — aRAuTHEMAA nocTosiHHafA. Tak Kak OBuHkKe-
. HHe, N0 TPEANONOKEHHID, ABNHETCR KonebaTeibHbIM, TO GYHKUHA §
6yler nepuafHYecKod QyHKUHEH flepeMeHHOR T HEKOTOPOr0 NepHo-
xa T(c). Beanunsa w{c, v, 8, y) CaIyxHAT HOPMHPYIOWHM MHOKHTE-
neM: ¢YHKUUA ¢ N0 NepeMeHHOM 1 HMeeT NepHoA, pasHblll 2w,
3HanHe O0UEro pelreNnd CHCTEME B NMPeANONQMKeilHH, UTO U=const,
6=const ¥ y=const no2BoaAeT HCNOAL30BATL CTEHAAPTHYIO MpPO-
HeAYPY MeTona OCpeiHeHns,
Ana Toro uTo6M He YCAOKHATL HINQIKEHHUS, OrPaHHUUMCS H3Y-
YeHdeM TOAbLKO TOTO CAyHast, KOraa KDJIBﬁaHHF! Mads M @YHKIHIO
f« MOXHO NpencTaBuTh B BHAE

fﬁ{vy e! y! G)=(!]2(U, 9: y)m‘
B stom cayuze

a=ccosy, P=w(r 0, 4){t+w), (8.51)
u ypaBHekde (8.50) 6yner Teneph TakuM:
LY e — %, . (8.50")

Tak kax y Tena, obaajamillero aspoaHHaMAYecKON CHMMETPHER,
tm; 0 ¢, — HeueTHble QYHKUAH Yraa aTakH, TO JHHeapU3ALHA ITHX
GVHKUNA fONYCTUMAa H B TOM CAYYyae, KOTZa Mbl paceMaTpHBaeM
KBAAPaTHYHYIO TEOPHIO, MOCKOIbKY, 0TOpocuB B- ypasHenuy. (8.50)
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9AeHBl TPETHEro NOPFHAKE MaaOCTH OTHOCHTEABHO YIia aTakd a,
Mbl TeM He MeHee NpuieM ¥ ypasaennio {8.50°).

B cucreme (8.49) nepéfinem tenmepb OT nepeMeHHOR o K nepe
MeHHBIM ¢ B ). Ins 3TOTO K PABEHCTRY (8.51) noGaguwm ellie Takoe:

.E-——cm(v, 8, yysiny. - (8.52)
Hs pasencrs (8 51). u (8. 52) HaXOILHM
" da
C—]/Cf. ‘=5 wg {t.l', 9 ) (d_J 1 I (8 53)
| du : )
—“arctg{ e dr } I

BrlunCaHM TIPOH3BOAHYIO (IRPBOR U3 BEAMMHH, ONPefe/neMbt PaBeH-
creoM (8.53), B cuny ypasHermi (8.49)

.3 _cf_cr._d’a_L_( ){amdn+'a_'da+awdy}1
de _ dr " dv dr? @ dv dv " 30 d dy dv | & _
v S o1 fdag
V’*L("SEJ
B " . .. . 1
BER S NE T e
“c‘{' gl T 8 - f, f2 vsmﬁ =

=~—acsin211_1{f3-l-%{ - fi + 60 f9+ ay ﬂsm 9]}
— & sin Pi = —ecsin 1|>f5(u, 8, y, ccos¥).  (8.54)
Fiponnddepenunpyem Bropde H3 ypasreHdil (8.53)

dig da 2 da dm P Jo
ﬂ-_wﬂa‘(z) (D—BFG{Ffl']'Fé‘fg"'*é;USine}':
a1 . [[ +'__!._ (ﬂ')zl adal :
w?a? \ dt
1 - £ s A - I do
-—-—W{-—mi’c“+-§rf3sm?1|:-czm"~~—2—51n2ca[3u—f1+

do i) . S
+ -éﬁ—fg“l'“‘é; USII‘IB]}’—EGCOSﬂJ
H OKDEYATeNbHO

. iré
%=m—%sm2xp{f3 - d: fi+ 9 2 fo+ = gsin B]}-—

- % @cosp=@a— e{_fﬁ(.vf_ B,_y, ccos ) stq;-i-Erncosﬂu}.l
(8.55)

Takum o6pasoM, RMecTO chctemsl (8.49) Myl aputiiin K Apyroir
cHcTeMe, B KOTOPOR TIOC/A€JHee. ypaBHeHHe..BTOpPOTo . NOPANKE:
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3aMEHNAN 1BYMA YyPABHEHHAMA NepBoro nopaika (8.54) u (8.55),
a4 B MPaBLIX HaCTAX BTOPOrO k TPETHLEro YpaBHeHHH BMecTO o MOA-
CTaBJgeHe ero BoipaXKeHHe ¢ cosP. [IpeoOpaszopaHuad cucrema
BIIQJHE 3KBHBAJieHTHA HCXOEKHOH, HO HBJACTCA CHCTeMO#dl ¢ Bpa-
waweiica dasoit; oHa cOAGPKHT NATE MEAJEHHBIX NepeMeHHbIX
£, 4 v, 0, ¢ uogny Gulerpyio —+. Ilpapbie yacTn 370l CHCTEMH
npencTasaqgorT cofok mepHoanyeckye (yHKUMH ¢ nepuoda s
3ameTHM, 4TO NepROe yPARHeHHe 3TOH CHCTEMEl HHTErpHPYeTcs He-
34BHCAMO OT APYIUX, TAK KaK X HE BXOAMT B MPaBble Y4CTH 0CTAJb-
HElX ypaBaeuuil. Tenepe ee ucciencepanne MoxKer OHTh NPOBEACHO
C HCHOABIOBAHMEM CTaHAapTUONR NpoueAypel pasneicHHA ABHXKe-
Hua. OrpaHHuHMCA PAacCMOTPEHHEM TOJbLKO NEePBOr0 NPHO/IUKEHHS;
ANF 3TOTO AOCTATOUHO OCPeJHHTE OpaBhleé YacTH no OBlCTpOil me-
peMeHHOH 1.

lNepebie ABa ypaBHewHs He cOJACPIKaT Yria aTakd # ocTaHyTcA
Oes WsMeweHnn; ux YEOOHO 3anucaThb, BOIBPALIAACE K [epeMeH-
HOMY {: d d
- =vcos8, L =ysino. (8.56)
Paccmorpum Tperhe ypasHenue 3710# cucremb, Hcnoabsya suipa-
JKeHHe anA [y, nocie YCPeIHEHHs Mbl €r0 NPHBEIEM K CAGAyKNieMy

BHAY:
n

L o gsing— 223 f ¢.(y, v, ceosg)dp.  (8.57)
1]

dam

Kospdpnunent noxbeMnolt cuabl AA MalblX 3HaueHWH yraa arta-
KH ¢ BhIpaXXaercs Kak
Cx=Cxo+ 202, £>0.

Crenopatenbio, nocse ycpeAHeHns ypaBHeRue (8.57) npumer
$opmy

d . 28 ket

= —gsing =82 (04 2 (8.58)
HAH, €CJIH MBI OFpaHHYHBACMCA JiHHENHOH Teopwefi, To

do . o8

= gsin® =SS oo, g, 6). (8.58)

Paccmorpum Temepb uerBeproe ypaBHenue chHctembl (8.49), no-
Jiarana B HeM cy=cg-a. Ilocne ocpeaneHust oHO npuMmeT BuA

40 gecos @
T, (8.59)

Hrak, eC/H MH TPHHHMAaeM JHHEAHYIO TEOPHIO, TO ABHKEHHE
eHTpa Mact B MEPBOM NPUOAWNKEHHH MoOMKeT OBITL ORHCAHO Hesa-
BHCHMO OT ABHM{EHHA OTHOCHTENbHO LEHTPZ MACC, NPHYEM YpuB-
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HedHe B NPOEKIHAX Ha HopMmadb {8.09) 3anucbiBaercs TaK, Kak
echny Obl ABHAKEHHE NPOHCXOAHIG B NYCTOTE H Bee aeficTBue a3po-
AHHAMHYECKHX CHA CBOAHAOCH K J0GOBOMY CONPOTHBAEHHIO, BHUHC-
Jag9eMoMYy LM HYNeBOrc yrAa aTaky. B kBafpaThuHoll Teopun ypae-
HeHHe AAA npoekudi da xacaTeNbHyw K TpaekTopuM (8.58) co-
AepXHT KBaapaT amnantyan. [lostoMy B 3TOM cayyae yiKe B
MepBOM NPHOAMIKEHWE HEAb3A Pa3fie/IHTh ABHIKEHHE UEHTpa Mace
H ABHMKEHHE OTHOCHUTEALHO UEHTPpa Macs.

Pacemorpum ypasnenne (8.54). [locne ocpesHenHs OHO mpuMer
CAeNYOULHA BHA:

. d
d_i=_i;f§._%{d—?f, f2+ ﬂsm B} (8.60)

[lpn ocpeanednu craraemoro, co,tlepx{amero fi, Gbi1a npuusTa
JMVHeHan TEeOpHs: f; 03HAuaerT, UT0 B BbIpaXKEHWH J10BOBOTO CO-

cos B
NPOTHBACHHA Mbl ODPHHSAAH Cx = Cxp, f2=-—-gu—. Takum opa-

o | do
30M, BEJHYHHA, CTOAlaA B QHUTYpHOH CKOOKe, paBHa + 7+ The

NPOUBOLHAA YTAOBOH CKOPOCTH @ BBIHCIEHA B CHAY YpabBHenHuil
(8.56), (8.58) u (8.59). Ha srom ocHosanum ypasHenue (8.60)
Mbl NepenuuieM B BuAe (Bo3Bpalllasick K aprymeHty f)

lde 1, 1 do
¢ at 2 137 9 Tar °
B 3TOM YypaBHeHWH fEpeMeHHble pasfiefelbl, W fOCKe HHTErPHPO-
BaHKA MBl NOAYIAEM
)
ffadf
L' &

=V,(_5' '

rie &p— NPOH3BOAbHAA DOOCTOAHHAA — B AAHHOM Cilytnae Hadadb-
HOE 3HaYeHHEe aMILiHTYAH Yria artaki.

TakuMm oOpasoM, B JHMHelHON Teopuu nepsoe npubanmenHe
OcpefiHeHHBIX YPaBHEHHR NO3BOAACT PACCUHTATL TPAEKTOPHIO LEHT-
pa Macc He3aBHCHMO OT KoMe0aTeabHOro JABHXKEHHA anmapara u
HafTH, CAeLoBAaTeAbHO, 3aBHCHMOCTL w{f) w f3(!). Hns pacyera
AMOAHTYAB KOReBaTeNbHOTO HBHMEHHMA MBI JOJIKHB TOIEKO Bbi-

YHCANTL OAHY KBadpaTypy Jfgdt, nocae 4ero AIA  AMILUATYAB

KOJMeGaHHI ¢ MOJYUHM ABHOE BEIpAMKEHHE.

B kBaZpaTH4YHOH TEOPHH NePEMEHHbe B ypaBHeHun (8.60) yxe
He paspendioTcs. PaccMOTPHM cHoBa ypapaeHne (8.59) W nepemn-
UieM €ro ¢ yueToM YWISHOB BTOPOTO MOPALKa

de ¢ sin 1|1 da csin®¢y  pe®

v e {cf331n21|9 T W T e 273k620032¢},

!~=I

(8.61)
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rie do/d!{ mo-npexueMy 03HAaYaET NPOH3IBOAHYIO BENUYHHM ©
8 cnay ypashennii {8.56), (8.58") u {8.59). ITocae ocpeinenus 3To
YpaBHeHUe NPHHHM2ET 3UA

de _Lpo.c do, & pUiSk
df 272 2w di fo  2m

_— | (8.62)

M]:I BHJAHM, 4TO B ypabHeuwH (8.62) nepeMeHHLIe yme He pasfie-
asiores. Jlas ONpefeieHHN 2aKOHa W3IMCHEeHHA AaMIVIHTYIB HaM
APHAETCA B 3TOM C/YYa€ YHCAEHHO umerpnpoaa'rb VpaBHEeHHe
{(8.62).

PaccMOTPHM, HaKOHel, mocleidee. H3 ypaBHeHHS, OMHCHIBAIO-
MyX ABHKEHWe ammapaTta — Ypasresue-{8.55), Koropoe paer 3a-
KOH H3MeHeHHda ¢aabl. B aAnHeflHOM cayyae OHO BHITMAAHT OUEHb
npocTo

d _ .
) =
OTKYma )
B =g+ [ (@) at.  (8.63)
; _

B pamkax kBaapaTHuHOW Teopnu BbipaxkenHe (8.63) HecKOABKO
YCJIOMHHTCH 3a CHET C/IAraeMoro B BeIpaXeHuu fi, KOTOpoe coAep-
KHT MHOMKHTETEM BenHYuny ¢2R2 cos? §.

[MonBenem Tenepb HekoTopble HTOrd. [Ipeamonomum, 4to Mbt
OrpasvuHBaeMcs nephbiM Npubnmxkenuem. Torna B ampefHei Teo-
pHH HAM AOCTATOMHO UHCAEHHO PACCMHTATL PelleHue CHCTEMBL Tpex
YpaBHeHHH nMepBOro mopaiaka (HAMOMHMM, YTO YpPaBHEHHe, ompeae-
Afollee NaNbHOCT X, HHTETPHPYETCA He3aBHCHMO), Mocje Yero pac-
ger RogefarTenbHOrO « NBHIKEHHS NPOU3BOANTCA no  dopMynaM
{8.61) n (8.63), Tpebywigum paciera KBappaTyp.

B kBZAPATHUYHOH TEOPHH MLI BbIHYKAEHB COBMECTHO HHTETPH-
poBaTh CHCTEMY HeTHPeX ypaBHeHuf

dy

W_ vsin B,

do putS ke?

e gaing— 25 (o 22),

ae gcos B ' (8.64)
ar T

de _ _ ffp Loy @ e

e st ) e S S

,Ela:tbuot:Th x n da3a ¢ onperenslorTes KBaAPaTypaMH.
Hag uccaenosanna Gonee TouHBIX 3PhEKTOB, HanpHmep ,H.JIH
H3YUeHHS B/MAHHA TONBEMHON CHAbI Ha BENHUHHY AaJTbKOCTH B
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OPEANONOKEHHH KONeBaTeNnbHoTo ABHIKEHHA, MBI JOKHB H3YYHTDH
caenywolee npudIuKeiue. 3aMeTHM TaKXe, UTO HepBoe NpHOIH-
HeHHe JHHeRHOH TeOPHH He MoXKeT RATh HHKAKOH HHDOpMaUHH
O pPacceHBAHHH IEMEHTOB TPAeKTOPHH BCJIEACTBEHE KOAROATENBHOTO
ABHIeHHS, NOCKOMbKY cpeaHee 3HAYEHHE MNOALEMHOR CHAbl B 3TOM
npuGAHKeHnd paBHo uya1'0. Bee noaoSiibie pompoch - A0aXKIBL pe-
WATECA B CABAYIOIIEM NPHOGAHXKEHHN, '

6, PesonancHbie 3afla4i B AHHAMHKE HCKYCCTBEHHLIX CYTHHKOB,
B npeamaywnx paspenax storo naparpada met paccMmoTpetn ue-
Auiit PAA 33834 AAHAMHKM HCKYCCTBeHMBLIX CNYTHHKOB, KOTOpBI®
ONMHCBIBAKTCH CHCTEMOR YPaBHEHHE ¢ oJAHOH Bpallatouleiica dasof.
Onnako cyllecTByeT MHOTO WHTEPeCHHX 3afau, KOTOPHIE CBOASTCH
K ChCTeMe ¢ ABYMH spawarmumuca ¢asamn. B nauvane storo
naparpaga MH YKe 3aMCTAIH, YTO ecAH BO3MYIlawillan cHaa 3a-
BUCHT OT BPEMEHH, TO Mbi NDHXOAHM K CHCTeMe YpaBHeHHH ¢ AByMs
GLicTPLIMH nepeMenHbIMH. Takue 3afla¥d eCTECTBEHHHM 06pazoM
BOSHHKAXWT B AHHAMHKE HCKYCCTBEHHBIX CHyTHuKOB 3emaun, K ux
YHCAY OTHOCHTCH, HANDHMED, 3ajada BO3IMYILEHHA OPOMT BLICOKHX
cnyTHHKOB JlyHo#l. B 3TOft ciaTyauHH BO3MYILUEHHA, BLI3LIBAEMble
Jlydoh, GynyT HEKOTOPbIMH NEePHOAHYECKHMH OYHKUHAMH BpeMeHH
H, CAelOBaTeNbHO, NOJNHAaA CHCTEMA ypaBHeHHE Gyler colepXaTb
ABe OblcTphle nmepeMeHHbie. B toM cniyuae, koria nepuoa ofipalwe-
s cenytHuka 7 ua JIyawm T, 6yayt cBA3aHbl COOTHOILEHNEM

TJI: kT:

rfe k& — Uen0e YHCA0, Mbl ByleM HMeTh Pe30HaHCHBIT cayyai.

MoxHO NpHBECTH elle UeNbll pPAA HHTEPECHBIX Pe30HAHCHBIX
3anay nopobuoro poaa. MHOO HOBBIX 33134, B KOTOPHX HMeeT
MECTO Pe3CHaHCHAasi CHTYALHS, HaM J0CTaBiferl H3yvYeHHe OTHOCH-
TeALHOFQ ABHMEAHA CIIYTHHKA B TeHTPAABLHOM Tone,

Ecau teao ne obaafaer chepryeckoll cuMMeTpHelH, To Ha Hero
B UEHTPAJTLHOM NOJe 2efiCTBYET HeKOTOPHII MOMEHT, TAK HA3BIBaE-
Mblil TpaBUTalHOAHBLIE MoMeHT. [lon neficTBHEM 3TOrO MOMeHTa
1eq10, ABHXKYUIeecH N0 opOute BOKPYr 3eMAK, COoBepiuaeT Kofeba-
TelBHOe ABHHKEHHKE. 3ro ABRMENHE B NNOCKOM clygae MoXer ObITh
ONHCAHO CAeAYIOUIAM YpaBHeHHeMm *}:

4% N S o
(I+BCOSB)W—2€SIHBE+3Q sind=4¢sin0.  (8.65)

37ech NPHEATE CAgjlyloHIHe oBoaHateHus:
: ' A-C
B L]

‘)3 B. B. Beaeurud, O anGpaunn coyrnnka, ¢6. <Hcryccrsennse cnyt-
HEKH Jemaus, Np 3, 1950
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B — MoMeHT HRepIHH annapaTa OTHOCHTeNEHO OCH flepIeHIAHKYAap-
HO#t NAOCKOCTH OpPOHTH! cyTHHKA, A ¥ C — MOMeRTH HHepPUIHH ail-
NapATA OTHOCHTEABHO OCEH HHEPLHH, NEHKAIHX B nAOCKOCTH oplu-
T, npudyem A>C, 1., a L 1; §=24, rae  — 370 yroam MexAay
PAlHYCOM-BEKTOPOM LEHTPA HHEPUWH AnnapaTa B OCHK HUSPIHE,
OTHOCHT@/IBEO KOTOpPOH MOMeHT HHepuUHWH paken €, 1.e. HanGonee
OAUKAGH U3 ocefl urepywil, NexalIWX B IMOCKOCTH OPOGHT {cM.
puc. 37, rne paHe ofosdavedna), O — yrAoBOe paccToAiHe MemAay
padnyCcoOM-BEKTOPOM 1EHTDA HHEDIHH
anmapata M HanpaBAeHMeM Ha LepH-
reil, & -— 3IKCIRHTPHCHTET  OpPOHTH
CIYTHHKA.

3ameruM, uto ecan e=0, 1o ypas-
Hedie {8.65) npumuMaer sua

o8,
oz +3a°sind= 0, (8.66)

Ypaeuenne (8.66) ponyckaer aBa

Puc. 37. CTALLHOHAPHLIX pexuMa =0 u d=m.

YeTolluHBWM  9BAAETCA  OepBLIR pe-

KAM §=0, cOOTBETCTBYIOWHA TOMY CAYYalo, KOraa nanbogee [JWH-

Haf OCb KHEPIHH KOAJHHEapHAa padHycy-BEKTOpY. ITOT (raxkT Bnep-

Bble 6Ll ycTaHopaeHd H3secTHLM ¢paunysckuM acrposoMom Tue-

cepadoM. B cayuae d=n (Wau P=n/2) Gonee ANHHHAA OCb HHEp-

IIHH NepPneHANKYJIAPHA PaAHYCY-BEKTOPY.

[Npennonc:KuM Tenepb, UTO 3KCUEHTPHCHTET € — BEAHYHHA Ma-

qagq, Toraa ypasHedHne (8.65) mepenuiuem Tax:

T+ 3a?sind = e (4sin @+ 25in 0 95 + 3a2cos B sin d) + O (€Y. (8.67)

¥Ypapuenne (8.67) monywyaerca ua (8.65), ecin caenath 3aMeny
€ cos B%=ecos&(— 3a’sind + O (e}),

OHO TIpEACTABAAST COOOH THOHMULIA DNPHMep ANA NPHAOKEeHHH H3-
naraeMoi teopii. [lpw e=0 oHo nepexoauT B ypasHeHde (8.66)
H MOMeT OblThb MPOHHTETPHPOBANO B SAAHNTHYECKHX (YHKUHAX

d=g(x,y),

rie x — MaKCHMaJabHOoe OTKAOHCHME, a y — (dasa; y=0+0, Bee
BEIYHC/IEHHA MOCYT ObiTh NpoAedaHbl, cielys oOLlied MeTOAHKE,
37eck MBI OrpaHHuUHMCS pPACCMOTPEHHEM TOID YACTHOro CAyYas,
KOrda OCb HHEPUHH ¢ MOMEHTOM HHepuHH C coBepuiaeT Manble
KosTeGaHHA OKOA0 CBOero moacXeHHa pasHosecua (§=0). Iror cay-
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uail Geln MPOEAHANNINPOBAH B yike UNTHPOBaHHOH pabGore B. B, Be-
JeuKora *y.

Jluneapusyn ypasHerine (8.67) m oTGpacbisas MaJjele, MOPRAOK
KOTOPHIX BLlllle MEePBOrG OTHOLHTENBHC &, Mbl OOAYUHM

LA (4sin 8+ 2sin ej—g+m2cosea), (8.68)

TIe
w? =342

3aMeTAM, 4TO TacToTa  OHPeAeqAeTcA HCKAIOYHTEABHO Feo-
METPHYECKHMA XapAKTEPHCTHKAMH CHAYTHHKA — COOTHOWEHHEM ero
MOMEHTOB HHEPLHH.

[Monaras Kax o6bI4HO

a8 ;
d=yxcosy, —§ = —exsiny,

saMednM ypaBdenne (8.68) caenywuen cHcreMoll:

z—i= - %(4sin9——25inﬁsiny wx + cos B cos y wix)sin y,

-‘i—i = o— ——(4sin0—2sin0sin yox + cosBcos g wlx)cos g, [ (8.69)

a0 _
dt

Cherema (8.69) — 310 cucrema ¢ AByMA OHICTPLIMYE NEpeMeHHbIMH
6 1 y. B 3aBucumMocTH OT 4acToT™H @ (T.e. OT CcooTHOWEHHH Mo-
MEHTCB HHepunHj B cucteMe (8.69) MoXer BOSHHKATL WIAH He BO3-
HHKATh PE3OHAHCHAA CHTYauus.

[1pn OTCYTCTBHH pesOHaHCa NEpBOe NPAGIHIKEHHE A CHCTEMBI
(8.69), koTopoe nodyvaercs ycpeaneunem no obenm OICTPBIM ne-
pEeMEHHBIM, HAM gaeT

r=const, y=yotol,

T. 8. ¢ TOYHOCTBIO IO BeJHWHHB mopsika O(e?) cayrHuk Gyaer co-
BepWaTh TAPMOUHTECKHE KONe6anua OKOA0 NOM0XKEHHS paBHoBe-
cus §=0.

Ecan a= V33, 10 w=1, u Mol _uMeem cayuaii raaseoro pe-
agHanca, HCCJ[G,[[YEM 3TO ABJMCHHe, ll-ﬂﬁ ITOTO Opeae BCeErg cae-
AaeM CTAHAAPTHYIC 3aMeHy

y=0+2z wa=1+efn

*} B. B. beneurni, [pnikenne MCKYCCTBRHHOTO CilYyTHHKA OTHOCHTEABHO
uentpa mace, «Haykas, 1965,
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H nepenuiieM cHcreMy (8.69)

%= — £ {4sin 8sin (0 + 2) — 205 5in (8 + 2) sin 0 +

+ o? xcosﬂcos(9+z)sm(8+2)}
i (8.70)
o ~—{451n8cos(ﬂ 4z} —

— 2emx sin Bsin (0 4 2) cos (6 + 2) + w?x cos D cos (B+ 2)}. |

Cucrema (8.70) cojepXHuT Tenepb TONBKO OAHY GBICTPYIO MepeMeH-
HY10 8, o 3Tod AepeMeHAOl MBI H IOJKHB MPDOBECTH YCpelHEeHHe,
ITpeoOpasyem npabeie vacTh ypaedHenud {8.70), ncnoab3ys
3aMeHy .
sin 8 =sin{® 4 2)cos z — cos (B8 + 2) sin 2,
cos O =cos{B + 2)cosz +sin(d + 2)sin z,
TMoxyunm

%’i—-— - = {431n2(9 + 2) cos z—4 cos (B + 2} sin (B+z}smz—

-~ 2 sm" (0 +2) cos z+ 20x cos (0 + 2¥sin® (8 + 2)sinz +
 + @¥x cos®(0 + 2)sin (8 + 2) cos 2 + @y sin®(0 + 2)cos (B + ) sin 2},
% - é{élsin(ﬁ-!—z)cos(ﬂ + 2)cos z — 4cos?{6 4 2)sinz —
—2wxsin?(8 + 2)cos (8 + 2) cos z + 2wx cos? (0 + 2)sin (B + 2) cos 2+
+ @%x cos3(0 + 2) cos z + w?xsin (0 + 2) cos? (8 + z) sin 2} + eh.
Tak KaK
N4z

jm(e+z)de_— _f O (g) dt,

TO MBI MONEM NpPOBECTH YyCpelHeHHe mo nepemedyod =04 2,
B pesy/bTaTe MOJYYHM

--z—’: = - —2—~cosz
dz %8 . - (8.71)
F=~—;;smz+eh., .
Cucrema (8.71) monycKaer 18a CTALHOHAPHHIX PeXHMa:

i zmi x—_2-,..

o - @ ¥

b1 _ 2

1. 2= — ? y X 'a;;.
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Mol BHAMM, 4T0 npn A=0 3TW pelieHHs TEepPAIOT CMBICJA: CHCTEMA
He BOMYCKAeT YCTAHOBHBIUHXCA PEAHMOB, IDTOT Pe3YALTAT CAel0-
BaN0 OWHAETH, NOCKOJIBKY HCXQLHOe ypabBHeHwe (8.68) Ouio aw-
HefHBIM, a B pamKax JanNeliHoli TeopMm HcenelloaTh MoBeAenne
CHCTEMEI B TOUKE Pe3cHaHCa Henb3sl,

Haa toro yroGet HecnefoBath XapakTep koJebanus npu Hyne-
BoH paccTpofike, NpH ynpowernn ypasHenHa (8.67) Mbl A0AMHBI
vaepKaTh uineHbl Bofiee BLICOKOI'O NMOPAAKAa OTHOCHTEAbLHO §. 3ame-
HUM B JeBOH 4acTH 9TOTO YDaBHEHHS :

sind= 6——63 '

B npasofi wacth noaoxnm sin =06 (310 3HauWT, YTO M {Ipe-,
ne6peran BenHuuHOl e4° Mo cpasHeHHIO ¢ &%) u npoAedaeM o6bU-
Hble JAA KBasWAHHedHofi Teopuu npeobGpasoBanusl, nepenucan
ypasHenue (8.67) B cnenyloillem Bune:. '

W+o)26=e(4sln6+231n9—+(926cos9+a63)
rie

B orx npeanonosennsx cuerema (8.70) sanwmercs Tak:

94X o — £ [45in B5in (0 + 2) — 20x sin O sin?(8 + 2) +
+w“x cos Bcos (0 + 2)sin (8 + 2) + ax?cos® (8 + 2) sin (8 + 2)}, _
-j-,rz- = = {4 sin 6 cos (B + 2) — {8.72)

-—mesmﬁsm(ﬁ +2)cos (0 + 2) + w’x cos O cosi’(9+ 2+
+ax?cost (8 + 2)} + eh.
Mocae ycpeaHeHus cucreMbl (8.72) Mbl nonyunm caeaylouui aHa-

JAor cuereMu {8.71):
dx _ _ 2
g Py Cos 2, (8 7:3)
%=—£(smz+—ax3)+eh ‘ T

Cucrema (8.73), B ominune or cucremu (8.71), ponyckaer cranmo-
HapHBIE PEXUMB! ® IPH HYABBOR paceTpoiike A=0:

1 z—i x:—.l/~i
TET 3a

Az==%, x=) <.
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Hrak, oaua cnyuafi, xoraa ypasHerue {§.65) moxer OBITH He-
YEPNHRBAIOUIHM 06pa30M H3YUEHO METOAZMH aCHMITOTHUYECKOH Teo-
DPHH, — 3TO CAy4all MaJgwmX SKCUEHTPHCHTeTOB (e<€1). B knaccuue-
CKOA nHTEpaTYpe DO acTPOHOMHHA MoApofHO H3YYeH ¢ywail e=1{,
Caydall MAnBIX 3KCUSHTPUCHTETOB OPOHTH, KaK MOKa3an Buepshle,
no-euaEMoMy, B. B. DBesenkwii, He 00OHAPYXKHBAET HHKAKHX HO-
BBIX KauecTBEHHKIX OcofeHHocTell. YueT 3IKCUeHTPHUHOCTH OpOHTH
HECKONBKO H3MEHAST XapakTep OaApPaMETpPOB K0Ae6aTeabHOTO JBH-
HeHusa opOHTH, He W3MeHAA B CYILHOCTH OCHOBHOIO XapaKkTepa
AeuxeHust. Tak, HanpuMep, B cayuae e=0 ycroiivuenm G6yaer TO
Q0K EHHE TeNa, NPH KOTOPOM ero HaubOMbilas OCk HHepUMM Kod-
JNIHHeapHa paInycy-BeKTopy. B cayyae e<C! ycrofiuusuM asisercs
TO NOJOMEeHHe PaBHOBECHS, TPH KOTOpPOM Han(oqslWad OCh HHep-
LHH KOMJHIeapHA DaJHYCY-BEKTOPY HeHTpa HICPUHH B anoree u
nepuree. Bo Bcex octasbHBIX THDAX opOUTH Och OyAeT COCTABAATH
HEKOTOPEL Mafdblii yron © palHycoM-BEKTOpOM. 3JT0T pesyabrat
crpabeAsuB, PA3YMEETCs, TONBKO AJA MaNblX 3HAYEHHH IKCUCHTDPH-
cutera. Maiokendaa Tteopus 0Ges KaRHX-1HO0 NpHHUEOHAAbHBIX
TPYAHOCTEH MOMKeT H3YUHTh CAYYal MPOH3BOMBHLIX YII0B §, 01ia-
KO NpH OJHOM YCJIOBHH MAJOCTH 3KCHEHTPHCHTETA.

&, JI. Uepnoyceko oGpaThA BHHMaHHe, YTO ACHMNTOTHYECKHE
MeToAbl YepelHeHHA MOryT ObiTh HCNOAL30OBAHbB Clie B CIHOM CJIY-
yae, Koraa a<€f. B atom cayyae coBcTeentble KoaeGanus Tena
NpoHCXCIAT ¢ O4eHb Matof 4acToTod, Ecan mepuon atux xoneba-
HHH 2HaYHTeAbAO GoJablie nephefa ofpailleHns tena no oplHTe, TO
3a BpeMA OAHOTrQ o6x0aa opOHTHl OPHEHTAUMSA Tela B npocTpaHCTBe
CYLUIECTBEHHO He H3aMeHHTeA. 2T0 oOCTOATEABCTBO H HCMONBIYETCA
I8 MMOCTPOEeIN ACAMIITOTHYECKOH TEOPHH.

Cayvail a<| He CONePXKHUT OTPAHHYEHUN HA BEAHYUHY IKCLEH-
TpHcHTeTa. B paMKax Taxoro paccMoTpeHHsl MOTYT ObITb H3VYeHbl
KoJefaHHA Tesa, MeTAULIEr) 10 OYeHb Bb]TF[Hy‘]'O[‘:I JIHITHYECKON
opbure. Mccnenopanue atoro cayyas no3aBodder OGIAPYKHTL Le-
ABIH pﬁ,'l HOBBIX CBOHCTE HBHMEHHA, KATEeCTBEHHO OTJIHYAWILHX €ro
0T CAyUaR MaJBX SKCOEHTPHCHTETOB, KOTOPBIH Obl1 H3YYeH Bhiie,
Hanpumep, ecaun e>»e,=0,68, TO ycTOHUHEBIM TONOMEHHEM pPABHO-
pecHsT OKa3HiBaeTcss TQ, NMPH KOTOPOM B NepHree H amoree HauboJlb-
ulaf oCb HMHEPHHH NepneHAHKYAspHA paauycy-Bektopy. Hsaoxe-
HHe 2Tl HHTepecHoll paBOTH BLIXOAUT AATEKO 38 PAMXH LaHHOB
KHHTH. 32 MoAPOOHOCTAMH MLl OTCHIfIaéM YMTATETS K OPHTHHady *),

Mul H3JOMKHNIHA HECKONMBKO TPUMEPOB, MOKasbBaioWux sddex-
THBHOCTL MPHMEHEHHN METOA0B YCPDeIHEHHR B 3afavax NHHAMHER

*) . JL HepHoycbKo, PeaoHaHcHHEe ABASHHA NPH NBHIKEHHMH CNYTHHKA
OTHOCHTEABHO WeHTpa Mace, MKypuaan BHYMCANTENSHOR MATEMATHRH H MATEMATH-
yeckof hH3MKH, T. 3, M 3 (1963), B28—538.



§9 ACHMUTOTHUECKWE METOJR B TEOPHK OMTHMANRHOIO YMOPABRMT 273

KOCMHYECKHX aNnapaToB. Hueno 3THX NPHMEPOB JAerko YMHOMHTS.
Ho yi&e H3NO0XeHHOrO /J0CTaTOMHO IAR TOTO, 4TOGLI NpodeMGH-
CTPHPOBATL BO3MOMKHOCTH HCHOMB3YEMOTO MATEMaTHYECKOro an-
napara.

§ 9. AcHMNTOTHUYECKHE MeTOAbi YCPeAHEHHA B 3ajauax
TEOPHH ONTHMAJBHOLC YTIPABJeHHA

1. YacTtHuHoe ycpeasenue. PaccMOTPHM CHCTEMY YPaBHEHHA
F=eX{x, {, u), (9.1)

rae X — nepHoanyeckas (yYHKIHA BpeMeHH ! nepHoda 2m, a u —
HEKOTOpas MelJeHHo Menalowascy GVHKUHA x W § (ynpasaenune}.
Ee H3vMeHenne MOKeT GBITL OMHCAHO YpaBHEHHEM

a=gp(x, t, 1), (9.2)

aleck X M 4 — 3TO HEKOTODLIE BEKTOPEE PA3MEpHOCTEH 1 M m CooT-
sercTBeHRo. [nA nccaenoBanns cacreMsl (9.1) —(9.2) Moxer OBITh
nenoanzosan Meron Baw-zep-Tlons: Tak Kax 3a BpeMa OAHOTO ne-
pUola mepeMeHHdble X W ¢ HIMeHATCA MaJo, TO ypaBHeHue (9.1)
MOMKHO 3aMEHHTE YCPEIHEHHBIM

E=eX{x, uj, (9.3)
rae

n
X(r )= | X 1 0t
[t}

n Bmecro cucrembl (9.1}, (9.2} paccmartpuBate cuctemy (9.3),
(9.2).

Moxo ¢opMa’IbHO HOCTPOHTL Mpolece, AHANOrHYHEI TOMY,
KOTOpPbH Gbiil Hatomed B § 4 HacTodAlWel raaBbl; A7 3TOFO AOCTA-
TOUHO CLEJaTh 3aMeny

X=z+ek(x, ¢ uy+eix, £, W)+...,
Fae
t=eA(x, u)+eda(x, u)+...
Torana

A] =‘X,

0X 9k, [F]
A= Grh— G A-Ge.

&

f{X (%, t, u)— X(%, w)}dt
1]

HT. I
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‘B neppoM MPHOAMNEHAW Mbl MOAYYHM CHCTEMY YpaBHeHui
{9.2), (9.3). Has eroporo npuOAHMKEHHA MH MOAYUHM CHCTEMY
ypaBHEeHHH

o= eA, (¥, .u) +&%Ay (%2, 1), }
H T A &'=E":P(£2+§l! t)

INpeacrasaser ofipelefeHHbl HHTepec TaKWKe pacCMOTpeHHe
eHCTeM H Gonee obero BHAa, HaNpHAMED

r=eX (x: fn Y, “)s
g=olx, u, H+eY(x, I, y u), (9.5)
i ==eq(x, 1), :

rae npasbie yacty X u Y — nepuoiuueckine QYHKIHH CKANAPHBIX
ApryMeHToB { H y. TaKue CHCTEMHB cOAepKaT yie JBe OGHCTPBIE
nepemennble { u g Jaa ux dccnesopaHHs Momer ObiTe dopmasibHO
HCNOAL3OBAH Bech annapaTr AaHHol rnasbl. B cHcTeMaX ypaBHe-
Hufi Tuna (9.5) BO3MOMXKHO . CYLIECTBOBAHHE PE30HAHCHBIX PEHHMOB.

2. 0 BOIMOKHMX MOCTAHOBKAX 3aAAY ONTHMAJNLHOTG YHpasJie-
HAA AR ypasuenwdi B cranpapruoi dropme. [locTpoenne TeopHh,
NMO3BOARIIMGHX Haltk nNpubAMHeAHOe pelieHHe 3allay ONTHMANB-
HOTO ynpaBJeHHA LAA CHCTEM YpaBHeHWil, colepXalmMXx Malble na-
paMeTpBl, NpeicTaB/fAeT HHTepeC BO BCeX OTHouleHHsX. [lpexpe
BCEro, cyllectByer OONBIION KAAacC TeXHHYeCKHX 3akad, B KOTOPHIX
AudepeHuHanbibie YPABHeHWA, OMHCHIBAIOLINE ABHXKEHHe YNpa-
BAAEMOR CHCTEMM, CONEPMAT Madble NapaMeTpl, H MOITOMY BO-
Opoc O COOTBETCTBHH pellleHHsi, KOTOPOe MOAYYeHO PN HYJeBHIX
3HAYEHK$X NapaMeTPOB, TOYHOMY DelleHHI0 BCera aktyaded. Bo-
Jiee TOro, NPAKTHYECKH BCErAa MH HMEeM A€o ¢ HASaNHU3HpoBaH-
HEEME MOHLEASIMH YNPaBAAEMEIX CHCTEM, M TO3TOMY PasBHTHE Teo-
PHH ONTHMAJNLHOTO YNPaBAeHHWA B TOM Ciydae, KOTAa Audbdepen-
UHadblbie OTPAHHYEHHA COAEPKAT Madable NapaMerpel, MOPEACTa-
BAAEGTCA BAXHHM ¢ OPHKIaAHCA Toukd 3peHus. [Manee, zanaum
ONTHMAJILHOrO VIIPABMERUS OTHOCATEA K UHCAY HEKOPPEKTHHIX 3a-
nay. [Mo-suinMoMy, oTHpacbldalie MaldblX BEAHYHH B HEKOTOPBHIX
CAyYasAx MOMKET NPHBECTH K MOABJEHHIO HOBHIX Ka4yecTBEeHHHX OCO-
GeHHOCTeH. '

B nauHoit paGore MBl pacCMaTpuUBaeM TGABKG OAWH MpOCTEi-
IHA NpHMEp TaKHX CHCTEM, KOTODHIA OTHOCHTCH K YAacTHOMY THIY
33044, 0OXBaThiBAaeMMX H3JaracMoH TeopHen,

PaccMoTpHM 3aAavy OTHCKaHuA Takod ¢yHrmuy u(f), Koro-
pas JOCTARAAET MUHHMYM DYHKIHOHATY

T

9.4)

i={ Flx,pat (9.6)

0
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APH CACAYIOUHX OrPAHHUSHRAX:
a} audpepenilHanbHBIE CBASH

E=eX(t, £, u), (9.7)
6) ¢aszoBble OrpaHHYEHHA

reG,, _(9.8)
) OrpaHHYeHHA HAa YNpaBAenne '
4G, | (9.9)

34echk X U # — HEKOTOPble BEKTOpPH DasMepHOCTE n d M cooTRer-
CTBEHHO, BEKTOP X Ha3biBaetcs (pa30BLIM BEKTOPOM, 4 — YNpPasafio-
WAM BEKTOPOM HAH ynpaeaedneM, Gy n G, — HeKoTOpHE MHO-
HecTea. SR . o , .

K nepeulcaeHusM yoaoBasM A0AXKHHE OblTe Ac0aBfeHbl ellle
yenoBHA npa f=0 n {=T. YenonuMcs AX HHKCHPOBATH

=0 X=Xy }

1=T x=ux. (8.10)

B taxkoA mnocraHoBKEe pacCcMaTpHBaeMas 3aiava AONMYCKaeT [po-
CTYI0 MEeXdaHHYECKYI0 HHTepHpeTalHio: Hafitu Takoe YynpabsiaeHue
u(t), KOTOpO€ NEPEBOAHT CHCTEMY, HBHXeHHEe KOTOPON ONHCHIBAETCA
chcTreMoll ypapheHdft (9.7), sa spemsa T M3 cocToAHHs %3 B CO-
¢TOAHHE X7 TaK, YToOm QYyHKUMOHANM [ (CTOHMOCTH NEPEXOAa H3 Xp
B xr) OmA MHHHAMEAeH M 4TOGH (a3oBdA TPAaeKTOPHR 3TOH CH-
CTEMHE He MoKHAana aonycTuMoft olaactn (. . .

[lpeanoadcikum Tenepb, yto MHOXecTBo G, BKAOYaeT TOABKO
TaKKe " OYHKUME @(f), DpoH3BOAHAA KOTOPHIX Mala, a QYHRIHA
X(t, x, #) asaserca nepHoAHuecKofi QYHKuHER BPEMEHA [ nepHo-
Aa 2n. Torpa BO3HHKAeT Ta CHTyalls, 0 KOTOPOR TOBOPHICCH B,
NpeAMAYILeM pasfene. _

B stom cayzae Mol Mokem NOAYYNTb OPHOAHKEHHOE peweHue
saflavud, 3aMeHAn ypasaeHna (9.7) ocpenHEHANME :

E=eX(x, u), (9.1

[tpeanonoxum, 410 G, He CONCPKHT OrpanuueHufi Ha TUPoH3-
BOAHYI0 (yHruMio u{f). Torza Meroan ycpenHeHHS MOXHO Hc-
[OJB30BATh OfIHKM H3 CJeAYiowinX cnocoGoB, |

a) Pewaem safavy, B KoTopoil cucreMa ypaBHeHu#t (9.7) 3a-
MeHeHa cueremoll (9.11); B pesyaeraTte Haxoamm dywxunwo #(f).
Ecan okaxerca anocTepuopH, 4TO MPOH3BOAHas YHKuMa u(f)
MaJla, TO ¥ Hac eCTb HHTYUTMBH2SA YBEPEHHOCTb B TOM, YTO yn-
pasicHye, Halfednoe NPH TNOMOLH NPOUEAYPHl YCPEAHEHHS CH-
cremul {9.7), ecThb HeKOTOpoe HOMYCTHMOE Ynpas/esHe, OAH3KOE
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K ONMTHMAJBHOMY. SHMETHM, 4TO A8 QIHPOKOro Knacca reXHHueckKHx
3ahay TaKoe «pelleHHe 3afavH*» OKAIBIBACTCA IZOCTATOUHLIM.

6) Ecan B pesynbraTe pellenHs ofTUMANLHOH 321340 NpPOH3-
BOAHaA (yHkuua u(f) okasHBaeTci GoAbWOA {Hanpumep, dyHK-
uMA #(f) MOHET NPOCTO OKA3aThCA PA3PLIBHOWM), TO METON Yepern-
HeHHA HenpHMehum. Tem He MeHEe ONHCAHHAA NPOULAYPA MOMKET
OKa3aTbCA MOMAE3HOR ANS MOCTPOSHHA BO3MOMKHBEIX  YNPaBACHME,
Fpeanonoxum, urto ¢ dAsaserTcA cransipoM. Bpeem npu noMmoumy
YpaBHEHNS

t=eq(f), (9.12)

rae |@| < %, HoBoe yupaprenne (), a dyakuHw u(l) oTHeceM

K 4ucay (asoBbiX KOCPAWHAT, @F — HEKOTOPOe 3aJaHHOe YHCJD,

[TpeAnCROXKHM, YTO BAPHAUHOHHYIO 3a-

?k navyy ¢ orpaHuvenuamu {9.11), (9.12)

MLl MOMKEM PpewHTh 3bPekTHsHo aAnA

~~— moboro 3Havenna ¢* Toria Kaxaomy

3HaYeHHI0 * OyleT oOTBeYaTrb HEKOTO-

poe 3Hauenne Gyuknuonana {(¢*). Ec-

., /1M 3T4 33BHCHMOCTh UMeeT BHA, H306pa-

#7  wenwuii Ha prc. 38, T. e. BeHUMHA NPO-

Pue, 38 HspoHOH dlfdp* okaanBaeTcs Manol,

TO B LOENOM prAAe TeXHHUYCCKHX 3ajad

3T0r0 hakTa OKkasbibaeTCA AOCTATOUHG VIR HOCTPOCHHA BO3MOM-

HOrQ ynpasjelins, GAH3KOTO K ONTHMaablioMy (no cpyﬂxunonané).

B) Beeaeue orpanuuenns (9.12) cyxaeT MioXecrso

OcTtanosuMcd nodpoBHee Ha TOM €AYyuae, kKoria nodobHoe Cyxe-

HHe suomectsa (f, coxpaHneT safavyy B Taxell dopMe, 4TO Aad

Hee OKAa3blBaeTed BO3MOMHDIM HCNQAB30BATE NMPHAHIOHT MAKCHMYMA

JI. C. [Toutparuna.

CornacHo NPHRUWNY MaKCHMYMA ONTHMANBHOE YyOpaB/eHue

onpefenseTcd U3 YCNOBHA MakcHMyMa $yHKUuN

H=gX(x, u}p+epq— F(x,u), (9.13)

rie p u g — wmHONKuTenu Jlarpanxka (MMNYALCHI), KOTOPHIE YAO-
BJAETBOPSIKOT CAELYIOUIEHA CHCTEME YpaBHEHHA:

e O _ Xt w) o OF
P ax dx P ox ' .14
) R > 41X ) 4 OF 14)
4= du du ou "

H3 suga dyHxunn A caenyer, ato Hopoe ynpasneue o(t) noa-
HHO GbiTh BRIOPAHO H3 YCAOBHH

=9, ecan g0, }

e=-—9, ecan ¢<0 ©.15)
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Hrak, B paccMaTpuBaeMoOM cayvyae 3aAauva CBOAMTCR K PEIIEHNIC
HeKQTOPOR KpaeBofl 3afaus ARA CHCeTeMbl  ypasHeHHA (9.11),
(9.12) u (9.13). KpaeBwle ycnoBHA — 3TO YCAOBHS TPaHCBEPCANb-
rwocTH. Hlanpumep, ectu pacemaTpuBaerce 3aflaua © HAepexcle CH-
CTEMbl M3 COCTOSHHA Xg B COCTORHHE Xp, TO Kpaesan 3alada Oyner
hODMYJAHPOBATLCH CACAYIOWHM 00pa30oM: '

¢ {xzx"’ t r{x=x” - (9.16

Mpumeunanne Ecan HcXxoaHan NOCTAHOBKA BapHaLHOHHOMN
3afavl AOTYCKAeT NpWMeHeHHe NPHHEWUNA MaKCHMYMa, TO MOXHO
CHavyana BhINHCATL BCIO CHCTEMY YpaBHeHHH conpAXeHAoOW 3ajaun

R axX
p=—25-p, {9.17)

TIe & OTPERENALTCA H3 YCAOBHA
H=max H(x, p, u, )y=max{eX(x, u, f)p— Flx, w)}. (9.18)

[TpaBble 4acTH OONMYYEHHON CHCTEMB YpaeHeHn# OVAYT nepuoidye-
CKUMH GyHRuHAMH {. Muomutean Jlarpawska OvAyT PYHKIRAME,
KOTOpHlE H3MeHAIOTCH Meidelu. Ycaobue (9.18) wam nokamxer,
Gyner an dYHKUHA 4(f) TakxKe W3IMEHATBCR MeldeHHo. B nocaea-
HEM cJayyYyae MBI CMOXeM HPHMEHHTb MeTOld yCpeAHeHHA Henocpem-
cTBeHHO K (9.7) u (9.17).

3. Mpumep. B kauecTRe ApuMepa pacCMOTPHM 3a1auy O ABHMKe-
HHH KOCMHYeCKOro annapata nol ReficTBHeM TpaHCBepeaJbHOH
TArH. TpeanosiokuM AOMOAHHTEABHO, YTO Haua/JbHaA OPOHTa Koc-
Muueckoro annapara Gbuta xpyrosoid. B npessigymem maparpate
Obll0 NOKa3aHo, YTG YPaBHEHHe, ONpeleisioliee H3MeHeHWe pa-
Ruyca opOuThl A, mocne ocpenHeHus npuMer Bug {(cm. (8.28)).

dA
9 = 2ef A%, _ 9.19)
rae ef — 1ara aBurateas. Bo Bce spema sponwounn opbuta (Kak
370 GBING MOKA3aHO} B NEPBOM NPHOMHIKEHHH OCTAeTCs KPyrozofl,
[ToctaBuM cAenyOWIYIO BapHAWMOHHYIO 3aAauy: ONpefealTh
ynpasaenne — gyuxnmo f{g), Kotopas nepeBOAHT annapat ¢ op-
6uTHl, paguyc KOTOpPORt Ay, Ha opbuty paanyca A*, 3a spems, B Te-
YeHHE KOTOPOTO apPyMeHT @ HIMEHNWTCH Ha @r, NMDHUEM YNpaBneAHe
f(9) ZONKHO DOCTABHTL MHHAMYM BYHKUHOHANY

Q‘,
fzsj i dp.
1]
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Cocrapum pynkunw amunerona H

H=2efA% — g2, © {9.20)
rne p— MHOXHTeNb Jlarpanika, YAOBAETBOPAOIWHA ypaBHeHHIO
dp _, ad
Uz yciosun MakcimyMma ¢yHkuny H HaxonuaM ympaBaewHe
e Adp, (9.29)

PaccmoTpus rtenepk ypardennn (9.19) u (9.21), Mz aTux ypae-
HEeHHA JIerkKo HAXCIHM

a _ 3
a4 = A7
OTKYAA
£
P=35>

fae ¢ — HexoTOpas NOCTOAHHAR: €= (P (¢p))4—0. [TohcTaBAAN MOAY-
YyeHHoe BHIpaxenne B (9.22), Haxoaum

f=c,

I/ITaK, ONITHMAJbHOE YOpAaBAEHHE B 3TOM CAydae NOCTOAHRO.
IMocToRHEAARA ¢ onpeaendeTc B3 YOTOBKA

(A' ({p) )[p.q;r = ‘4"

Wnrerprpys ypasHenne (9.19), naxodnm
Ao
———— !
V1 —efale,
OTKYAS MOAYWAEM OROHUATENBHO
A‘Q-HAE
eAzA oy

3ToT NpUMEp MMeN CBOell UeNbId M0Ka3aTh, YTO HCHOAB3OBAHUE
ycpelHeHHbIX YPaBHEHHI NO3BO/IAET B OTAeAbHBIX CAYYAAX Mnoay-
YHTh pellicHHE B IBHOM BHAE. DTOT NMPHMED OYEHDL MPOCT H Pe3yiib-
TaT TpuBHaned. Ognako TeM Ke TpHeMOM MOMeET ObITh PacCMOTpEH
K ueablil pam Gonee cAoXKHhX 3adau. Hexortopble M3 HHX TpuBe-
Jednl 8 mouorpapuun B. H. JleGepesa, uMTHPOBAHHOH BLILE Ha
cTp. 249,
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ACHMNTOTHYECKHE METOIbI
B TEOPHH JMHHEAHDBIX YPABHEHWRA,
CONEPXALWUHX BOJIBIIOA NMAPAMETP

B stofi raase HsAAlralOTCA ACHMINTOTHHECKHE METOLB HHTECPH-
poBaHHA JAHHEHHbIX YPABHEHUH ¢ NepeMEHHBIMH KORPhHUHEHTAMN,
colepxalllumMy Gonbluofl mapaMerp. 3Ta TEOPHS BO3HMKIA B CBASH
¢ obocHoBaHWeM MeTofa Pypbe, KOTOPOe NOTPeGOBANG HIYYEHHN
8CHMOTOTHYECKOTO NOBeAeHHA coBGCTBeHHLX PYHKUHH R coGeTBEH-
HHX "Hcesn JHHeAHBX AnddepeHuHanbHbIX onepatopos. YacTHbIM
caydaem 3Toft 3aJaud ABJAECTCH 3aAa4a O NOBEISHHH pPellieHHA
ypaBHeHHA

: i+ 202 () y=0, o>0 (=)

npr A—oo. Tleppble cucTeMaTHUecKHe pPAaCCMOTPEHHA 3THX 3a1ay
6blH nposexeHbl Jluysuadem B TpHANATBIE TOLB MPOILIAOro Beka.
B XX seke Bompocsl NOBeNeHHA pellleHHHl YpABHEHMA THNA (») npH
h=—r o0 OBIIH MpeaMeToM HCCIeAOBAaHME Prla BblYAGLEHXCA MaTe-
MaTHKOB. OCHOBHbIE pPe3ysbTaThl 3TOH TEOPHH CBA3HIBAOT OOBIUHO
¢ umeHamu Bpuxxodda u 9, I, Tamapkaua *}.

ORHOBpEeMEHHO € 3TUMH HCCAEAOBAHUAMH UYHCTO MaTeMaTue:
CKOrQ XapaKkTepa W HEe3aBHCHMO OT HHX H3YYANHCH PA3JHYHbLIE CMO
cobbl NpuGJNKEHHOTO HHTETPHPOBAHHA ypaBHeHHA Buaa (=).[lep
Boit W3 paGoT 3TOro uHkAa 6Ll MeMyap KanuTara (paHIYy3cKod
apruniepun ne Cnappa, KOTOPHIT NOCTPOMA MPUSTHMKEHHBH Cno-
cO0 HHTETPHPOBAHHA YpaBHeHHH OGalNHCTHKH Bpalllalomleroca ap-
Tuanepuiickoro cHapana. e Cnapp o6patun BEAMaHHe Ha TO, 4TO
NPy H3BECTHBIX HHTYHTHBHO ONPaBIAHHLIX -THMOTe3aX JBHMKEHHE
APTHANEPHACKOTO CHAPAZLa OTHOCHTENBHO CBOETO LEHTPA TAMECTH
MOKeT OblTh ONHCAHO YpaBHeHHeM THHA (=). 3TO NO3BOJANHIO Je
Crappy pasBuTb TEOPHIO, ONHPAOWIYIOCR HA CMOCO6 npubiausKeH-
BEOTO HHTErpHPOBAHHA Yypasuedua (=) npu Oosabiuux A. B pajb-
Hefimem noaxold Ae Cnappa K OOCTPOCHRIO GATIHCTHKH Bpallaio-
Werocs cHApAAa cTakd TPaSHUHOHHbIM,

3nayuTeneHoe Pa3BHTUE TOACOHAA KOHUENMUHA NOMYUMIA 3aTeM
B pab6or1ax nokoiHoro npodeccopa Akagemun uM. JKyxorexoro

¥} 8. 0 Tamaprup, O uexorophix ofmiHX BOOpOCAaX Teophn Euddepen-
UNAABHHX ypaBHeHHA @ ¢ paanoKeRHH Qyhkuph B paaw, Merporpan, lglq;_
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A. A Bentuensa. B. C. [yraues, onupance na peayabrathl Bpur-
xoppa — Tamapkuda, npunas TeOpHA ABHKEHUA apPTHANEPUACKOro
CHapsaa BNOJHE COBPEMEHHLI BHUA M NPEBPATHA UHTYHTHBHO OWe-
BHAHYIO CXeMY B CTPOTYI0 MaTeMaTHYECKYW Teoputo, C HMeHeM
B. C. Ilyrauena ¢pA3aHo TakiKe MOSIBAEHHE TEOPHH, NOIBOJSNIOWED
CTPOHTL ACHMIITOTHUECKHE @peAcTaBleHHsl BecbMa o6iero buia *).

B nocaeroeHHoe BpeMs nossuacs psj paGoT, B KOTOPHX H3Y-
YaJHCE «CKBO3Hble aCHMNTOTHKH» YPaBHeHHH THMA (%) B caydae,
Koria ¢yHKunra o (f}) MOrM B OTZeABHBIX TOYKaX OOpalLaThbeA
B Hyab (cM., Hanpumep, pabory A. A. Jlopoauuuwina *¥), Beinc-
HHNAch TakKXe BO3IMOMKHOCTL HCNOAB3OBAHUA  ACHMNTOTHYECHHX
NpeACTABMEHHA AAA MOCTDOEHHA PalUHOHAJBHBHIX UHCAGHHBEX CXeM.

Hesapucunio or atux uccaenoBanmii, HayuHaa ¢ pabotr CToKca
8 du3uKe, NOAPOGHO Mayuasca CAYHafl OXHOTO YPaBHEHHUst BTOPOro
nopsaka Bula (+). PaspaboraHHbii GpubJIHKeHHLA cnocod moay-
Y Ha3BaHue Metona WBKJ (Wentzel, Brillonin, Kramers, Jeff-
reys).

B paGoerax, nocBanlenasix metony WBKJ, raasHoe eHuManne
YACNANOCE H3YUSHHIO NOBeAeHHs pellenuit ypapueHus (=) B pas-
RAYHRK OBAACTAX NJOCKOCTH KOMMJEKCHOTO MepeMeHHOro A, orpa-
HHYEHHBIX AHHMAME CTOKCa '

i
im | Va?(#) at =0.
0

3HayuTenbHbli BKA2A B DA3IBMTHC aCHMITOTHYECKHX METOMOB pac-
CMATPHBAEMOI'O THIIA CAeNaH B MOCJAEBOCHHBIE TOAR YKPaHHCKHMH
marematHkamu M. M. Pannonoprom, C. ®. Qewenko H ux ydueHnu-
KaMH.

Kosuuecrso pabor, MOCBALIEHHBIX MeTodaM G0AbUIOr0 mapa-
METpa, OCPOMHD, M 3aMeyaHUuf, KOTOPble Mbi CAETa/H, OTHIOLb He
NPeTeHayIloT Ha poJb Haydiioro 063cpa. Boabwaa Gubauorpadims
nomeltena B mororpatduax M. M. Pamnonopra ***) u C. @. deuen-
ko ****} [Tepeunem thaMWIHA ABTOPOR MBI MPOCTO OTMETHAH TOT
KpPYr BOMPOCOB, KOTOPbIH HMEET OTHOWIEHHE K TeOPHH, H3JNaraemoii

*y B.C HNyraues, Ofitan sanava o ABHIKEHWH BPSLLARUIETOCR APTHA-
repufickoro ciapsna B posayxe, Tpynwm Boenno-poanymuoft axamemsu um JKy-
koscxoro, Ne 70, (1940),

**) AL A JlopoaAHdLH H, ACHMNTOTHUECHHE 33KOHW pacnpeiencits cob-
CTBellHbIX SHAYSHHA IAA HEKOTOPHX 0COOWX BHAOB AudrdepediMaiLHLIX ypasHe-
HHA BTEporo nopsaka, ¥MH, . VI, spn. 6, (1952).

#5 H M. PamnonopT, O HeKoTOPWX aCHMNTOTHYECKHA METOLAX B TOO-
pun sApdepernnanchnx ypaenewnii, Han, AH YCCP, Kues, [954.

w**) L. @, ®emerko, H H Wxunes a J 1 Hekonenxo,
ACHMNTOTHYECKHE METOAW B TEODMH JMEERHBX AadpepeHUHANLHLX ypassenyl,
Kuen, «HaykoBa IyMras, 1966.
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B 3Tofl rnape. BuiGop sonpocoe 5TOH TEOPHH, KOTOPBIE paceMaTpu-
BAlOTCA B JAHHOR MoHorpaguu, onpeleneH npexie BCerD HHTepe-
caMi 3amad anHaMukk. [TosToMmy Bece paccMOTpenus Mmul GyaeM Be-
CTH TOABXO B ReHCTBHTEAbHON 061aCTH H3MEHeHHA MNepPeMeHHOTo A

§ 1. OaHo ypasHenue BTOpOre mopaaKa

1. WBKJ-pewennn. [logo6Ho ToMY KARE u3YuYeHHME METOIOB
OCPeAHEeHHs Mbl HAYAJNM C PACCMOTPEHUS] NpOCTefAlUdX NPHUMEpOB H
Merona Bad-fep Nofn, H3JI0KeHHE ACHMNTOTHYECKHX  MeTodoB
0ONBIIOTO NapaMeTPa Mbl HAYHEM TaKKe C PacCMOTDEHHS TIpOCTeH-
GIHX ACHMIITOTHYECKHX pelleHHH # NpoBeleM paccymKIeHHA, ONH-
pafck Ha HHTYHTHEHBIE COOGDaIKeHHA,

PaccMotpum yparHeHue (=)

i+ A2k (f) y = 0. (1.1)
3mect A0 — Goapimoft mapaMerp A 2 | n w?(f) 2 o>0. Ecam

Ol GyHKUHA o () Oblna NOCTOAHHOH BEJNHYHHON, TO pelLeHHd ypas-
dennn (1.1} wmenu 661 BHA

Y1 2=exp ( if}\m!}__

Kaxertca, uto npu Accratoyno Soabllom 3 MOBejeHHe peulleHufl mpw
w=0({) AOTKHO XOpOWO OMHCHIBATECH hYyHKUKER

3
exp iiljm(f]d! .
o

B camom feae, ecAd A JAOCTAaTOYHO BeJHUKC, TO PELIEHHA YypaBHe-
aua (1.1) Syayr ObICTPO OCUMAAHPYIOIHMH QYHKUKAMH H 3a 0and
neprof ocUHAAAIHE GYHKUKA @(f) OBICTPO HIMEHHTBCH He CMOIKeT,
3HAyHT, B KaXABH MOMEHT BpeMeHH JHHeAHO HeaaBHCHMBlE pelle-
Hufl MOMHO annpoKCHMHBPOBATE QYHRINAMH
Yi, 2 ~ exp(£al},

fie & — cpeAdee 3HaYeHHe PyHKUHH w ()}, npHyeM &! Malo oTau-
yaercs oT _{m(f)df.

Wenosbays 3tH HaBoAsline coobpaxceHus, 6yleM HCKaTh peliie-
uus ypabdedna (1.1} B sanae

13
yo=exp| = id [0 (0 dt|z(t, b, (1.2)
i

DKCNoREHUWAAEHHT MAOKHTeNh B BbipaXeHun (1.2) onncbiBaer
BuicTpyIo OCIAAAANNIO. TlO3TOMY MOKHO 0XHJATh, Ure GyHKuuA
21, &) menserca MeANeHHO,
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Aupdepennpya asaxanl (1.2), noactasasn s {1.1) w cokpa-
Wad IKCNOHEHUHANBHHA MHOMHTEAb, Mbl NOJAYYHM YpaBHEHHE OT-
HOCHTEARHO 2 (£, &)

F+ 2wz + idadz=0
HJTH

1

l .
flepsana npounseoasan byukuun z(f, 4) Mana, Bropan nponssoiHas,
no-BHAMMOMY, 104KNa OBITh elle §oTee Malol BeAHUHNON; K ToMY
Ke OHAa YMHOXKAeTCHl Ha BeNRYHHY 1A, KOTOpan Mana Mo YCJAOBHIO.
ChegosateqbHO, Mbl He clienaeM Goablloil oWRHKH, ecau oTdpacum
B (1.3) cnaraemoe (l/A)%. ¥Ypasnenne (1.3) nocne atofl npouenypsl
npeepaillaeTcs B ypaBHeHHe nepBoro nopaaxa. IlepeMednble B Hem
pPazaensiloTCcd, H MBI TONYYaEM '

C
2“)— Vﬁ_ﬁ] L]

rae C - Npou3BOLHAA BOCTOAHNAS,

Takum 06pasoM, Mbl MONYUHAH CaeAyioliie NPHOTHKeHHbIE BBI-
paxenus Aast oGoux AHHEHHO HE3ABHCHMBIX MHTErpanoB YPaBHEHHS
(1.3): '

. !
¥ g = i exp [x sxfm(f) a‘f] (1.4)
L

2+ 2wd + inz=10, {1.3}

Vol

WIH B TPHIOHOMETpPHYECKOH Popme
{

y,—-ﬁc()s(lﬁl\.mmdf),_

¢ (1.5}
v= —}7{% 8in (?L {;.[ @ {f) dt) .

rae A u B — nponaponbHele OCTONHHBIE. , .
dynkuun {1.4) u (1.5) obuiuHo HasviBaloTca WBKJ-peweHnsmu.
Me npennonarant, ute o2(f) 2 a>>0. Ho Bce paccykiedus coxpa-
HSIOT CBOIO CHJY H B TOM cayyae, Koria w?(f}< a<C0, T. e. Koraa
BMecTo ypabHeHHa (1.3) paccMaTpuBaeTca ypaBHeHHe
j—-Mal(f)y=0
npu 0! {{)Zza>0,
Hns storo ypasnenna WBKJ-pewenun Gyayr nMers BHA

. . 1 . .
C !
y:.z=r'fj'n%~exp (ila[(o(t)dt). (1.5)
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2. Ceasp ¢ MeTOMOM ycpenmenus. Paccy:kAeHus, KOTOpHe Mbl
HCIIOAB30BAAH AJA BuBoAa dopMya (1.5}, He asaawTes cTpPOTHMU,
B caenyomieM naparpate MH YCTAHOBHM TOTpeliHOCTb 3THX dop-
mya. HManee Gyager nokasano, 410 (IPHEM, KOTOPbIk Mbf HCIIOJb30O-
Bafly, ABAACTCA YacTHBIM cJaydaeM oOllere MeToia IOCTPOeHHA
ACHMNTOTHYECKHX nNpeAcTaBAcHHf  pellicHHR Ax{depenuahbHbBIX
YPaBHEHNH, cofepKalHX BOXbIIONH NapaMeTp.

3aMeTuM elle, 4yto hopmyant (1.5) Moryt GhiTh NOAYdeHBE METO-
A0M ycpeddenus. B camom Jedae, caenaem B (1.1) 3ameHy Hesabu-
CHMOTO TlepeMeHIioro

t=ert, e=.

Torna ypasderne {1.1) nepeiiaer B cleayiollee:

2
L 4 o er) y=0. (1.6)
Kak Mbl aHaem, U3 TeOPHH MeTOAA YCPEAHEHHA CACAYET, YTO HH-
Terpaj AeHcTBUA

2r
T=- | wler) Qyav (.7

on
0

6yner anHaBaTHYeCKHM HHBAPHAHTOM, T. € €ro NPOHIBOAHAA B CHAY
ypasHeHu# nepsoro npuéiauXeHHs paBHa nyai0. B soipaxennu (1.7)
Q H @, o3xayaeT GpyHKIHK

Q=xcosy, Qy= —xsiny.

Creaosarensto,
o

J(x)= ﬁ;ﬂ _[ x?sin® dip == const,
L]

OTKYZa
const
el ————d L]
Vo le)
Hanee, ypaBHeHHe MepBoro npabaikeHus A $hasml UMeeT BHA
k4
dt —[I)(Et),

H3 KOTOPOro coeliyer, uTo
H

y(t}=.tcosub=l/%_“;coslj w (f) dt,
4
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[TpuMevanne. H3 310r0 opHMepa TeM He MeHee COBCEM He
cJeayeT, YTO METOA OCPE/AHEHHS B KAKOM-TO CMBICJIE 3KBUBAJEHTEH
MeToAaM, KOTOPHM OyfeT nocBaileda 3Ta raasa. Meroy yepeaHenus
He cBA3aH ¢ JHHENHOCTLIO 3aJaUH: TaK e, Kak H Metol Ilyauxape,
OH NOSBOJAET HCCNEIOBATH HEKOTODLIe 3313y AAfA HelHHeHHBIX CH-
cteM, GAM3KHUX K STAJOHHBIM (pelieHHe KOTODHIX HAM HABECTHO H
KOTOPBiE B CBOK) O4Epeldb TOMKE MOTYT OblTh HenuHefiHelmu). B 1O
JKe BPEM METOA YCPEAHEHHA MOMKET OLITE HCMOAB3OBAH JHUIUE JJA
H3VUEHHA TMPOLUeccoB, GU3KUX K NepHOAHUCCKHM. MeTomel, KoTOpPHIE
PaccMATPHMBAIOTCA B 3TOA raBe, OTHOCATCA K AMHEHHBIM 3ajauam,
HO 34TO HHKA4K He CBA3aHBI C TIPEANOJOMEHHAMH O MEPHOIHYHOCTH
pelueHuil.

3. AchmnaTtoTHUCCKHII XapaKTep npHOMKeHHWX $Hopmya. Buson
dopmyn (1.5) u (1.5) Guln1 ocHOBAH Ha MPeANOAGKEHHH O TOM, UTO
B ypaBHeduu (1.3) moxHO oT6pockTh caaraemoe (1/3)%, ecan b 10-
CTATOYHO BEJMKO, JT0 YPdBHEHHE OTHOCHTCH K KJACCy YPaBHEHHH,
coAepallux Madblii NapaMerp NpH CTaplUIHX mpou3soaHsix. Otdpa-
CcHBalHe YAeHOB, COAEPAlIHX Manblifi OapaMeTp, NPHBOAHT K 0O-
. HHXeHWI® NopAnka cHCTeMbl. PellleHHe TakoH CHCTEMbl MEeHbAIEro
yucia creneHeil cBoBoabn Moxer, poodule TOBOPA, HE HMETh HHKa-
KOTO OTHOLIEHWS K PELIEHMIC HCXOAHOR 3a7adl. TeM He MeHee, Kdg
M5l VBHAMM HHXKeE, NPH H3BECTHLIX YeaoBkax dopmyan (1.5) u (1.5)
AeflCTBHTENBHO ABAAIOTCA XOPOIURH anIpoKCHMatneid TOUHHYX pelle-
HuE ypaBHedns (1.1).

Tlpexae 4eM MepexoAHTh K AOKa3aTeABCTBY 3TOr0 (pakTa, BBe-
JeM QJHO OnpeleneHue.

Oyukmun 2(f, &) OyleM HasHBaTb A™-UCUMATOTHYECKUM pellle-
HHeM (WJIH MPOCTO pellleHHeM, ACHMNOTOTHYECKHM IO napaMerpy i),
ecan aaa awboroe { = [0, T] HekoMoe pelleHHE MOMKHO NMPeICTABHTD
B BHJIE

ylt, =zt Hy+2H (1.8)

rae Y(#, ) orpasuiesa npu A — oo.

Ilear naunoro naparpada OyaeT coctoath B N0KasaTelberse
CAEAVIOIEro YTBEPHKIEHA.

Teopema. llycre pynxyun w?(f) dsamon dupdepennupyema
#a orpeaxe 0, T] u cyweeTayer takas ROCTOAHAAA o>>0, 410 Gas
arobozo te= [0, {] . '

o()Z .

Tocda dan awbozc t =0, T] Ppyuxyua (1.5) arsrserca ) acumnro-
Tugeckum peuiesues ypasuenus (1.1).

HoxasaTenscTBO 3ITOH TEOPeMb! ONMPaercs Ha ABa BCIOMOTE-
TeNbEbIX YTBEPHISHHA.
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Jemma 1 flycre u u v — noaoxutersnole t;bgmuuu u € - no-
AOMUTEABHAA ROCTOSHNAR. Ecan 048 awtoco |2 0 uMmeer MecTo
HEQUBERCTEQ

H
ugc+juadt, (1.9)
b

10 daa arboeo t2=0

t
1< C exp (jwr). (1.10)

U

HdokaszateflbCTBO 3TOR AeMMbl Npusedesio B § 4 rraew 1.

Jdemma Il Ecau o 2 a>0 daa aobox { [0, T}, 10 0an as-
60co A2 P> 0 moxuo yxaszate Taxyio nocroawuyic D >0, saeu-
CRUYIO TOABKO OT HauaAbHbLLX ycaoeud u wucer o, B u T, wio
npu awobowu =0, T) peuwenue 3adasu Kowun das yposuenus

j+ra? () y=0 (1.11)
yodogaeraopaer HepasdeHcray
lyl<D.

Hus poxasateabcTBa yMHOXUM ([.11) Ra § W nmpounrterpupyem s
npenpenax ot 0 Ao £, B pesy/abTaTe NONYYHM

1
%2- + A%e? ”7’ - J'yﬂmcb di+ % A% (1.12)
Q
rae
_ i +2%’ 0) 4

d P

>0,

3amenum pasenctso (1.12) HepaBeHcTBOM

1
Mol L a7 C + ! 24| & | dt,
o

rone
P () 1
a?ﬁﬂ u! *

C =

HAaH

po+ | pidila (1.13)
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Hepapenctso (1.13) yaoBaeTBOpAReT BCEM yCaOBHAM JeMMHl I, Tae
U=y, U—--—&'z-ﬁ‘z“]". CaejloBaTesibHO, MBI HMeeM OLEHKY

yzgcjmdr=0. (1.14)
&
Jlemma noKasada.

[Tepefimem Temepe K AOKAa3aTesNbCTBY TeopeMbl. PaccMorphm
pyuxuun (1.4)

t
Yy o= f/."_z expl + ilj todt]

k)
B cocTaBHM b depeHUHANBHOE YDPABHEHHE, KOTOPOMY OHA yAQ-
BJETBOPAET. BHunCAsA Bwpylo TPOH3BOIHYIO, HAXOIHM

&
df';—-y[ 02 — = 0 — ?2019] (=1, 2.

CnegoBatenbso, $yHKUHH y, YAOBRETBOPAIOT YPABHEHHIO

g *

g # » )
gt 0’ + e}y =0, {1,15)
rae .
1 . 3 d
9(t) = 5 06— 7 4.

Takum obpasom, ypasuenuwr (1.15) ynosnereopsior ofe $yHKuHH
» »

Y, B Y, 3HAYKT, 3TOMY YDABHEHHIO YAOBAETBOPAET TAKAKe HX NPO-
H3BOABHAR NHHefiHad KOMOKHAIHA

¥ =C+ Colfy-
IlycTh Temepb ¥ — TO HaCTHOE pelltedie ypabuedun (. ll) KOTOPO®

YIOBAETBOPHET TeM Ke HaUadbHbiM YCHOBHAM, WTO H H*. 0603Ha
YyHM

V=g~ y* (1.16)
H nepenuwiem ypasHerue (1.11) Tak:
J+ (Mo’ +q)y=gy. (1.17)

Buiyntan uz ypashenua (1.17) ypasuenne (1.15) u ucnonbays
(1.16), nonyunm ypaBHEHHE, KOTOPOMY YRoBAeTsOpAeT GyHKUHA U:
F4+ (Mol+g)v=p(y. (1.18)

@yHKUHA ¥ N0 MOCTPOSHHIO YAOBJNETBOPAET HY/ACBHM HadalbHbiM
YCAOBHAM
0(0) =5 (0) =0, (1.19)
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Yparuernune {1.18) MOXKHO paccMaiphBaTh KaK HECAHOpOAHOE ypas-
HeHHE OTHOCHTEABHO ¢. YacTHole peleHyd OAHOPOAHOTO YpapBHEHHS
{npd @y =0} Ham uspectHol — 5T0 dyHKuHH y U y,. Caeaora-
TeAbHO, QYHKIHIO ¥ Mbl MOMEM BLIPA3HTb NPH TNOMOWH (QOpPMYAH
Jlarpanxa

i
0= | G(t, Do y)dr, {1.20)
0
rre G(f, ¥)—uvapectHas RaM dysxkmus [puna

G(t, D=1 {1 () g, (8) — 4} (D) 5 (1),

A —onpegeaurteas Bpouckoro agaa GyHkundl g, B g,

no%
A=l
di af
Oudpdepenunpys (1.5), ybemaaemes, uTo
| =0 ().
CnenoBateabno, HMEeM OUEHKY
A=01(3),
OTKyZa Cpasy chaefyer H oueHka 1A GyHKUHH [prua
' G=00".

B camom aeae, dopmyan (1.4) mOKa3bBalOT, YTO GYHKIHR 4
OrpanHYestl MpH A — oo,

Paccmorpum rtenepy Bb]}]a}KEHHE (1 20). ®yukuna @(f) orpaHu-
qeHa B CHAY YCJOBHH, HaAOKeHHbIX Ha o(f). Jas dyHRIUE ¥ {8)
anpuopHan oueHka faxa aemmoit |I. Cnepobaredbno, ana awdoro

t=1[0, T]
ow-o0(3).

y=4+0(3), (1.21)

4TO H TPefOBANOCH 10KA3aTh.

Dopmyna (1.21) naer oueHky TOUHOCTH NpPUOAHIKEHHOTO pellie-
HHA, NOCTPOSHHOrO NPH noMowys dopmya (1.5). [Tozaree mul yBH-
ILHM, UTO 3TO PellleHHe MOMeT ObiTh YTOUHEHO, a CaM MeTOA onpele-
AEHHA NPAGTIDKEHHLIX pelleHus MomKeT OWTb BHAOW3IMEHEH TaKHM
00pa3oM, YTD OH OKAaMeTCH NPUrOAHEIM AMA NOCTPOEHHA acHMITOTH-
YECKHX pelleHHH CHCTEM NPOW3BOALHOIO NopnjkKa.

Uraxk,
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4. Jlpyrofi MeTOX MOCTPOCHHA NMPHOIMKEHHLIX pemennH. Cyule-
CTBYET cnocol noNyuUeHHs NPHOAHAKEHHBIX dopMya (1.5), orauulbf
OT H3JAOXKEHHOro B Havafte naparpada. 27107 cnocol ocuosad Ha
CpaBHEHHH HCXOAHOIO YPaBHEHHA ¢ HEKOTOPHM 3TaNoHHBIM. Takoi
MOAX0H, Kak MH B 3TOM yGeauMcs, NO3BOMHT HaM MOCTPOHTH aCHM-
NMTOTHYECKHE DEeIHeHHS B TeX CayYyasAx, koria ¢yHkuusa w(f) obpa-
LAETCA B HYJIb, _

B stom naparpade Mul paccMaTpHBaeM ypaBHEHHE

G+ (£ y=0,. (1.22)

rae i — Goaplwod mapaMerp, a GyHKIHA f(!) He MeHAeT 3Haka Ha
paccMaTpHBAaEMOM HHTEpBaJe BpeMeHH. PellleHhe 3TOTO YpPaBHEHHA
. MBl pasbickusaju B dopme (1.2}, npyrumu cJoBamu, mpeanosara-
J0Cb, UTO HCKOMOe pelleHHe G/AH3KO K pelleHHK) YPABHEHHS BHAA

Xy,
rae WTpHx o3Hadyaer AuddepenHPoOBaine N0 HEKOTOPOMY NePeMeH-

HOMY t{!). ¥ paBHeHne
X' 4+x=0 T (1.23)

YCIOBHMCH HA3bIBATE 3TAMTOHHDIM,
Crenaem 3AaMEHY HE3ABHCHMOIQ NEPEMEHREQIQ

t=1I{1),
Toraa
. " v —
y=-5{7, yziﬂ-rf'—. (1.24)
Henonsays dopmyay (1.24), nepenuwem ypasuenwe (1.22)
y' =" 4 4y =m0, g2

Caenaem Tenepb TAKYI0 3aMeHY 3aBHCHMOro NepeMeHHOro, KOTOpas
TO3BOJAKT HCKIIOYHTD 4
y=Vz.

[Tocne sTofi saMenn ypaeuenne (1.25) npumer sup
2+ M VE+o@)2=0, (1.26)

3 (I”}g I 1;:!
=3 T T

rne

{loTpefyem tenepb, uToGbl ypaeHeHHe (1.26), ecam oTGpOCHTB
¢(f), coBnagano ¢ aTanoHHbiM ypaBreHneM (1.23). Han artoro no-
cratoyto BuiGpaTek dyukumio (1) rakum obGpasoM, utabbl

MOy =1, (1.27)
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OTKYy1a
i
T=¢LJ Vi@ at. (1.28)
Q
Ouennm dyHkuUEL @(T) Ha ocHoBanwH (1.27)
L
av  AVi(

Hcnosb3ya 3T0 PaBEHCTBO, Mbl MOXeM BHpPazuth QyHkuH @{t)
yepes Gpynkuuio (£} n ee nponssoantle

310 BHpaKeHHe NOKA3BIBAET, 4TO ecan ¢yHKuua f(1) uaMme-
HSETCA MeLJeHHO, T. €. e NPOW3BONHLIE MHOTO MEeHbilUe efHRRilb,
2 ee sHaYeHHEe HA HCCAEAYEMOM WHTEpBase BpeMenH He obpaulaert-
CAl B HYJb, TO

el

n B ypaeiwerun (1.26) charaemoe, coaepkaiiee PyHkuuio ¢(J),
MOXHKO OTOPOCHTb, TOCKONbKY Neppoe ciaraemoe A*f(f) (#)? umeer
aopsiaok enuHnubl. Torma ypasHenpe (1.26) ympomaercs

2+ 02 (1) () 22=0

¥ nociie subGopa f(t), cornacHo yeiaoBHio (1.27), Mbl moayumm sta-
nounoe ypasherue (1.23). CheaosareabHo,

z=exp {xit)

MK, BOSBPaLaAchk K CTapoOMy TepeMeHHOMY,
f
z=exp[ + i3 f l/mdf}.
0
Taxss oGpazoM, OAA HeHsBecTHoOH GyHKUHH #(f) ME noAyuaem

' t
y=$?’1exp[ii?~f1/f(7)dtl, (1.29)
M ;

T, €, Mbl CHOBA NpHWJH K GopMyiaam (1.5).

Oda cmocoba paccyMAcHHA, KOTOpHe Bac NpHBedn K dopMynam
{(1.5) nan {1.29), BOo3HWRANH NMpH H3Y4EHHH NPHKAARHBIX 3ajady H
I{&)Kﬂblfl H3 HHX UMeeT CBOH AOCTOHHCTERA,
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§ 2. OpHopoaHbie CHCTEME BTOPOro mopsuxa,
Cayuail npocryx KopHe#

1. ACHMNTOTHYECKHE pPeMIeHHA AJta OQHOTG YPARHEHHs BTOPOro
nopaaka. B npeibayiuem maparpade MBI pacCMOTpeNH YpaBHeHHe
(1.1) :

i+ 2202 () y=0

npu ycl1oBuH, 910 w?(f) (rRoTopas moXer GUTH Kak NOJOMKNTENb-
HOH, TaK M OTpMUATENLHON (YHKuMell BpeMeHH) coxpaHsaer 3HaK
AaS M3ydTdaeMOro NPOMeXyTKa BpemeHi. Jna ofoHX 4acTHBIX pelle-
HHA 3TOMO0 ypaBHEHHS MBl BHIBEIH NpuOalxKeHHbe dopuyant (1.5).
Takum oGpa3oM, Mbl HayYHIHCh HAXOAHTH NPHONAMECHHOE NPEACTA
piaende Ann ofliero pemenus ypasHeHua (1.1). danee ‘mu aoka-
3aJH, UTO 3TO pellieHHe HOCHT ACHUMITOTHUECKHWH XapaKTep: OHO
CTPeMHTEA K- TOUHOMY npH A — oo. OauobpeMeHHo §bhia JaHa
QLUEHKA OCTATOMHOrG WIeH3; Mbl NOKa3aJlk, YTO OH HMeerT NopAAcK
O{1/x}. Iror-naparpad GyneT NOCBALLEH H3JOXKCHHIO ajJropHTMOB,
NO3BOJAAIOINHY OTHCKHBATL pPelléHHd ¢ MPOH3BOJALHOH TOUHOCTHIO.

BepueMcs cHoRa K ypasHenuwr (1.1); ero pelueHne Mmi HCKaJH
B Gopme

PR i :
y=expih [p(haty-z(t, B, @.1)

rie | — KOpPeHb «XapaKTePHCTHYECKOTO YPaBHEHHA»
_ W+ o?=0
BoifepeM ofpeagneH#oe 3HayeHHE KOPHE |, HANPHMEP NOJICKHM
p= +iw Torma Aas $ynkoun z noiyyum ypaeHenne (cm. (1.3))
I+ 2ioni+iledz=0. ' (2.2)
EcrecreeHtHo monbiraTbes OThICKAaTh pelIeHHe 3ITOPO ypaBHEeHHA B
BHIe PAMla No oOPATHBIM CTefIeHAM NapameTpa A

20, W) =20 () + A2 () +2 %2 (1) + . .. (2.3)

Tlogcrasasg pag (2.3) & ypasuedwe (2.2) u cpavsuBas ko3d-
GUUMEHTBI NPH OAHHAKOBBHIX CTEHEHAX &, NOJYYaeM Cieflyiollue
ypaBieHust ANA CrpeleleHHA HEN3BECTHLIX dyHKOHEA 2;(f):

20 (f) )+ oz =0,

2m (t] 2] + (;)21 = iég,

(2.4)
2 (l) 2, + bz, = i3, ,,

L T R R 3 ]
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Huterpupya nepsoe k3 ypasHeHuit cuctembl (2.4), naxoanm
Zu=C(J)“l‘f’.
rie C — npoOB3BOALHAR MOCTOAHHARA.,
Hcnoassya Merol BapHalli NOCTOAHHON, HaXOAWM pellieHue
BTOPOro ypapHeHus ciereMbl (2.4) ’
t

4] (t) = C(D"‘F’ [DU -+ ‘é‘ j“ (!)-I‘{’

0

i
oo dr] .

rie Dy — HOBaA NPOH3BOJBHAA KOCTOAHHANA, U T. A
Takum 06pasoM, YacTHOE pellieHHe, COOTBETCTBYIOILEE KOPHIO
1+ im, MOXKHOQ APEACTABHTD B BHIE

I
ct 1 i o 8P
ym(t)=—;—ﬁ[l +T(Dﬁl}+“;—ﬁl‘m ‘I’F(ﬂ ﬁdf)"‘
[4
)+ ...]exp afe@a. @8
)

Jlerko MpoBepHTb, YTC YacTHoe pelllenye ypaBHenusa (1.1}, coor-
BeTCTBYIOMIEE BTOROMY KOPHIO XapaKTePHCTHYECKOFO YpPaBHEHHA,
HMeeT CAeAYIollee MpeicTaBIeHUE:

t
c? i i -
P iy T
. 0 .

¥
Hop )+ ...]exp -sxfm(:)dx . (26)
&

Boipamenna (2.6) u (2.5} conepmKaT <RONONUIHTENBHBIE» IPO-
H3BOIBHLIE NMOCTOAHHEE D(f', KOTODbIE BO3HHKAIOT NMPH HHTETPHPO-
BAHHH CHCTeM ypapHedu@ (2.4). DTHMH NOCTOSIHHBIMK MBI MGWEM
PacnopAauThes A0 HAIIEMY YCMOTPEHHIO, MOCKOAbKY KaXKAoi co-
BOKYMHOCTH STHX NApaMeTpoB 0y/leT OTBeyaTh CBOE YacTHOe pellle-
HHe, T. e. pafbl (2.5) 1 (2.6) OyAyT ACHMNTOTHYECKHMH IEPEACTABIE-
HHAIMH TOrO HJAH APYroro peinenns ypasierua {1.3) b saBHCHMOCTH
OT 3HaueHWl mocTosHHux DY, He OrpaHUdMMBan OGMHOCTH, MBI MO-
KeM NPHHATH HX PaBHBIMH HYAIO, '

CocraruM eue BHpaiKeHne Ans cofliero HHTerpana ypaBHEHHA
{1.1) ang cnyuan w?>0. [TpA atoM Mbl 3aMeHHM

exp{i fljmdt}=cosl Jmét+isink! wdt
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H BBeleM HOBHE NOCTOAHHBIE A=CI+Cg H B=i(C,—C,). Torza
i

L %{cosljm:ﬂ <7, sin mdrj ‘r’s—fo“f~dt

-0

V_.lsm?uj‘mdt-kﬂcoslj'mdtj‘ -t d,m" df'-]—O[ )

2.7)

Toyne rtak ke npn nomown dopmya (2.6) momer OwbTb no-
cTpoeHo ofltee pellleHpe 3TOrO YpaBueHHA ANA cayuyan o<, Ilas
3TOro B 3THX QOPMYJIAaX NOCTATOUHO NPHHATL ®=ip, TAe P=|nl.

Dopmyna (2.7) AaeT mpuONMKeHHOe peilleHue ypasHenusa (1.1)
yiKe ¢ Goabllet TouHOCTBIO, yem WBKJ-pewenun. Ero norpewnocts

uMeer nopsior O (T],f) PaccmarpuBas cneayiollne ypagHeHHS CH-

creMbl (2.4}, Mbi MOMEM [JONYYHTbL PeWIeHHA, MOTPELIHOCTh KOTO-
pulx ByaeT uMetrh eule ojee BEICOKHE MOPAAOK.
PaceMOTpHM Temepbk HeckoNbKo Oosee ofmufl enywvaii

§HAF(E Ny=0, (2.8)
rie '

1
Fib, =fo)+ 1+ ...
Huxe Mbl CTONKHEMCH C OZHHM BaXCHBIM NpPEMEHEHHEM ypasHe-

uun (2.8). Tlogo6HOMY TOMY, KaK MBl 5TO AeJajl B IpeIbIAyLLeM
MyHKTe, UACTHOe petlleHHe ypabBHeHMA (2.8) Oymem HCKaTe B BUAE

’ ]
ylt, l)=exp‘lju(t)dt}(zo B+galtr+...), @9
¢

rae p(f)— oaHH H3 ABYX KOpPHell ypaBHeHHs
p* () + fo () =0,
KOTQPOe Mbl YCJOBHAHCH HA3LIBATH XBPaKTepHCTquCKHM. ”TEK,
W)=+ i Vi, ().
[Toacrasnsa pasnosenne (2.9) B ypasueHue (2.8), noayunm cne-
OVIOUIHEe YpaBHeHHA AAA onpenenennd dyAKUHR Zo(l), 2 () n 1. A0
¥+ fo(t)) 29=
W+ fo(#)) 21 = —[220 + 2y + f120],
W+ folf)) =Lz

L e e e e L L L

2.10)
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rie uepes Lz; oOosnaded Nud@epeHUHANbHBI oNepaTop HNEPBOTO
NepAAKA OTHOCHTeNbHO QVHROHA 2; KosdibullMeHTH 3TOro BHEIpa-
KEHHA ABAAIOTCH H3IBECTHBIMH (DYHKUMAMH BPEMEHH: GHH onpese-
ASIOTCA TPSABIYIHMH TPAGT HKSHHAMH,

Pacemorpum mepeoe u3 ypapsenuii cacreMul (2.10). Tak kax
p2+4-fo=0, TO, KA TOro UTEOBI 3TO YPABHEHHE WMEN() CMBICJ, Bb«
paxeHue, crodlles B npasoﬁ YACTH, TaK#A&e JOJAHO DﬁpalllaTbCH
B HyAb, T. € $YHKUHA Z; A0NKHA YA0BIeTBOPATh AH(epeHunanb-
HOMY YPAEHeHHK

2ap -+ 2o+ frze=0. (2.11)

OT0 ypaBHEeHHE OTMHYaeTCA OT MNePBOTC W3 YPaBHEHHA CHCTEMBI
{2.4) craraembim f12o. Unterpupys (2.11), noayuum

\ [ ‘
G i ¢
Zo(t}:"]"‘/r_u—_iexp{—gn %EH . (212)

|

Gynkuua z,(f) Oyner onpelenera H3 BTOPOro YPabBHEHHSl CHCTEMbI
{2.10), KoTOopoEe HaM AaeT _
Lz,=0. (2.13)

¥papuenne (2.13) — 310 snuuefinoe nH@depeHlUHaTbHOE YpaBHEHHE
nepBoro NopAAKa ¢ nepeMeHHBIMH KoddpduuueHTaMi, KOTOpLle NoA-
HOCTLIO ONpenersoTea GYHKIHAMY fo, fi v fa.

DTOT Mpolece MOXKHO TPOROMKATE HeorpaHHYeHHo, W NGO
uned pasa (2.9) moxer ObiTh onpedened. Takum ofpazoM, KaXKAOMY
U3 KODHeil XapaKTEepPHCTHUCCKOrG YPaBHEHHA Mbt MOXeM NOCTaBHTh
B cooTBeTcTBHe pan (2.9}, KoTopHil onpenenser GOpManBHOE pe-
menue. 3TOT pPAA oupeAeaeH He eAHHCTBeHHBIM 06pascM. [TockoMbKY
GOYHKLHH 2; ONPeAeRIOTCA Kak pelleHna audepeHuHalbHEX YpaB-
HeHul, 3TH DPAAB COASPMKAT [POH3BOJEBHEIE TOCTOAHHBIE, KOTOPbIMH
MOXHO pacnoPsTInTLCS KAaK YrodHO.

Hanomensbli MeTOQ TOCTPOCHHA ACHMIITOTHYECKHX perieHHit
NpurodcH B PaBHOM ¢TeneHN ANSA H3yUeHHA YPAaBHEHHH, HMEIOIHX H
koneGmiomuecs pewerus (fo>0) u Hekorebmoumecs (fr<<0).

2, ¥YpasueHne Npor3BojabHOro panra. IpeacTapiseT HIBECTHHA
HHTEpEeC PacCMOTPeTh ypaBHeHHe Sonee ofwero eMia

§+APE(E, 3)y=0, (2.14)

rae pyakmaa F (£, A) AMeeT TOT XXe BH/, 4TO W palbllle, ¥ paBHeiHe
(2.14) ycmopuMcs WasmiBaTh YpaBHEéHHeM paHra p {p Bcerna 6yaem
CHUTATH HEALIM TIOMONKHUTENABHBIM ducJoM). COOTBETCTREHHO MPHHA-
Tolt TepmuHOAOTHE YpaBHeHus (l.1) m (2.8) Oyayr ypaBHeHHAMH
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nepsore padra. Pasnoxenue (2.9) creayer 3 stom cnyyae 3ame-
HATHL TAKHM:

y=exp f(v’ua(t}w»" W . A () dEX
X (2, () + 2720+ ...).  (2.15)

31ech po — MO-TPEKHCMY KOPeHb XapaKTePHCTHYECKOre YPaBHEHHR.

Moxcrasnan pasaoxkenua (2.15) B (2.14), Mbpl moJayyum ypas-
HeHHs AAs onpeleneHds HEeHM3BeCTHRIX PYHKUHHA N, M2, ..., Wp—1s
zs, 21 U T. A. TlepBple (p — 1) ypaBHeHRH 3Tol cHCTeMbl onpeile-
naoT GYyHKOEM ;. BbimulieM AnA APUMCpa Nepeoe H3 STHX ypas-

HeHki
B+ 1) z)=—(2np, +f)) 2, (2.18)

Haa toro yto6el 3TO ypaBHEHHE HMEIO CMBICA NpH 2,0, HeobXo-
AHMO, uToOLl .

_ f1h)
Iy (t) - 2;"0 () '

DyuRuUHA po{f} ONpenensieTCA H3 CAeAYIOWero YPaBHeHHd H T. R.
JameTnM, uTo (hyHENHA Z,(f) He onpenensetca ypasHeHuem (2.16).
B ocTanpHBIX  YPAaBHEHWAX, KOTOpble ONpejlensioT (DYHKUHH
M2, M3, ..., fp-1, BOCACAHHE TAKKE HE MOTYT OBITh COpeRedeHsl.
DyHKuUA 29 ONpPEAENseTCH H3 ypuBHeHua KOTOPOE MBI DOJAYIHM,
npupaBHEBad Ko3(dHINenTH NpHYmepBoil cTemeHH napamerpa A.
YpapHenue 0as Zg(f), XKax 310 HeTpyAHo npoBeputh, Oyner Audde-
PeHIHANBHEIM  YPAaBHeHHEM REPBOTO [OPALKAa THHA YpasHeHHA
(2.11). Ocranbibie Gyurupn 2;(f) OyLYyT HAXOLMTHCA N3 aHanorny-
HBIX YpaBHeHHil nepeoro nopaika.

. ypaBHeHHH KOTOPble MBI JI0 CHX TIOp PaccMaTpHBai, He COLep-
anH nepBod npowaproaHoil. OaHake ypaBHeHus Sojee ofuiero sHAT

§+ 27D, Mg+ APF(E, A)y=0 (2.17).

NIeTKO CBOAATCH K PACCMOTPEHHOMY CTaHAADPTHON 3aMEHOR MepeMeH-
Horo

t |
ynexpl—lpfmdf]x, (2:18)
' ] .
YpapHenne ann x {f) 6yzer .
f4a P, =D =20 Wfr=0. (219

PaccMoTpHM ana npHMepa ypaBHEH .
i+ ap ) g + Ay =0, (2.20)
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Mocne npeoGpazosanus (2.18) oHo mpAMET QopMy
i‘+l2(f(t}- (t)——)x=0.

Huasa storo ypaedeuns WBKJ-peinenne umeer BHA

!
= £ exp!if&f‘»’lf—qﬁ—q}dz}.
Vi=e=¢ 0

ClleoBaTeIbHO, TPHOAHKeHHHE pelleHAa ypaBHeuus (2.20) &ymyr

y=4—c——"exp“[m+tl/f qn—rp]ﬂ'flo (2.21)
Vi—¢ =% }
Beanunny

i
- [oat
_ce
a=y __—_—_—. (2.21)
VP=¢'—¢
B cayuae KodeGateblinix ABMKeHu# (f -- ¢ — ¢ >0) ectecTBenHo
HaszulBaTh aMmmauTyjaod. Takum obpasoM, dopmyna (2.22) onpene-
JSeT 3aKOH «3aTyXaHud» aMIIATY B,

Mpumevanune, JIna nocrpoeHHs aCHMNTOTHYECKOTO pelUleHUA
ypaBuesns (2.17) samena (2.18) ne apagerca uneobxoauMoH. Ero
MOJKHO Pa3biCKHBAaTh HemocpeacTBeHHe B Buge (2.15).

3. Cucrema proporo nopagka. llepefizeM Teneph K H3ydeHHIO
CHCTEMbBL BETOPOTO nOpaiKa, cofepalled GoXbIEIOH napaMerp

m+mdtﬂw+mﬂhMm=&}
ot ag {t, Ay + an(l, M) =0,

Ipennoaaraeres, uro QryBKUHM @;; NpeACTaBHMEl B chelyloltei
dopme:

(2.22)

ay (4, ) =ha a )+ ay(B+ ... +27 (0, A),

rae Ay — @YHKNHA OrpaHHYeHHas npH |A]-—> oo,
VpaBrehtie
aff tu o
a i+
6yneM Ha3BIBATh XaPaKTepPHCTHURCKHM ypaBHeHHeM cucreMbl (2.22),
Ero ropen py(f) H pe(f) OydeM CUHTATL HE PABHBIMHA HYAO H pas-

JHYHBIMK Ha BceM HuTepsate [0, 7], Ha KOTOPOM NPOBOAATCA MCs
CNeACBaHHA,

(2.23)
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HacTanie PeICHHA CHCTEME (2.22) Gyzem wckaTh B BHje

!

= exp lfu(t)dt' <21 {t, A), I
’ (2.24)

t
ta=expih [n(Bdt p- 2, ),
b

roe u(f) — omnu U3 KopHed ypaBHeHns (2.23), a 2, m 2z, mbi npea-
crapgnaem B opmMe panoB :

2, =20 O+ L

- (2.25)
2, (8 M=z M+A" 20+ ...

[Moacrapnaa sHpaxeduda (2.24) u (2.25) B cucreMy ypaBHeHHE
(2.22) o cpaBHHBas KO3GODUUUEHTH MPH OINHAKOBHIX CTENeHAX Ma-
paMeTpa A, NPHXOLRM K CAEAYIOWIHM CHCTEMam YpasHeHHH Ana on-
peaenenns ¢yskunii 2\

0 —
(e + )20 + ahed =0, -
afl2® -+ (all) +p)2 = 0. ~

Lpordl) — o S0F o (0140} (0] ()
(6 + w2 + affe) = — 2P - a2 — al)z), ] ©.27)
: 0 1
ailzl + (g} + p) 2l = — 2{" — af2® — al2{.
dz;{k-l}
(@) + )20+ ofgath = —{ g +afet ™o +
+ QG0+ L+ + g }'
. (2.28)

(2=1}
1) otk t B e o m 2 () (=1}
Az 4 (alf + )20 = —{ T2 4 at +

Oy (£=1) k=110 ¢ getie=1) (0}
+af2F 0+ L A agFlz a2 }

Paccmorpum cuctemy (2.26). Tak kak {1 — KODeHb  ypaBHeHHS
(2.23), To oHa npeacTaBaAeT CoGOH- CHCTEMY JIWHEHHBIX ONHOPOA-
HMX aAreBpanuecknX ypaBHenHil, OmpedeAnTedb KOTOPOH paset
nyao. CaeaoBaTeablo, OHA MOMXET AOMNYCKATh HEHY/JAEBEE PeLIeHHS,
NpHYEM OAHA H3 HEH3BECTHHIX, Hanpumep dyukuua z{¥, Moxer GuiTh

3aflaHa MPOH3BOJLHO, Toraa Gpyrkuna 20 onpesenserca oane3HAYHO
0 = p2(0 ' '
20 = k2D,
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rie
1
“[u]' tp

iy -
By

Re=— (2.29)

Takum obpasoM, cucreMa {(2.26) He nospossier onpelednTh QYHK-
uHio z{®, KoTopad B 2TOM RPUGIMIKEHUH OCTEETCS NPOH3BOALHOH.

Paccmotpum Tenepe cucteMy (3.27), npeactasasoilyio cobofl
CHCTEMY ABYX HEONHOPOAHHIX YPaBHEHHH OTHOCHTeNBHO 2{'), npuueM
onpelesHTeNb CHCTEME PaBeH HyA0. Jna ee paspelluMoOCTH Heod-
XOAWMO H JOCTATOUHO, YTOOB MeXAy BeMWUHHAMHA, CTOALLAMH B
NpaBblX 4acTaXx cHereme! (2,27}, Gblna Taxaa Ke 3aBUCHMOCTh, Kak
H MEeXAy sJeMeHTaMu cTpok Martpuunt (2.23). Hpyrumu ciaoBamu,
ANA ee pa3pelIuMOCTH HeoOXOLHMO W AOCTATOHHO, 4TOOH PaHF pac
WHPEHHOA MATpHubl OB paBeH paHry Matpius (2.23), IJT10 yoio-
BHE MOMHO 3aMiCaTh B SJAeLyHOLEM BHAE!

dz{" dzy

a0z +aQ20 = Cl- - +alzP +alz0 ),  (2.30)
rae
afru _

= :
ax dgy Hib

[Npanumas BO BAMMauHe papeHcTBo (2.29), npeobGpasyeM ypasie-
Hue (2.30): '

C=

(2.30))

a2\
(1~ Ck) —— = F, () 2, ©.31)
rae
Fy{t) = Ck+Caf) — o + £(Ca® — o).
Taknm ofpasom, ¢yHkuMs 2 ynOBIeTBOpPAET OAHOPOZHOMY Ju-

HefiHoMy AHQPOepeHUNANBHOMY YDABHEHHIO HEPBOTO NOPALKA #,
CAefoBaTeNBHO, MpelcTaBuMa B GopMe KBAIPATYPH

f
2 = P exp[ s ] (2.32)
&
tae €1 — npoussobHast NOCTOAHHAs.
Hrak, ofe dyukunn 2% n 2 onpesencunt, 21u pyuxunn nawor
«HyJAeBolt 4ned» aCHMRTOTHHECKOFO PAAa.
Onpenenns ¢ynxunio 2% no dopmyne (2.32), Mbt TeM cambiM

ofecneunm paspewlnmocte cucTemMbt (2.27). Tak kak onpeledutens
STOH CHCTEMB! DaBeH HYAI0, TO OAHA M3 HCKOMbIX BE/HUHH (HaMpH-
Mep, z{Y) ocraerca HeompeleleHHOH,
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[ToBTOpsifn aHaAOrMYHBIE PacCYXACHHA AR YPaBHEHHS CACAYR-
WHX NpHbGaumenuf, M YOeKilaeMmea B BOIMOKHOCTH ONpPeAENHTEH
Ao6oi uned pasnoxenus (2.25). Ilpn 3TOM chexyer UMeTh B BHAY,
uto yskuun 2 HaXOAATCA Kak pelledHa AH(PeperInanbrorg

YpaBHEHHS W, CAeloBaTelbHO, DYAYT COAEPKATE MPOH3BOJbLHbIE TO-
cTosiHbie. Tak Kak dyHKuMH C, & H 3KCIOHEHUHANBABIH MHOMXHTENb
B (2.24) 33aBHCAT OT 3HAYEHHA W, TO ABYM Pa3AHYHBIM 3HAYEHHAM
'KOpHA XapaKTepHCTHYeCKOro ypabHeHus OSyAyT oTBeuaTh ABa pas-
JHYHBIX YACTHEIX pellleHHs cucTeMbl (2.22). CnenoBaTedbHO, xzﬂ( u
B cAyYae OAHOrO YpaBHEHHS BTOPOTO NOPAAKa, AaHHBIA MeTod mo-
3BOJMIAET NOCTPOHTH OOLIHA HHTErpads, T. €. COCTABUTE MAaTPHUY ¢yH-
NaMEHTaABHBIX pelleHHi. _

4, Hexoropsie uacTame cayuaw. OcobenHo npocTofl BHA TIPHOS-
peTaInT BHIpAMEHHs AAA onpefedeHHA UREHOB pazilokeHWd (2.24),
(2.25), ecaw matpuua ||al}| anaronanbas:

a 0
faiff= N 0
0 af)
Torpa uz (2.26) caeaver, uto au6o p=—af), 6o p=-—all.

[Mycth, HADPUMED, HMeeT MeCTO MepBHIA CAyuafl, Torla Cpasy Haxo-
MM 2P =0, n cucrema (2.27) npuHHMaeT cAe1ylWAl BHIL:
{0}

N - L itha(
0= di a(ll)‘el !

(1 — a1 oll) = (D)D)
(e - a:“)z2 alzd.

M3 nepsoro ypaemehHs 3Tofi chcTeMsl Haxozaum 2z
i
(0 = — ]
2 Cexp{ Ja},d!},
0

W3 BTOPOTO ypaBHenHd *) onpenesiseM 29

0
20— ayt Z}
2 -~ TN
ajgy _‘152
Tak Kak BCAKOE ypaBHeHHe BTOPOro MopsilKa MoxeT GHTH CBeIEHO
K cHCTeMé ABYX YPaBHeHHi NeprRoro nopsika, TO GopMyAnH, noay-
yeHHBple B Hauane naparpata, Kak YacTHbIA Caydal clefyloT H3

*} HanoMinM, uto Mo yCAOBHIO KOPHK X4PaKTEPHCTHUECKOTO YPARHEHUA pas-
JHYHLL AMA BCeX SHAYEHWH ! H3 HCCJACLYEMOro NPOMCHYTKA BPCHMENd H B liydn
ve ofpaulalotea. Cnenoratensndo, nama¢atioe BRIPAKQHAC HMECT CHHICA 148 JIg-
Bore ¢ |0, 7] :
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npocTerilleM npuMepe
YpaBHeHue

AKBHBAJEHTHO CHCTEME

299
Woly=0

dopMyn, ycranosaeHrbX B npeabaylilem nyHkre. [lokaweM sto sa
Koe:

*+Aeiy=0

(2.26)

B

y—ix=0
CnefoBaTENLHO, XapaKTePHCTHUECKOR YDABHEHHE 3TOH CHCTeMB Ta-

inz® + 0’2® =0

[TonoxxuM A1a ONpeleNeHHOCTH P=gy={0 K BHNOHIIEM CHCTEMY
— 2z izl =0
Hanee,

2{0} = kz[lo}
ONPeJeanTs PYHKIHIO

i

=——.
Has onpeneaenns dymxuun 2%, coraacho ofmeil cxeme,

@
ag +p
¢c=-4 = -— i@,
g
Ck=—1. Cregosare/ bsHo

7 = ¢ exp I%dt C

CHeLYeT
dyuxuna F, B ypashennu (2.31) umeer BuZ F, —% Janee
| o
11

1 expil—
Tarkum 06pasos, Mbl CHOBa NPHIIAN K pesynwratam § |
KO3 QHIHEHTH KOTOPbIX HMEIOT Bt

—tnva) =S
InVef=——.

Vo
5. CHcreMa npoH3BoabHore panra. CuacTeMsl ypaswennin (2.22),
p-t_tp—1 0 [ -1
ag =27l + 275+ L+ al] e +
6yneM HaseBaTb cucteMamn pamra p. [loctpoedue acumnroTnue-
HOH MOAMHKALWH H3JOMKEHHOH CXEMBbL.

P vy

CKHX PasJOXennii pellleHHil TAKHX ypaBHelH#t TpeCyer HeaHauuTe b
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Uacrable petledua cucrembl (2.22) 6yaem Hckatd B BAfE

b4
= exp{ j TP 0+ o 4 A, di } 2

"! (2.33)
Yo ==exp { f [kpp. N TR N lpp_,] di } 2y,
0
rie (pYHKIJ.HH Z; PA3BICKHBAIOTCA B HopMe pana
z,=2D+ —71; AR S {2.34)

Dyaxuna p Gyler KOpHeM XapaKTEPHCTHYECKOTD YpaBHeHHA, KOTO-
poe B 3T0M CIyyae HMEeT BUJ

{r ¥l
ap’ +ap apy
(p) (p)
a3 Gy + u

Dynuxumn w; (i=1, 2, ..., p— 1), pxonawmue B Bepamenye (2.33),
AONNKHEBL OBITE ONpEAEEeHEl B NpOoNeCCe pelleHHA 3aJaul,

Jra Ttoro 4robbl NmoKasarTh OCODEHHOCTB 3TOA 3aAauW NO C¢pas-
HEeHHWIO ¢ PACCMUTPEHHOH, HaM JOCTATOMHO HpOadaNn3HpPOBATh CAY-
yait p=2. Cayuail p>>2 H3yYaeTca aHAJOCHYHO,

Hrax, nycts p=2. CocTaBHM NepBble TPH CHCTEMLI YpaBHEHHIH,
npHpasHuBas KO3(QHIHCHTH NpPH BTOPOH, NepBeii H HyAeBok cTe-
[EeHH mapameTpa

=0, (2.35)

(aa?+u)za"}+a:?zam=o,} 5
a@z? + (¢ + w2 =0. :
(@ + )20+ affef? = — (o) + )20 + e, | o
o)+ (o + )2 = — faial + (@ +m)2). |
2 2 dz;”
(o2 + W=+ gt = —{ T +ae +ofgely +
+(afp ) +aiep e

220
2512 ( =— 122 4 050 0) 50
afz? +(ag + w20 = { o T aflzP + a2 +

+ a0z() (@l + ) 2 } |

Tak ke, Kak H B NpeAbiAyLLIEM Cayuae, U3 CHCTeMbl (2.36) Mbl Mo-
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ReM HafiTH TOABKO OTHOWCHHE HCKOMMWX yurunit 2% u 20, Ta-

xuM obpasoM, dopMyna (2.29) ocTaercs cnpaBefAHBOM.
Yeaosue paspemnMocTn cHereMbl (2.37) MOXKHO 3amucaTh Tak:

(@ +n)2P +afed = C [a52? + (al) + 1) 22, (2.39)
rie MHOKHTEIb € onpeneaserca ¢opMmynofl (2.30}. Menonbaya Bl
paxenue (2.20), Mbl nependiueM 370 YCIQBHE B BHJE

zZPal) +u, +kal) — C [af) + k(al} +1))]) =0. (2.40)
Tak kak 2{? 3= 0,70 pasercrso (2.40) nam noasoafeT onpese-
JHTE GyHKUNIC Wy {£): | o "
C(a) + o) —all) ~ &
)= St o)l e @41)

Takum oGpazoM, B 31oM npubaukernn QyHkuns 2z (f) Takxe He

ofipeaeaneTcs, oHa HaXOAMTCA 13 cHCTeMbl (2.38).
[lepenniuem yciopHe paspeLlHMOCTH YKa3aHHOH CHCTEMBl ¢ yde-
TOM paBeHCTBa (2.39)

20 2
el T i0)10) ol 222 {050 0).510)
pr + a2\ + a2 C‘( = + oDzt +a2222), (2.42)

Papenctso (2.42) — 310 anddepediHanbioe ypaBHeHHe MEPBOTo
MOPHAAKA OTHOCHTEIBHO HeH3BeCcTHol Z%, _

¥paBHeHH: OCTANBHLIX MOPHOGIHMEHHA ONpPeleNAKT GYHKUAH
2B {i=1, 2; k>0).

Cayyafi IpOM3BOABIOrG paHra p>>2 Malo OTAMYAETCH OT pac-
cMoTpentoro. [oacrtasann pasnomkenna (2.33) B HCXORHYIO CHCTEMY
YPABHEHHH, MBI [IONYYHM CHCTEMLI YPaBHEHHH, KOTOPLIE ONPEAeIfoT
HCKOMblE GYHKUHH, JIErKO NPOBEpUTH, YTO NEPBbie p ypaBHeHuli oc-
TaRasloT Qydxuun 2, 20, ., Z¥~1 HeompeneaeHHbBIME, HO 3aTO
YCAOBHE DaspPetiHMOCTH 3THX CHCTEM HaM Jafytr aareSpaHuyecKHe
COOTHOWICHHA, H3 KOTOPBIX Mbl MOXKeM HalTH QYHKUHH p,(f),
pzlf}, ... up_1(f). IlepBaa u3 cucTeM, MO3BOAAMWILAA BHIYHCAHTD
dynrunio 2%, Gymer Ta, KoTOpas MoAyweHa cpaBHeHHeM KO3¢du-
UHEHTOB NPH 3HAYEHHH NMapaMeTpPoB B HYJAEDCH CTeneHH.

6. BosmoHbie MORHDHKAUNH ANTOPUTMA MOCTPOCHHA ACHMATO-
THYECKHX PANOB. [JOMHMO H3NOMEHHOTO, CYLLECTBYIOT pPasfnuibie
Apyrue MOAHQHKAUMH METOAOB NOCTPOEHHS ACHMOTOTHYECKHX pa3-
NOKEeHHR pemerHll pHddepeHuHaTIbHbX YPABHEHHH, COAepKaLIHX
Gonpwod napamerp, Pacemorpum omuy n3 tarux moandukauni na
NpHMepe CHCTEMBl MEPBOTO PaHra

B+ (e + e+ )y (Aa +al & L)y, =0,
Ypt(hay +aiy + ..yt Had + )y, =0.
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O6o3naynm vepes p(f) Kakol-aAubo H2 KOpHeH XapaKTePUCTUYLCKOrO
ypaBHenns u pe].uel-me Oynem HCKaTb B GOpMe

yl—exp{ [(?uu+uo+?v e+ ...)df}z'u(! A,

(2.43)
o= eXp{ f(?uu+uo+?u"u.+ ...)dt } (8, A,
O
rie byHkoun z;(¢, ) 3analorcs B BHLe panor {2.11),
¥YpaBHeHHA MepBOCo TPHOAHMNKEHUA OYAYT TAKUMH:
(alf +w) 2 + alfe =0,
e oy | 249

Oynxuna 20 () 0 2P ()  cpAzarbl APYr ¢ APYNOM COOTHOIIEHHEM
(2.29). aa toro urtofH YAOBJAGTBOPHTL cHCTeMe {2.44), ML MOXeM
COBEPLICHHO {IPOH3BOAbHOC 320aTh ORHY W3 GyHKuuil. Hanpumep, cu-
cteme (2.44) ynoBReTBOPAIGT CAedyolLle QYHKIMA:

20(f) = al) +p, 20 = —afl), (2.45)

PaccmorTpuM Temepb ¢HCTEMY YPAaBHEHHN BTOPOrO NPUGHAHIKeHH s

| a9
(aﬂ) + }.L) z(ll) + a(llg}z;ll - — { —=r + (a(OJ +p )2{0} + atOszﬁ)}

20 (2.46)

i
{1y o [} (1 ) = — 0y {0} \] Y]]
L TE +(a22+|"')22 - { +a”z{l +(al22j+p'l)22 }

Yeaceue paspemtuMoctd cueTembl (2.46) HaM 1acT ypaBHeHHe 1A
onpesenedus GYHKUHE py, DOCKOAbKY pyHxuun 20 (1) n 2P (f) yxe
nonofpadbl TIpH MOMOLUH coOTHoWeHHs (2.45),

Tak kak ¢yakouw py(f) Msl BuGpatu TaK, uroﬁbl cHCTeMa
(2.45) 6bina paapewnma, To, 3aaB oaHy W3 Qynkmuii 2" () nan
2 (f) no npoussoTy, OAHO3HAUHO OnpeledeM APYTYIO (yHKUHIO
no gopmyse (2.29).

Paccyxaan nogobHmM obpa3cM, Mbl yGekiaeMcad B BO3MOMKHO-
CTH ONPellesnTh BCe WieHbl pazaomennfi (2.43): us Tpersero npu-
6nuKenus Mol Haxonum Gynkuuio ug(f} (oWa Oyzer oaHO3HAUHO
onpefencHa Qynxunsvu 20, 20, 20w 20, n zatem moxHo BbI-
YHCAHTL DyHKIUN 27 n z(m, OAHA H3 KOTOPBIX 3dJaercd 0O [po-
H3BONY H T, A.

H3nomeHHBIA COOCO6 OCTPOLHNS ACHMNTOTHYBCKHX PSILNOB MpH-
BOAMT B 0BIIeM CIYYae K APYroMy BHPaXKeHA I8 NpriaHKeHdoro
peuleHna. 5TO OTPAXKacT TOT OGWMH (axT, 4TO ACHMITOTHYCCKHE
MPeACTABIeHHN OTIPEREASIOTCA He eNHMRCTBEHHbIM ‘obpasom. Onsako
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OLHHAKOBLIE OTPE3KH ACHMATOTHYCCKHX PALOB 00eCHEUHBAOT OAHY
B TY e TOYHOCTh.

B § 1 3106 rnaBe Mol BRBenn npocrefitive rpubauikedrole hop-
MYJBl B YCTAHOBUJIH ANA HEKOTOPHIX YaCTHHIX CJAYYaeB HX aCHMITO-
THYECKHH XapaxTtep: OBIO MOKa3aHo, yTe ollKa, KOTOPYIO OHH
Asr, umeer nopajox O(1/A). B srom maparpade Mut pana ¢op-
MaJbLHOe DIHCaHHe aATOPHTMa, NO3BOAIIETC NOCTPONTE ARb0e AP
ACHMNTOTHUeCKOe peneHHe, IloKasaTenbCTBO- TEOPEMBbL, . KOTOpas
06OCHOBLIBAST ACHMITOTHUGCKHI XapakTep [OCTPOSHHBIX PRAOB,
MOXItO ualiTs B Hssectioll Modorpaduun 5. Il Tamapruna, UHTHPO-
BaHHON Ha crp. 279

§ 3. Onnopomme CHCTEMB BTOPOrO MOPAAKA.
Cayuali KpaTHBIX Kopueii

1.Mpeaaputenprele 3aMeyanun. Mel #3yuann cucteMu audde-
peHIHANBHEIX YPaBHEHH BTOPOrO NOpPANKA

htany+apy.=0, }
dot+ aay, + any: =0,
¥ KOTOpHIX KO3(QOHUHEHTH a;; HMead CcAefyioulie npelcTABAEHHA:
@i, N =2"a O +2""d O+ .. +af O+ ...

PaaBuThlli MeTOA CYWeCTBeHHbiM 06pa3oM oHpanaca Ha Npearncdao-
HEeHHe, 9TO I'[pH H3MeHeHHH | B paCCManHBaeMOM HHTEDRBANE BRE-
MeHH 003 KOpHA XapaKTePHCTHYECKOTO YPABHEHHA
af+u o
af o +u
ObIIH PA3NHUREL M e 0Gpalladnck B HyJhb.

CymecTBOBaHHE KPAaTHHX KOPHE[ MOMXKET HPHBECTH K MORBJAECHHIO
BHYTPEHHHX DE30HAHCOB; MPH 3TOM HACTYMAET KAaYeCcTBEHHOE HaMe-
HeHHe MHOBEJCHHA PelleHHA: KOAeGIIOUINecs pelleHAs HauydHaoT
MpHOGPETATL BEKOBLIE WIMEHEHHA, ¥ ANepHOTHYECKUX pEIleHHi Me-
HAeTCA xapaKTep poc*ra HT 4.

OnHaKO He BO BeeX CAYYANX KpPaTHbiE KOPHH OHBAIOT HCTOUHHM-
KOM NOABJEHMA BHYTPEHHHX pPe30HaHcoB. MoKeT okasaThCh, 4TO
cHCTEMA, HMEWIIAaR KPATHHE yacToThl, BejeT cefa noaobHo CHCTeMe
¢ HeKPATHLIMH 4acCTOTaMH. anME]’)OM TakKOH CHCTeMBbl AEBJAEeTCH
chepuyeckiil MasTHHK: HAJMYHE KPATHLIX 9aCcTOT He NPHBOAHT K no-
AIBJEHHIO BEKOBBIX JBHIKEHHH,

[Tpexne ueM MepexoaHTh K HIJIOKEHHIO HEKOTOPHIX PEe3YABTATOB
3TOM Teopku, tanoMHAEM PAl darToB H3 AnneftHoA anrefpht,

[Myete MBI MMeeM HeKOTOpOe JiAHeAHOe HeBHIPOMISHHOe Mpeod-

Pa30BaRKe
' y=Ax, - (3.3)

3.1

(3.2)
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r&e X H § — BEKTOPBl A-MEPHOro eBRAMAOBa npocTpancTia R,. O6o-
3HA4UM 4Hepe3 Ay, Ao, ..., A KODHH XapDaxTEPHCTHYECKOro ypapHe-

HHA
[A —AE|=0,

rae E — epunnunan marpuua. Marpuuy A — LE| 6ynem nasvipath
XapaKkTePHCTHUECKOIL.

B xypcax annednofi anreGpnl *) N0Ka3bIBAeTCs, YTO B NPOCTPAH-
cTBe R, Bceraa MOXHO BHOpPATh CHCTEMY KOOpPAHHAT TakHm obpa-
30M, uToOb MaTpuua NuHeiiHoro mpeoBpasosadna A nMesa e 3Toft
CHCTEME KOOPAMHAT CNeIYiOWui BHA;

» 1 0..,0
0 A 1...0
e e e e 5| CTPOK 0
0 0 0...1 :
O O 0 LR ;lrl
A T ... 0
0' 1'2 §9 CTPOK
0 0... 4% )
% 1 0...0
0 0- .M" l . Sp CTPOK
0 0 0 ... 4

JpvraMa caoBaMu, cyllecTByeT TaKoe HeBBIPOMJelHOe MuHellHoe
npeofpasosanne C, uyto matpuua C(A — AL)C-! umeer BuA

M=% 1| s

| =2, 1 | s,

' ?-.k—'l. 1 :Sk

*) Cm., manpumep, M. M, Teasgpana, Jesuun 00 -unuefinofi  anrebpe,
Muocksa, 1948,



§7 CHHOPOAHBIE CHCTEMbI BTOPOFO MOPAIAKA KPATHHIE JKOPHU 308

Tae
h— A 1 0... 0

0 A=A 1 ... 0

|5L,—?&,1[s,= 0 8, CTPOK,

1 R Wy

3nech S +8o+ ... +Sp=mn. Cpeln BeAHYHH A, MOTYT GbITh paBHble.
MarpHubl Takoro Braa Mol 6ylAeM HasblEaTbh KOPAAHOBEIM AILHKOM
naIH KopranoBol kaerkofi. MaoBpaxennas dopma martpuost A Ha-
3BIBAETCA HOPMANBHOH XOpAAHOBOH dopmodi. Ilpeacrasierye mart-
puust A B HOpManbHOf KOPA2HOBOH GopMe enHHCTBEHHO.

Qdoanaunm yepes Dy (A) obwuii HauOoabwui JTeaAuTenb MHHO-
poe matpuust A — AE| nopanka k. [lycts Tenepb MaTpuma
‘uMeeT p AWNKOR DOPALKa Ay, fg, ..., fp, COOTBETCTBYIOULHX ¢of-
CTBEHHOMY 3HAUEHHIO Ay (NpuueM 7y 2 Ny 22 ... 2% np), ¢ AUHKOB
nepafka my, Mo, ..., Mg (M 2% My 22 .. . 7% My), COOTBETCTHYIONAX
coOCTBEHHOMY 3HauYeHHIO A2 M T, A, Torda Xopfauosa dopMma Ma-
TPUUH A TaKas:

A }n, CTPOK

| A I } fy CTPOK

3

E } fip, CTPOK
A= ) . .
__.}__9_| } m, CTPOK
| Ao } My, CTPOK

TMoaneoMer Dy (A) MMEIOT B 3TOM CAyuae CAEAYIOWHA BUA:
Du ()h) —_ (}L — )Ll)nl+n2+ e +ﬂp| (k] _ 12)m1+m2+ CE +mp’Fn (1)’
Do (R) = (A — M) (0 =AY TTRF (A,

P PR . LR T R I
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rae Fi(A) — HeKOTOpEle TOJHHOMEl OT A, He Nensligecsd Ha A — A 1
Ha A — ?Lg.

JokasateabcTBo 31010 haKTa 4YHTaTeNb MOMET HAWTH, HATPH-
Mep, B ykasaHuofi Beile Keure [enbdanza {1ad ero AoKa3aTEND-
CTBA HCMIONB3YETCH METOA MHIYKLHHM).

Bosbuiyy poib HrpawT MHOTOUAEHB Ep(R), onpeﬂeﬂﬂemue EpH
MOMOILUH PaBEeHCTBA _

) _ _Deid)

B =5 e

Eu(\) Ha3HBalTCA WHBAPHAHTHBIMH MHOXHTEASMH MaTpPHOSI
A —AE. B curyauun, xotopas ToAbKo uTo Obla PaccMOTPeHAa, HR-
BAPHAHTHBIE MHOXKHTENH HMEIOT BHI

a= = 2" (=A™ ..,
Epg —(?L A )”’ (l Xz)’"“

. N Ao s

TMocnenoraTeNBHOCTh HHBAPHAHTHBIX MHOMHUTENEH MOIHOCTBI)
onpejeaseT KoOPLAHOBY HODMadbHyi0 GopMy MaTpuuel A, a pas-
Mepbl SLMKOB, COOTECTCTBYIOWIEX COOCTBECHHOMY SHAHCHHID Ay,
PaBHBI 1y, {2, ... AHAKOCHYHO Pa3Mepbl SULHKOB, COOTBETCTBYIOILHK
COBCTBEHIIOMY 3HAYCIHIO Ay, DABHLI My, My, ... H T. 4. Bulpamenns
(A—2a)" (A—2)™, ... M 1. A. HA3HLIBAKTCA 3JEMEHTAPHBIMH
JRAHTEAAMH HIBAPHAHTHOrO MHOMuETERA E;{A).

PaccMoTpaM OIHH TNpAMEp, KOTOPBIH HaM notpedyercA NpH u3-
JOWEHEH OAHOTO M3 TMOCAEAYIMUHX Pa3eqaoB STOH TaaBbl.

[Tycts moppanoBa dopMa MaTpHubl A HMeer BHA

M 1 ... 0
‘4 —_ 0 )L] A B R
0 0 ... 4
Toraa nerxko yOeautbcA, yTO D,;-u(}ﬂ — A}®, Dpy=1 u, cnepona-

TeabHo, En={h — A%, Es=1 (s < n).

Uz ckazaHHoro Bbillle MBI ToNyyaeM CJaelyioDiee BayKHOE Clef-
CTBHE. _

Jag Toro ytoGs MaTpuuy MOXHO OBLIO NPHBECTH K AWaroHafb-
HOMY BHAY, HeoOXOZHMO H JIOCTaTOWO, YTOGB HUBAPHAHTHBIE MHO-
KHUTEAH 3TOH MaTPHIUBE #Mefd NpocTole KOPHH. B 3TOM ciydae age-
MeHTapHbBlE AENHTENH BCeX HHBAPHAHTHHIX MHOMUTENeH MaTpHLL
GyAyT NPOCTBIMH, T. €. OYAYT HMETb BHA

{?\'"3‘:1); (ﬁ—?»g),,.,



$ 35 OLIOPOAHLE CHCTEMB BTOPOCO MOPANKA. KPATHHIE KOPHH  3(7

TMocae STHX saMeuanHil CNPaBoYiloro XapakTepa BepHEMcs CHOBA
K H3YUaE€MOMY TpeTMeTy,

BOHPOC O TOM, Kak Refer cefia cHCTEMA NpH HAJAHYHH KpaTHbe
KOPHEH, 34BHCHT OT TOTO, SABJAIOTCA JH 3JeMEHTAapHbie AeMHTENH
maTpuubl [af?| KpaTHHIMH HAH NPOCTLIMH, T. €. OT TOTO, KAKOI BHA
HMEET JKOPAaHOBa HopMa 3Te MaTPUIbL

Ecan saemMeBTaAPHBIE ACARTENH TPOCTHE H MMEETCH KPaTHHH KO-
PEHb V=1, TO MaTpula “a“;) || UMERT BHA

Yi
0 v

rfle y; — KODHH XapaKTepPHCTHYECKOro ypasHeHus (3.2).
EcH KpaTHOCTb 3JEME8HTAPHOTO LHEAHTENH PaBHE ABYM, TO XKOP-
dahopa popMa HMeeT BHJ

|| a(p) “ (3.4)

1 .
v } | (3.5)
0 ¥

KXot B 060UX caAydasnx, KOTda yy=y2=Y, KOPcHb XapaKTepHCTH-
YeCcKOrc ypaBHCHHA HMeeT KPaTHOCThb, PaBilyid RBYM, foBeieHue pe-
meHHd cucTeMbl (3.1) W ACUMOTOTHKa npH A — oo OYAYT pazanu-
HBIMH.

Q6utee HecenoBanyde CHCTEM B TOM CIy4ae, KOrAa XapaKTepH-
CTHYECKO® YDAaBHEHHE MOMET HMEeTh KPATHBle KOPHH, Np2icTaBndeTcs
He TOTbKO TPOMO3JAKMM, HO H TPyAHBIM. [Tockonbky KoadQHLHEHTS
XapaKTePHCTHYECKOro YpaBHEeHUR 3aBHUCAT OT BPeMEHH, 31eCh MOTYT
BOSHHKAaTh pa3HooGpasHble cHTyauuH. B 3ToM naparpade mul pac-
CMOTPUM TONIBKO caMble nPOCTHE CAYUaH, CTHOCAIHECH K TOMY Xe
K cHCTeMaM BToporo nopsika. Hexoropwie sompockl, oTHocdilHers
K oBHIeMY cayyar, GYAYT paccMOTPeHBl B KOHUe 1aBbl

2. Cayuahi npocTelX 2JMeMEHTAPHEIX jexnTened, [Tpeanonoxum
eHdyata, 4To paHr cucremul (3.1) paseH eaumHune.

Hua toro urobe He YCIOKHATE HINOKEHHA, NPeANCJAOXKHM
¢pasy, 4To ile3aBHCHMble NepeMeHHHe BLIGpaibl Tak, 4TO MATpHUA
jai#| yme npupenera K KOPLAHOBOH PopMe.

PaccMoTpuM mocaegosatenbHo cayqan (3.4) u (3.5). Mockonbry
xapakTep KopWeH, a ¢leioBaTeNbHo, H BHI AOPAaHOROH GOPMH 3a-
BUCAT OT BPeMeHH, TO TAKO# TMOAX0A UMEET CMLICA TOJbKO B TOM
cAyuae, ecli paccMaTpHBaeMas CHTYallH® He H3MeEHSeTCs B Teue-
HHE BCEra HCCNeAYEMOTO IPOMEIKYTKA BPEMEHH,

Ecau xopau KpatHee, HO 3AEMCHTAPHEIE AeAHTeNH npoc-rme TO
cucreMy ypaeHenuft (3.1) MoxKHC fepenucaTh B cAedylouledr hopme:

+u+af+ o)y + (a‘?’+ =0
R PR RN PR

’la{p)ll =

(3.6)
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Touxamy o603HAYeHH WieHbl §0Jee BEICOKOTO NOPAAKA OTHOCHTENb-
HO /A
Cienaem 3aMeHy nepeMeHRbIX

it i
-+ wear - fuwar
h=e ° 2, th=e ° 29 (3.7)
CucteMa ypasHennit (3.6) mocne Takoil 3amedsl yxKe we Gyaer co-
AeP¥aTh claraeMblX MepBOro HOpAAKA OTHOCHTENBHO A
0 4 0 =
3 -|-(£lJ ..)Z[+(a|2}+ -vn)zﬂ_(}’
L@l + . )z @R+ .. )z=0
Ecan 6bt ko3 GHIASHTH @; HE COJEPHAMM caaraeMbliX nopaaka Al
K H0/ee BBICOKOro, TO 3a/faua MOCTPOEHHA ACHMOTOTHKA Obiia Obl

neuepnata. B camom fese, cuctema (3.8) B 3TOM caydae Gbiaa 6ol
CAEAYIOUero BHAA:

(3.8)

3.9)
© 0 (3.
2, a2 + afz,=0.

OGospaunM uepes Zp; U 2y ({=1, 2) pywaaMenTadbHBE DelleHHA
cueTeMBl (3.8). ITH OYHKUOHH MOTYT ObiThb NOJAYYEHB! KakK PE3yJabTatT
YHcAeHHOTO pelmelHa AByX 3ajau Kowu co caeaywoliuMu Havanb-
HEIMH JAHHBIMH:

{311(0)'—"0, 1 { 22(0)=1,
"Lz (®=1. ’ 2(0)=0

Torga acHMOTOTHYECKHE [DEACTABNCHHA OOWUIET0 HHTErpala cHu-
creMbl (3.6) 6yAYT UMeTh BHI
!

; 0 -
2, + a0z, +a2,=0, }

ﬂfumcu
=g Cizp+C s
N ) (Cizn 2212} (3.10)

J W
Yas=e (C12a1 + Co2)-

Ecni pasioxedud xoahuIHeHTOB @;; COAEPXKAT OTPHLATEND-
Hhle cTeNeHH napaMeTpa A, TO AAA NOCTPOeHHA PYHKUHA 2; MOXKHO
HCOOIb30BATHL METOAW TEOPHH BO3IMYILEHnH, T. . HCKaTh peldcHhe
cueteMbl (3.7) B BHAE PAAOB MO CTEMEHAM AL

Mpumeyanne. [lpeanonoxum, ure sneMeHTapHsle denuTedu
He mpocTble H MOPJAHOBa HOPMANbHAS dopMa umeer eua (3.9),
T. e, cHcrema (3.0) GyheT Takoi:

o+ +ad+ L)y (A el )y2—0 -
Bt (@@+ ..y t(n+ad + ...)y,=0 @)
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Ecnn pewenue cucremst (3.6") nckats B ¢dopme (3.7), TO cH-
¢cTeMa YpaBHeHHH OTHOCHTENbHO Z; OyleT coflep:KaTk NepBHle CTe-
meHd napaMerpa A H, CJej0BaTeNbHO, NPeNCTaBAfATb pellleHHs B
tdopme {3.10) B 0GWEM c/yYae yiKe HelbsdA.

3. Opru npuMep MexaHH4ECCKOH CHCTEME ¢ JIBYMA CTENEHAMH
ceofoam. Cpefn 33734 AHHAMHKH MEXaHHUECKHX CHCTeM ¢ OAHOM
CTENéHbI0 ©BOOOABl TPYAHO HAHTH HHTEPDeCHHIA MDHMep CHCTEMEI,
Y KOTODGH KOpeHb XapaKTePHCTHYECKOrC YPasHEHHA NBYKpaTHOIH,
a8 3JeMEHTapHbie ACAHTENAH NPOCTLIEL, B AHHaAMHKe CHCTECM CO MHO-
FHMH CTENeHAMH CBOﬁU,Ilbl NpHMEpPOB TAaKHX CHCTEM O4eHbL MHOrO0,
Tlpexae ecero 370 JioOble KOHCepBa-
THBHBIE KoJeGaTefbHble CHCTEMBl C
KpaTHBIMH COOCTBEeHHBIMH 4acTOTAMH.
[MosToMy B XxavecTBe npHMepa, MHJ-
JIOCTPHPYIOLILTO MPHAOXEHHe pa3BH-
BaeMOH TeOopuH, MBI pacCMOTPHM
CASAYIOULYIO CHCTEMY YpaBHEHHA:

E4+2%M(H x4+ Aay=0,
§ + 3202 () g+ Abx = 0.

~ g

] (3.11)

Cucrema (3.11} Berpevaercs B pas-
HOOOPA3ZHBIX TeXHHYECKHX 3ajauax. Pue. 39
PaccMoTpuM, Hanpumep, KoaedaTenb-

HOe JBHMeHHe onepenHoro cHapiaza. Ecou Tene, HzobpamenHoe Ha
pHc. 39, ABHKETCS B BO3AYXe B HanpaB/JeHHH BeKTOpa 29 To Ha
Hero AeficTByeT aspoAnHaMHyeckHil MoMenT M. ITOoT MOMeHT OpH
HAMHYHH CTAOHAH3ATOPa co03[aeT BOCCTARABAMBANIUKK a3pOAHHA-
MHYECKHA MOMEHT, AeHCTBYIOWKH B NAOCKOCTH yria aTakH v-yraa,
3AKAKUEHHOTO MeXKAY BeKTOPOM 27 H 0Chi0 CHMMETPHH 3TOro Tena
£, ecan oHo et obaafiaeT. YCJOBHMCA CYMTATb, YTO TeJ0 He Bpa-
HaeTcd BOKPYF OCH §0 TOorja paccMaTpHBAcMas CHCTeMAa HMeeT [RBe
crenedr cso0OALL B Kauectse 0GOGIIEHHBIX KOOPAHAAT 3TOH CHCTe-
MEl eCTECTBEHHO NPHHATL HAaNPaBAAIOIMHE KOCHHYCH Bexkropa §°
x=005 (§"+%) B y=cos {£%").

Eciu teqo ofaalaer oceBolt cuMMerpHedl, 1o B JAuHeliHofl no-
cTaHoBKe (NpH MaabiX yriax atakd v) cUCTeMa YpasHeHU{l aBu-
AHMeHHA pacnajaeTcd Ha BE]3 HeIABHCHMAIX ypaBueHHa OTHOCHTE/1BHO
o6eux o0c0I1ueHABIX KODDAHHAT

E+A0(f)x=0, }
§+ 226t () y=0.

3aech Afw? — OTHOLIEHHE BOCCTAHAB/MBAIOIUIETO MOMEHT4 K 9KBa-
TOPHAMBAOMY MOMEHTY HHEDLHH. Bo mHorux CAYHEAX ITOT MOMEHT

(3.12)
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npeanoaaraercs OOABIIMM, M CAENOBATEABHO, ABHXeHue fABAALTCH
BHCOKOYACTOTHBIM.

Ecan reqo ofnasaetr Manoil acuMMerpHell, TO MBl AOAMHH yme
paccMaTpHBaTL BMECTO CHCTEME! (3.12) cueremy (3.11). OGoana-
qUM

X=X, Y=Xs
I TepenuuieM 3Ty CHCTEMY B cnefyiolleM BHAE:
'j:] = ;jl.xg, x-2 = — ;L(D2x] — adXa,
S : ) : (3.13)
xsélx4, x4=——'3.0)x3*—bx1.

Cucrema (3.13) spasercs oGofliennen paccMOTPEHHO: oHa HMeer
[Ba KOPHA, KPaTHOCTE KaXK/0rG H3 KOTOPHIX paBHa ABYM. [1pH 3TOM
SAeMeHTApHblE NeNMUTeIH XapakTepHCTHYECKOH MATPHLUBL NPOCTHIE,

B srom moxHC yOeauTLcA cieAyOIHM ofpasoM, Caenaem B Cn-
creme (3.11) 3aMeny mepeMeHibX

x__"gl +§3: j‘mfl'm(gl_g.?};
y=5+E  y=ire(l—§
Torpa cucrema (3.11) npeobpasyerea tak:

= {hak + . ..,
§2=£lﬁ)§2+ PP
Ea=— itk + ..., (3.11)

b= —ihek + ...
ToukaMmu 3aech OOD3HAYEHBl YIGHDB!, He COAepxKalUHe h, XapaKTepH-
CTHYECKAR MATpHLUA STOf CHCTEMbl NpUBEAeHA K AHAFOHAALHOM
dopue

—in—p
_ —im—p
BepHeMcA cHoBa K cHCTeMe {3.13), koTopan yAoOHEe ANR HCNOAB-
30BAHHA, UEM CHCTEMA (3 11). Ee¢ xapaktepHCTHYECKOE ypaaneﬂne
HMEeT BHA
| : B =1 0 0
o ko0 0 3.4
0 0 e B
Kopen ypasHenua (3.14) raroBol:

THAMST = abiw,,  pe= +im,  py= — i@, = — i@,
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Hrak, ayctb y— oaun M3 Kopred atoro ypabHenna. Caeaya of-
el cxeMe, ¢llesideM 3aMedy MepeMeHHbX
i

xi=explh‘[u(f}df}zg (=1,234. (315
0

[Tocne samenn (3.18) cuerema (3.13) npumer popmy

|
l-‘ZI _22:_TZI!
{1)221+llZQ=—";1:[ég+ azs], |
| r (3.16)
W2y — &4 = — 7 43,
(0223+MZ4= ‘”"%[é4+b2|]. .

Pewenne cucreMbl (3.16) 6ymem HcKaTs B BHOe PHAOB, paclofo-
JHEHHbIX Mo 00paTHEM CTENEHAM napaMerpa -

2;=2;0+%z“+ N l (3.1?)

IOnsa dyakupil 2; MBl ROAYUAEM CUCTEMY
Mz — 20 =10,
2 .
W25+ W2 = 0,
(3.18)
Wea — 240 =0,
@%y+ pzy=0.
Tak kak p>=w? 1o cucrema (3.18) Bcerna paépemnﬂa, npHYeM npa

M3 YEeTBIPEX HEH3BECTHBIX MOLYT GbiTh BHIOpaHbl MO MPOHIBOTY,
YeaoBUMca AAST OTIpefeAeHHOCTH, YTO

=,

TOT/L2 S
Zon =002y, 2= 02y (3.19)
COCTAaBHM Tellepb YPABHEHWA AJA Z;

W2)) — 29y = — Zy,

0°21) + N2y = — Ex — azyp, . 3.20)

By — 2y = — &y,

@'z + pay =~ 2y — b2
Cuerema (3.20) pacnafaercsa aa 2Be HEIABHCHMLIC CHCTEMH Ypab-
HEHNA, ONPEReTHTENb KaKAQR H3 KOIOPLIX paser uyao. YCOBHA
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HX Pa3PellHMOCTH NPHBOAAT K CHCTEMe ABYX AuddepeHnuatbHEIX
ypaBHEHHH NepBOTO NOpARKa

— 200" + Wép + anze =0, } 321
—2m®2+ﬂ240+ b[.l.zm"aﬂ. ’ ]
Henas sameny (3.19), nmoayusm
= 23000% — OO, + iawzy =0,
S, e } (3:22)
— 25000° — @2y + thozy=0.
CrenaeM B 3TOM YDaBHEHHH elle OfHY IaMeHY
2= iz,
nocAe yero cucteMma (3.22) Gymer BuWrasgerh Tax:
— 22,,0% — 062}, + a0z, =0,
95 o ) . (3.23)
= 22,0° — 002, — boz,,=0.
Tenepe B ypabaenun (3.21} noacxum
p=—lo
H COOTBETCTBEHHO
290 = —iw210, 20 = —{WZ30, (3.24),

B pe3yabTare Mbl MOJYYUM
' —~22,p — @2y — ihwzy = 0,
— 22y — 002y — bwz,y =0,
B 3THX ypaBHeHHAX cAeNacM TAKYIO 3aMeHY:
2,y=—iz
Toraa ara cncreMa OGyzer cHoBa ceeleHa k cucteme (3.23). Cau-

crema ypasHenn#d (3.23) — sTo cucTema JABYX JHHeHHBIX YpaBHEHHH
nepeoro nopaaka. OfosHauum yepes

W my. @ )
2, 2 o2, 28

cactemy ee (pyHlaMmeHTanbHbix petiennd. B ofuieM cayuae 3TH pe-
[JeHHA He/Nb3d NOJYYHTH HH B KBaApaTypaX, Hi TeM Goaee 8 ABHOM
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puae. QaHake peiiedun chctems (3.23) — 310 MeadeHHO Mendio-

LHECH C])YHKH]-‘IH, H HX onpeﬂ.e.nelme YHCACHHBEIMH @ METONaMH He
npeacraBiaeT Tpyla.

TTocTpouM Tenepb CcHCTeMY QYHAAMEHTANBHBIX pelUCHRA 109
ypagHenus (3.13), 3ameTHM cHavana, yTo PYHKOHH

¢

o =iz exp { A I o () dt l ,

a
!
1y =28 exp { i j o () di }
]

R GyHKINH
?

x72== _izT“lexp{ — i j. (l)(t)dt } '
0
H
x;2; z‘!jh exp{ —_— f’L J. Li1] [t) dt }
0

ABNSIOTCR 4acTHHIMY pelleEnaMu cheteMul (3.13). Bmecro sTHX
yuxuHf BBEIEM ApYrue

1

+ 1
x,,_—__%ﬁin Afm(t)dt 20,
Q
+ x5 f
x3|=--¥=—cos lfm(f)dt z0,
0
» L] ¢ .
Xjp—x
x.2=—”2 2 = cos Ajm{t)dt 2",
1]
L] - t
X=X
Sp=— g =sin z'fm(f)df P,
0

Briyyenaa noaobHeiM crmocofomM OCTANBHEIE YacTHble PCUIEHHA,
MBI OpHAEM R CIeAylollieMy BbIpaXeHHK A0 ACHAMOTOTHYECKQrn
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npeacTapIcHiR oblero pelleHnn.

[ : f . .

%, = Asin ta J' m(i}a‘_t}z‘,m (t)+Bcos{?u j @ (2 dt ] 27 (1) +
1} ! : 1] ,

+ Csin [ A j @ () dt } 22 () + D cos { A j o {f)di } 2% (8,
¢ 0

xy=—Acos { A I wlt)dt ] 20 (£} + B sin {), J m(f)da‘} 2D () —

]

{ i

—Ccos=xj m(t}d:}zgﬂl(tHDsm{,xjm(t)dt }z}f’(t). _

o 0

{3.25)

AHanoruunbte BLIpameNus Mol OyAeM HMETb H AAR NePEMEHHLIX Xo
B %, 33ece A, B, C u D — npousBoaeHsle N0CTORHHDlE,

Hrax, npuMeRAA acCHMITOTHYECKHE METO/BI, YHC/AEHHOE WHTErpH-
POBAHHE CHCTeMB Yerdeprtoro nopsaaka {3.11), peuleAue kKoTopero
OBICTPO OCLUW/IEHDYET, Mb CBEAH K UHCJACHHOMY pPELICHUID CHCTEMbl
BTOpOro mopaika (3.23) OTHOCHTRNBHO <MeAJIEHHHX»> MepeMEHHBIX.
* Ilpamevanne Cuctemy asyx ypasrenuwid (3.11) ™y 2a-
MEHHJIH CHCTeMO/ veThipex ypaBHeHHA (3.13). Pasymeercs, Bce Bbl-
YUCACHHA MOMVIM OBITh MPOBEIEHH H A% HCXQAHOM CHCTEMBL

4. CHcTeMbl BPOH3BOABLHOIO panra. PaccMoTpum Teneph cHeTeMy
NPOK3BOALHOTO padra p>>l, moaaras mno-npexHeMmy, 4TO Xapakre-
PHCTHYECKOE YpaBHEHHE CHCTEMbl HMEeT NpoCcThle 3/1eMEeHTapHble je-
JHTENH; MAaTPHUY KoaddHUHEHTOB, MTOPAZOK KOTOPHIX paked p, 6y-
IeM CMUTATh NPHBEACHHOH K AHATOHAABHOMY BHILY

Gt @ + a7 L )+ @B L) =0,

(p~1)

- —lbe e (3.26
92+(a21 Ay ...)y:+(il?up+a(2’°2 S R o2 =0. } )

Cpenap saMeHY nepeMeHHBIX (3.7), MH MOAYYHM CAEAYIOUIYIO CH-
cTeMy ypaBHeHW#t oTHocuTepHO QyHKEu# 2:(f):

H+07 6+ L)+ )=,

- -] ine {3.27)
A4+ - L )+ (e + L ) ze=0, }

Dta chereMa ypaBHEHHE UMeeT YKe PaHr, paBHb p — 1, npi sTOM
MOMET HMETb MecTO OJIHH H3 CAeAYIOWHX Tpex cayudes:. KopHir
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XapaKTepHCcTHYCCKOTO YpABHEHHA
apt e ag

ag w5+ 0 (3.28)
MOFYT GBITH: a) BCE PasaHyHbe, 6) KpaTHHE, HO 3JieMEHTapHble ne-
JIMTEH DPOCTHIE, B) KPATHME H 31eMEHTaPHBIC TEAHTETH HEeNpocThie,

Ecap kOpHH XapaktepucTHMeckoro ypapienua {3.28) Bce pas-
AHUHHE, TO AA9 MOCTPOEHHA ACHMATOTHUECKHX pGIHEHHﬁ CHCTEeMBI
(3.27) MBI MO}XeM BOCTIONB3OBATbCR TeopHefl, KoTopas Gbl1a H3N0-
Xeda B npeAblAYWHX naparpadax 37of [MaBHI,

Ecnan KopHH KpaTHLle, HO 3MEMEHTAPHbIE ASAHTRNR NPOCTHE, TO
R HCCIeLOBAUHS cHCTeMBLl (3.27) MOXHO MOBTOPHTH Y¥e npode-
JaHHYW NPOUEAYPY: NPOH3BECTH 3aMedy (3.7) W HOHA3HTL paHT
CHCTeMb) ellle Ha edHHHLY.

O0mnfi caydafi cHCTEM, HMEIOUMHX KpaTHHE KOPHH, 2AeMEHTap-
HHe AeNHTelH KOTOPBIX HEelpocTHe, MOKA OCTABJIAEM B CTOPOHE.

5. MpuMep RoxedarTebHON CHCTEMD, 3TeMeHTAPHBIE HeTHTENH KO-
topoid Henpocthie. JIaa Toro utofw OPONEMORCTPHPORATE HEKOTD-
pBle OCOGEeHHOCTH ACHMITOTHYECKHX [PEACTABACHIH; peHIeHHA H BO3-
MOKHOCTh HX NOCTpOeHud B Tom GoJee CIOMKHOM cAyyae, Koria
KOPHUH CHCTEMB! KpaTHEIE, HO 3NeMeHTAPHEIe IedUTeNH HempocThie,
PACCMOTPHM TPHAMED AWCCHTIATHRHOH CHCTEMBl CAeAYIOUIEro BHAA:

G+2(Aay+a) g+ (Wal+ab)y= 0. (3.20)
XapaKTepHcTHYECKDS ybanueuue- 3TOH KoneGaTenbHol CHCTEMEL -
p +2apn+al=0 {3.30)
HMEeT /iBd PABHBIX KOPHH
K, 2= — dg.

Jlerko npoBepuThb, YTO afMeMeHTapHbe ACNUTEAH CHCTeMb (3.29) ne-
npocThbie. :
Hna storo mocratoyuo B ypaHeHuH {3.29) cnenarb aamMeny

g=xitxs = — bk At — ao)x. -
TepeMenuHe X1 U Xo YIORIETROPAIOT CHCTEME o
.'.JET, =—daxy+ i+ ...,
f=—2ax,+ ...

Foukamy ofo3HAUCHB! WIEHB;, MOPALOK. KOJOPHIX HUXKe A. -
Caenaem B ypasHeRwH {3.29) samery népeMeHHOTO

Y R
g=exp | —A {:a0()dt | 2(t.2). (3.31)
S0
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GOynxuusa (3.31) yioBreTsopseT YPaBHEHHIO
i+2ai +Mw?2=0, (3.32)

rie al=d+ay — by
B cucreme (3.32) BO3MOMEB JABe pasNHuHbe CHTYalHd. Bo-
nepebix, MOXeT CNYYHTbCA TaK, uTo o ==0. Toraa ypaeHerue (3.32)

TPUMET BUA
7+2ai=0. {3.33)

O0wee pewenne ypaBrerus (3.33) Moxer OwiTh BHpaXKeHo uepes
Ipe KBAAPATYPH

! 3
z=A+Bfexp{ —2 | a,(r)dr}dg,
I+ ]

rae A u B — npeousBoarHMe nocrosHuele. Takum oGpa3om, acHM-
MTOTHYECKOE fpeacTaBiehde OGWIEero pellehns ypaprenus (3.29)
B HTOM CAy4ae HMEET BHJ

i H 1
y=exp=—ljao(g)dg}-[A+BJexp!—2 Jal(T)dt}dEjI.
a 0 ]
{3.34)

Takum o6paioM, B TOM HCKIIOYHTENbHOM CNydae, Koraa o ==,
NpoUeAypa TNOCTPOEHHS ACHMIOTOTHYECKHX peLIeHH coBnajaer
c TOM, KOTOPYIO M5l MPHMEHANH NPH OTHICKAHWH pelledHil B cayuae
CHCTEM ¢ MPOCTHIMH 3JEMEHTAPHEIMH AeTUTEAAMH.

Ecap renepb o?(f) He obpamaerca B Hyab gaa { [0, T], To
AAA TIOCTPOSHHA pelleHHA MOXKeT ObITh NPHMEHEH MeTo[l, H3J0iKeH-
EbIi B mepBux naparpadax. Mm 6eaz Tpysa Haxoaum, (nonmaras
A=A}, 4TO 06a JHHEHHO He3aBHCHMHX pelleHHs ypaBHeHua (3.32)
BLIpamawTea B hopme

4
=t —I f = idto () + ...] df
21,2 Vm exp p [al() £ (]+ . ] .
Urtak, B sroM ciyuae peulenns ypaBrendsa (3.29) 6yayt

i
exp) — f[xa0+al¢a’f’*m+ ..]dt. (3.35)

N
Yr,2= V(l)-—(f} h

Takum 06pasoM, aCHMNTOTHYECKHE DAINCIKEHHT B 3TOM ciyuae 6y-
AYT .COXEPXaTb APOGHHE CTeNeHH napamerpa h. 3Tor ¢akT, No-Bu-
auMomy, nepserM yetaHosua §. . TamapkHH.
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§ 4. HeolHOpomHLIe YDABHEHHS

1. OnHo ypaeneHue Broporo nopaaxa. [lpearaymme naparpagpst
STOfl MIABH COLEPXAld HSAOXKEeHue CNocoBoB, KOTOPBEE MO3BOAAIOT
NOCTPOHTH ACHMITOTHYECKHE MPEACTaBAeHHA AAA GyHEAMEeHTaIbHbIX
pelteHnll OAHOPOIHON CHCTEMBl H, CAeJ0BaTeNbHO, NOAYYHTL NpH-
GJANKEHHOE BEIpaXieHHe o0IIEro HHTErpaJa OAHOPOAHOH YacTH 3THX
ypasHeHHil. Mbl MOMeM NOCTPOHTh YACTHOE pellleHHe KeoAHOPOAHOH
CHCTEMBI, caeAys ofeMy MeTOAY BapHAUHE IDOM3BONBHBIX NO-
crosHubX. Flpumenenne takofl Npouesypsl NPHBEAET HAC K HEoOXO-
AHMOCTH BBIMHCNEHHA KBAaApaTyp.

Oanaxo sTa nponefiypa Moxer OHTH YNPoLIeHa, ecJH MLl orpa-
HHYHMCA OTHCKauueM NPHOMUMKEHHOro pelleHMA B BHAe OTPe3Ka
ACHMIITOTHYECKOTO DPHA2, DACNICKEHHOTO IO CTENeHAM MAJOTO
mapaMerpa. OkaspBaerca, UTO ACHMNTOTHUECKOE IpeicTaBfeHde
HEKOTOPOT0 UacTHOrO pewleHns HEOAHOPOAHOrO YpaBHEHHA (HAH
CHCTEMBl ypaBHeHnil} Moxer OmTb HaWleHO TOJNBKO NPH TOMOLEH
OIIHOMH omepawky AMdbepeHUApOBARNA.

PaccMoTpidM cHavana ciayuadl oAHOro ypaBHEHHA BTOpOro mno-
pAfKa

i+2hay + ety =2f(1). (4.1)
ByleM HCKaTh pellcHUe B BHAE pAla
y=?&8_2u0 -I-,%s—aul + ... (4.2)

Ioacrasnaa paa (4.2} B ypasuedue (4.1) n cpaBnuBaa kos(dH-
[HEHTH MPH 01HNAKOBEIX CTEMeHAX A, CPasy HaXCAHM

f 1

=0
2{“‘!0
ul = - we !
= — Batds (4.3)
oy
= — 2aidm-y + Bin—s i

w? ]
Ecan peub uier o6 ypaBHeHHH KoiebaHuit ez nemMnduposanus
j+1e’y=n(1), (44)
TO HACTHOE pPEIEHHe MOMHO 3aMHCATR B KOMINAKTHOH GhopMe
) f 1 & /i L1 ad g
y =3 = - () e [ 2 () ] - of
(4.5)
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2, Cucrema nponzmoasnore paura. Hanoxennaa cxema noctpoe-
HHS PAIOR, KOTOpPBE FABAAIOTCH (POPMAJBLHBIMU  HacTHBIMH  pelle-
HHAMMY, JETKO PACTIPOCTPAHRIOTCS Ha C/Ay4al JIHHeHHKX CHCTeM mpo-
H3BOJIBHOIO patra. PaccMoTpuM cHCreMy

g+ (50 + AaE N+ L Yy + (WelD AT+ L ), =
— lsffs} +)“s—lf{s AR T .
g, + (Aead) + Mlaf D+ .. ) g, (.‘U’a“" +AP a0 kL Y g, =
= lsfg) + Rs“lf{;““ 4 ...

(4.6

Yacraoe pemenHe cHcTeMbl ypaBHedul (4.6) Gynem HCKaTb B BHIE
paaoB
=2+ A+ L,
Po=A"Po+ AP0 4 .

JIerko BHIETH, YTO PYHKUKH «4;{f) o Ui(f) YIOBJALTBOPAIOT CAeaYIO-
meﬁ cHCTEMe 2ArefpalHuecKHX YpaBHEHHI:

4.7

a0+ a v =F7,

aftus + o ve=f5,
afuy - aB v =10 — uoai™" — voalf ",
ag?ul + a“"v. 2’;(254: _ uoagﬁh” o a{p b

H T. H.

Ecan MatpHua ][a‘f}’ﬂ HEBBIPOXKAEHHAA, TO 334a4a OMpeNenerns
dyukmuf u; (£} w v;{{) cooantca k onepaunn nudbepeHuHpOBaHNS
M NOCASNOBATENBHOMY pellleHHIO CHCTEM aJrefpauyecknx ypabHe-
Hufl.

3. OcHosHan Teopema. Prnw (4.2), (4.5) u (4.6) B obmewm cay-
yae pacxonﬂrca, OJHAKC OHH HOCHT ACHMTITOTHYECKHA XapakTep #
KOHCYHDLIC OTPE3KH ITHX pPAIOB MOTYT GbITh HCOONL3OBAHL! AR NpH-
GaHKeHHOTO TPeACTABNEHHMS] YACTHLIX DelleHHH 3TO YTREpPXKIeHue
JAerko NAORA3HBaeTcs AAA caMoro ofulero cayiad. OaHako aaa T10ro,
yroBbt He 3arpoOMOXKIATL H3INOKEeHHA, MBlL NMOCTYNHM Tak e, Kak
H MPH WCC/eN0BAHHH ORHOPOAHON 3afavd, # NMpPoBeleM AOKasaTelb-
CTBO TOJBLKC IJf CaMoro MNPeCcTore cayyad — ypasHedHs (4.4).
Hrtak, Kokames CJAeAYOULYK TEOPEMY.

Ecau ¢ynxyuu (I} ¢ w(l) docrarounoe xoauuecrgo pas oup-.
gepenyupyennt Ha otpeske [0, T] u, kpose 1020, cygecTayeT TaKast
HOAQWUTEALHAS NOCTORHHAR &, HTO OaR A1056LY fe [0, 7]

o} 2 o,
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T0 ypasxenue (4.4) Gonyckaer wacTHOe peinedue suda
g=r2 B+ 2720 O+ A AT R A D), (48)

ede pynxytiu u; (1} onpedersioTcs pasencTsamu

| g2 ( i ) (4.9

a gynkyus q(h, 1) oeparuvena das awbozo L [0, T) npu k- oo,

Jinsa AokasaTe bcTBA COCTABMM YpaBHeHHe, KOTOpPOMY YAOBAE-
TBOpAeT Gynkuua v(A, f}. [Nogcrapaag pan (4.8) B ypaetenue {4.4}
H HCTOIb3YS GOpMyNbl (4.9), nonyunM

i+ L2 =A%, {(4.10%
rae "
L
% (f) =TT 4 :

Hnn pokasareibcTBa TeopeMbl Ham AOCTATOYHO NDKA3aTh, YTO
Aboe uactHoe pelleHHe ypapHends (4.10) pabHoMepno orpaliu-
ueno Ha oTpeske [0, T] npu . — oo, _

Zamernm, uTo GYHKIKA p(¢) He 3aBUCHT OT A OHa onpenenseTcs
[IONHOCTLID (YHKUMMMH b, | H MX npouzsoinniMu. Cnefosatenbho,
CYIeCTBYeT Takas noctofaHHan P>-0, sto ans awboro i = [0, 7]

) 1< 4.

OGoanaunm uepes A BpoHCKHAH OGOHX JAWHEHHO He3aBHCHMBIX
pelleHKH YpaBHERHA

. ]+ 220 =0,
CleioBaTenbHo,
A =} M N2
L TR P

QYHREIHE 1y M ¥, COMAACHO pe3yasTaTdM NPeABlIYIlHX naparpa-
0B, HMEIOT cNeAYIOILEe NPeCTaRTeHHA:

t C
w(t, 1)=sm{x j ©dtt ®, (¢, A),
; |

! (4.11)
(¢t A}=cos{kj mdr}q:@(:,x). '
. L 4]

rie dynsunk. L, 1 O, orpanHdcHbl NpH A —+ oo,
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Henoawsya aanee dopMyny Jlarpanxa, seinpmen ofiee peine-
une vpastenda (4.10)

i

=22 [ L @ - @uB) b @19

0

rie n* — pelleHye OQHOPOAHOTO YPaBHEHHA.
[MpunuMas Bo BHHMaHHe paseHctBa (4.11), omeHHM BenuuHHEL,
prosqawe B {4.12). Beiuncanm

A=2 (5 +AIF( B,

cne Fi{f, A} — hyHKIHA, orpaHu4eHHas npy A — oo, CeJ0BATEALHO,
MOXKHO Ha3HauHTh TAX0e Ay, UTO AJIA BCEX AZ>

l [
Al hil<5g.
Ha 3TOM 0CHOBaHIH noay4aeM oUeHKY

1 - A
A1 (5 —2UR G B> 5

(D'yHKIIHﬁ 1]* OnpeasIaeTcA HaMAJAbHbIMHY VCAOBHAME. OHa 3aBHCHT
ot A, HO, cornacuo gemme I § 1, n. 3 cyinecTByer Takada NocTOAH-
Haa C, He 3aBHCAWan OT A, UTO

In*l< C.

Tar kax byHguua M), M2, O;, Py, © H @ orpaiiHUeldble co CBOHMH
npoH3BOLHHIMH BPH = [0, T] u A — o0, TO MOXHO HAa3HAUNTHL TAKOE
yieao D, uto ans Bcex A > Ay 6yner

Iml<D, [91<D, |&|<Dur a
Torfa na ocHoBaHuK (4.12) GyaeMm HMeTe CNEAYIOILYIO OUEHKY:

S
I sin
0

lfmd'rl

LI -

[TIIQC'FQ?LGD[ O (t)dt )+

f cos ‘j. f @ df
0 ]

-+

D, (1) dt
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OuenumM HHTErPaJhl, BXOAAHIHE B TMPAaBYIO YACTH HEPABEHCTBA; HH-
TETPHPYA N[O YaCTAM, OAYUHM

: -1 =
Li={sin}a{o@d|d @) =
g io0 - -
= -X{—cos l!mdg %+%%+
H s 1 I
+ I cos h‘]ﬂmdg E}f‘;—éedt} =
9 L

!
2D 2D nr
ﬁii{ et f?‘“} <z U+
o

AHaNOTHYHYIO OLIEHKY MOAYMaeM W [As BTOPOro Hurterpana. Co6n-
pas 3TH OUEHKH, HAXOHUM CKOHYATE/NbHO

|n|gc+8D2(1+%).

KoncranTa, cToflllad B NPaBol YAaCTH HEPABEHCTB, HE 3ABHCHT OT A
Teopesa NoxkasaHa moaHocThld. Meroa gcokasaTenncraa fies KakHX-
An6o cyllecTBeHHBIX M3MEHEHHH NepeHocuTes M Ha ob6mWuA cayvail.

4. Cayyail, xoraa BHewHAe cHAb OCUHIRHPYIOT, PaccMortpum

YPaBHEHHE
3

i fw; dt
§+2ag+roty=A5(He ° : (4.13)

Ypaptienne (4.13) aBineTcA NPHMEPOM, HA KOTOPOM JIEFKO MpOie-
MOHCTPHPOBATL BCE OCOGEHHOCTH ACHMOTOTHYECKHUX NpeAcTaBAeHHi
B TOM caydae, KOrAa MNpaBas 4acTh npeactapaser cofofi GbeTpo
OCLHAJHPYICINYRD QYHELHI,

Yacraoe pemesHe ypasHeHua (4.13) 6yaem Hckath B Buse

H
g=2z(t, A exp {iﬂu jk(f)dt},
li]

aaa byukuun z(f, A) noayynm caexyioulee ypabHeHHe:
MM 2 — MR+
+2a(E + M () 2) + Aoz = A (F). (4.19)
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ITpeanonoxum chauana, uro z(f, A) — dyHKuMA, KoTOpas uaMe-
HAETCA MEAJeHHO. leymmu CAOBAMA, IPHMEM, uTO

z(t, &)=zﬂ(t]4- 2 {h+... ' (4.15)

Torna ana GyHKuHi 2;(f) MW HMeeM CEAYIOUINE YPaBHEHUA:

(0 () — K2 {B)) 2o=](¥),
(0 () — K2{f) } 2y = — iz (k — 2ak), (4.16)

..................

@opmynnt  (4.15) n03BONAT NOCAHOBATENLHO BHIUHCAHTE BCe
QIeHBl Pa3iiokeHHA (4.15), ecu TOALKO HA PacCMaTPHRAEMAOM HH-

TepBase BPEMEHH
k(1) #a(l).

Ecan ecTh xoTA Oht OfiHA Touka {={*, rie
E(E*) = (1%),

10 H3NOXKEHHAs NpoUeAYPa TepAeT cmbica. CAel0BaTeNbHO, B 3TOM
cayyae GYHKLMO Z(f, &) yxe HeJb3A CUUTATH MEANSHHO A3IMeHAl0-
meics,

s MOCTPOEHHA ACHMIOTOTHKH B 5TOM cayduae pacetpoiiky 6y-
AEM CYHTATL MANOH. IpYrHMH CAI0BaMH, NOTOXKHM

w?(t) — Bt} =A"'5(), (4.17)
a ¢ynkuuio 2 6yRemM HCKaTb B BHIe
Z(t, M =An+a+in+ ... {4.18)

Moacrasans (4.17y » (4.18) B ypasuenun (4.14) u cpasuHBaA KO-
afpHLYEHTH MPH OLHHAKOBBIX CTENEHAX }, NPHXOAHM K CAEAYIOLLHM
YP4BHEHHAM, KOTOPbIE IO3BONAT ONPEASAHTb UYREHEl DPAINOKEHHA
(4.18):

ka.-?g] '|'(I.k + X + 20k) Zn= f,
} (4.19)

k3 + ik +y+ 2ak)z = — 35 + 2a3,,

.....................

Kamaoe H3 3THX ypaBHeHHH ABAAETCA OOLIKHOBEHHLIM JHHETHLI A
andrhepeHuKaNbHEIM YPABHEHHEM NEPBOTrO NOPAILKAa H erd pelleiiue
mMoXer GbiTs noAYyueHO & KBaApaTypaX. Tak, HanpHMep, yactioe
pelleHue MEpBOFO W3 ypaBHenuh cuctems (4.19) umeer wua .

! t
2= J ¥ (&) exp {— f (L) a’CJ dt, (4.20)
0 E . .
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roc

FE) BRI+ E)+2e (B)RIE)

Ecan orpadnuyirThcs OEpBbIM 4AEHOM Pas/OeHHuA, TO 4acTHOS
pemieHde ypaBHeHHA (4.13) Mol upeAcTaBiM B BHAS

f
g=2z,({)exp {m j "10) dtl . (4.21)
G

Ecau (yHKuHK, BxoasitHe B ypaededHe (4.13), O¥IYT TOCTOAHHBIMI
BeNHUnHaMK, TO dopMyna (4.20) nepexOAWT E HM3BECTHOE Bbipaxce-
HHE, ONHChiBaIGillee Pe3CHAHCHBE ABJACHUA B KoJdeGaTe/bHBIX cHCTe-
MAX C NOCTOAHHLIMH napameTpaMH.

Jaa toro utoGul B 9TOM yOenuThed, Nos0KdM k=0. KpoMe TOTO,
apuMes 119 npoctoth, 9to x=90, a=0. Toraa ¢=0 u, cieiosa-
TeJdbHD,

§= o= texpirkt). (4.21%)
PaceMOTPHM Tenepb ypaBHeHHe
i
i+ 2ag + Moty = MF (1) cos IJL j k(f) dt} .
0

IMoaaraa

_ , . _

exp {i& j L (f) dt] + exp {—m f k() dt}J
Q 0

H HCHOAB3YA AMHEHHOCTDL 3aAAUM, NMOJOKHM

y=y+ ¥y
rae ¢, H ffo— YACTHLIE DEILEHHN YDaBHEHHH

t
cos {x | k(t)dr] -
1}

b4
i+ 2ag + A2’y = A" (£} exp ‘Eﬁu I k(D df} ,
L]

¢
¥t 2ay + Ma?y =AY (f)exp { — A I k(f) dt} ,
0

ro=12

Hrtak, MBl NPOAEMOHCTPHPOBANH NPOULEAYDY MOCTPOCHHA acHM-
MTOTHYECKHX OPEACTABASHHA YacThblX pelleHHil HeOAHOPOAHLIX
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ypaBHEHHFI, KOrfia BHEUIHHe CHIbl HBAAIOTCH OC[IH.H.I"IHP}?IO[I.[HMH
DYHKOMAMN BpeMeHd. Mbl orpaHsumanch TOALKO TEM CAYYaeM,
KOrja CHCTEMa HMEET OAHY c¢Teneds cpoboapl. Bee npoBezenHble
PacCyRAEHHA PACTPOCTPAHKIOTCA W HA NMPOU3BOJbLHLIE JHHefiHble CH-
CTeMBl BHAA

!
g=2A{ Mg+ ) exp {m j L (f) dr}, (4.22)
- 1]

Tiae y H f — BeKTOpHl pa3MepHocTH n, A — MaTpHIa
A, M=) +r 14O +22 A, (D) + ...
Ecan an pid xakoro { [0, T] £y, rae p; -~ KOpPeHb YpaBleHus
Ay —pE| =0,

TO pacuer YacTHOro pelleHHs vpaBHeHusa (4.22) ceoauTcd K mocne-
AOBATENbHOMY PEUISHHKIO CHCTEMbI anrefpanyeckaX ypaBHEHHH; ecn
aan vekoTopblx ! =0, T] A=p, TO MB HMeeM De3OHAHCHHE CAyuai,
M pacyeT aCHMNTOTHUECKHX OpeACTaBAeHHA MPHBOAHT K HEOOXOoQH-
MOCTH YHCAGHHO PELIATE HEKOTODPYIO CHCTeMy AudupepeHUHaNbHbIX
ypaBHEHHH.

§ 5. O6wwit cayuaii AHHeRHONH CHCTEMB! MPOH3BOABHOTD MOPAAKA

1. Odulee peweHHe OAHOPOAHCH CHCTEMM B TOM Ciydae, KOraa
kopun npoctuie. [lpentiayuine maparpadsl CONAEDHANH H3MOMKEHHE
METONOB IMOCTPOEHHS ACHMRTOTHYECKUX pelleHHil ana gubdepen-
LUHA/NBHBIX YpaBHeHHH BTOPOTO nopsaka. Mul noKasamnH, YTo OpPH H3-
BECTHRIX OFpaHHHBHHHX, HaJAKEeHHBIX HA KOB(beHHHEHThI 3THX ¥pas-
neinfl, nX ofimee petlleHne MoxeT ObITh BhIMHcAHO B popMe KBalpa-
Typ. B HeKOTOpHIX cJYy4yaAx OHO MOMeT OHThb BBITHCAHO Aaxe B
ABHOM BHJE.

Taknm 0o6pazoM, Mb NOAYUHAH 3ddeKTHBHOS CPEACTBO pellleHHA
3a0a4u KOIHH IS CHCTEM BTOPOrC OOPAAKA. B QIHOM CJYYAa€ MLl
paccmmpe.ﬂu TAKXe CHCTEMY YeTBepPTOra mopALKa.

Manoxmendan MeTORHKA §e3 KaKUX-AHGO OCAOKHEHHH, nepeHo-
CUTCR W Ha OoCWUIHA cayvail ccreM JHHeHHBLIX O0BIKHOBRHHBIX Aud-
tdepeHUMAaNbHBIX YpaBHeHuA, colepalnx Goaninod napamerp. Ilo-
9TOMY NPH H3J0KeHHU OOIIero clyyas OrpaMU4HMCHA TOJBKO KpaT-
KOH CBOJAKOH NPABHA NOCTPOEHUA TPHOIHIKEHHBIX PEIICHH.

CucteMy n-THHeHHBIX YpaBHeHHN HEPBOTO MOpPRAKA

g+Ay=0, , (5.1)
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rae § — Bexktop-hyHKnus pasMeprocti n, a A=lla;ll — keagpar-
Hasa MaTpuHua, YCJOBHMCA Ha3BEBAThH CHCTEMOH paHra R, ecan Ma-
TpHiLa A BMeer Baj,

A(h, £} =0 (A®() + AT ACD() + . ..
AT AR=R (8 42T UH (S, A)); (5.1

sfece Al — MaTPRIBL, SACMEHTH KOTOPHIX 32BHUCAT TONBKO OT Bpe-
Meun, a marpuuna f{{, L) ocTaercs orpaHHueHHON mpH A — oo AasA
nogoro ¢ = [0, T]. Mpeanonaraerca, yto MaTpuua AW HeBHPOK-
AgHHAaA.

YacTusie pemenna cuetemm (5.1) Oyaem WckaTb B Buae

!
y=exp= IW:L(!H&’“IM )+ o Mgy (D] df} z(x, 1), (5.1)
]

rie | — KOpDeHEB XAPAKTePHCTHUSCKOTO YpaBHeHHA
| A® - uE| =0, (5.3)

E — eanununas matpuua. Ilpeanoaaraercs, uro ypashenue (5.3)
Hmeer ra BceM oTpeske {0, 7] pasamunne kopHu. Hoeasa uckoman
GYHKIMA 2 HILETCH B BHJE

z(h, B =z (8) +2 20 (D) + ... (5.4)

Lleas anropurMa COCTOKT B TOM, HTOGE yKazath npomece, KOTO-
pHlfi KaXKAOMY KOPHIO ypaBHenuA (D.3) cTaBMT B COOTBETCTBHE NpPH-
BAnKeHHOe (ACHMUTOTHYECKOE) BHIpAaMeHHE YaCTHOro pelenHsn cu-
creMu (5.1). ' :

Ilpoeesem sbiunciaenuna Aas cnydas k=2, [loactasiassa pasno-
weuna (5.2) u (5.4) B (5.]), noayunm ciepywoline ypaBHerus
OTHOCHTEAbHO HCKOMBLY BeJHUHH:

(A2 4 uEY 29 = 0, (5.5)
(A® + uE}z0 = — (AN 4 pF) 2@, , (5.6)
(AP +pE) 2B = — (304 (AD+pE) 20 AO200 (5.7)

Tax Kax p(f} — KOpeHb XapaKTePHCTHUECKOTO YpaBHEHHS 5TOH CHe
cTeMHb, TO OHa paspeliHMa, H KOMIOHEHTH BeKTOpa 2O Moryr GLITH
onpeaedeHbl ¢ TOYHOCTBIO A0 NPOM3IBOJILHOTO MHOXHTend. [locnen-
Hee SKBHBAMACHTHO TCMY, UTO OAHA H3 KOMNONEHT Bexropa 2O
ocTaeTcs ieoNMpedeneHHodt {Hanphmep, zf;’)), a OCTaAbHble MOryT

GbiTh uepes Hee BLIPaKeHbl,
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B camoM nene, cucTeMa (5.5) Moxer 6uiTe Tenepr nepenucada
B cAelyiolieM BHae!
(@@ + Wzl +afzP+ ... =—a@20,

afzy +(af + WP + ... = — a22l®,

12).(00 2 0) — ' D0
aZzy + ... +{al +p) 20 = —af2P,

(5.8)

Obosnaunm uepes A,y anreGpanyeckne AONOHEHHA SMEMEHTOR nep-
BOH CTPOKH onpeigeautena (5.3);, Toraa pelleHdd cucTemb (5.8)
MOXKHO NPeACTABHTh TAK:

A
20— _I:':;zgm k=2, 3, ..., n). (5.9)

PaccmoTpyM Tenepb cucTeMy (5.6). Mockoabky onpenenutens
3TOM CHCTEMDB PABEH HYJIO H PAHT €€ MATPHIH, N0 OPEANONOMKEHHIO
(KpaTHble KOPHH OTCYTCTBYIOT), PaBeR fi— 1, TO A48 pa3pelwinMocTy
cueTeMbl (5.6) HeoOX0AHMO M KOCTaTOUHEG, YTOOH PaHT paclUHpeH-
HOH MATpHUB (MaTpHOb ¢ A003aBASHHBIM CTONGUOM NMPaBHIX YacTei)
Tarxe 0wy pasen (n — 1},

Paar marpuss A+puE pased n— 1. ChoepoBatenbho, mexay
aJCMEHTAMH ee CTPOK CYILecTBYeT JHHCHHAA 3aBHCHMOCTh, KOTO- -
PYIO, BCAH BOCMOAB3OBATLCA pa3NoKeHHeM onpenenutens |A®@+ul|
ne 3feMeHTaM NEepPBCH CTPOKH, MOXHO 3a0MCaTh, HanPHMep, cJe-
AyouuM obpaaom: '

a®+p=caP +c,al@ + ... +c,a? (5.10)

nnl*

. ﬁf;
rie BEMHTHHW ¢;= — Z—.
1
ChenoBaTensho, ANA paspellliMOCTH cHeTeMEl (5.6) neobxoaumo
H JA0CTAaTOMHO, dTOOK MeKIy 3neMeHTaMu croabua, crofauiere B

NpaBol YACTH, TAKXKe HMeaa MecTo saBucHMocTh (B.10)
I Dt . (12000 .
(@ +m) 2P+ a2l + ... +af)2) =

{13101 i} {0y 1) (0
=, [af)z” + (e} +u )20+ ... Fal2l}+ ...

coe e @iz + oo (el Fu)20). B0

Ecan Tenepb zamennts 5 (5.11) Beanuwunwm 20, 20, ..., 2@ nx
BotpamernamMn (5.9), 1o meanunna 2% momer Guithb BrileceHa 3a
ckofKY H Ha Hee MOMHO COKPAaTHTb, NOCKOMBLKY Hac KHTepecywor
HeHyAeBbe peltleHHd. B peayabrate MBI MOAYYHM COQTHOWEHHE, KO-
Topoe RBAASTCR ANTeOpaHYecKHM YDaBHEHHEM nepBOfl CTenedH of-
HOCHTENBHO HEM3BECTHOH BEJHYHHL 1ty 3aMeTHM, uTo MGYHKIHA on-
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pedensieTcd TOABKO KO3(PdHUHEHTAMH MaTpuub @i ({) W #e 3aBHCAT
oT BekTopa 20

Cmpefenyp BefMUMHY i, MB! MOXKET Tenepb BHIPA3UTL KOMIO-
HeHTH BekTopa 2" uepes diynxunio 2" (£). Ilpy 3TOM KOMMNOHEHTH
BeKkTopa 2W(f} cHoBa Moryt GbITL ONMpedefenkl ¢ TOUHOCTEIO A0 NMpO-
H3BOMBHOA (yHKIIMH. B KavecTse Takodi TNPOH3BOJbHOH (PYHKUHH
MOKeT paccMaTpuBathea dynkuna 2% (f), Ilepehizem teneps k cu-
creme (5.7). BrinHwem ycaoBHE ee paspeIIMMOCTH

(0}

EL b a0z0 4 ... a0 =
22}] ’
= 02{-? + a0+ .+ ag‘}:zﬁfl} + ...
azy .
+cﬂ{ o Faled+ . +a§?jlz§?)}.
(5.12)
WUekmonan 2, 20, ..., 20 u3 (5.12) npu nomomu (5.9), noay-

YaeM OfHO YPaBHEHHE OTHOCHTENBHO HewssecTHON dyukunp 2™ (t).

310 ypabnenne GyAer AuHeAHLIM ZH(depeHINANbHEIM YpaBHENHEM
nepsoro nopagka. CiefoBaTenbHo, ero pellieHHe OyleT ColepKaTh
OAHY MPOH3BOAEHYIO MOCTOAHHYID.

YpapHeHna caelyiollHX NPUORHKeHHH HAM AANYT BOIMOKHOCTD
onpelednTs Gynkuun 2P, 2%, ... u 1. A nq onpemenenus sTux
bysxnni M Kaxisi pas Oylem noayuath JAucddepeHuHaIbHble
ypaBHeHHH Tepsoro nopsaxa. CaeloBateNbHO, Ha KaXaoM are
¥ Hac OyayT NOABASATLCA HOBbIE NPOH3BONbHbIE MOCTOAHHBIE, KOTO-
pule MoryT ObiTh BHGpaHBl 00 HalleMy YCMOTPEHHIO. 3alak HX oOI-
pefenertbiM 00pa3oM, M OpocTo GUKCHpPYeM HayaabHble 3HaueHun
AN TOrQ BEKTOM 2, KDTO]JblI.:] onpeAendeT UacTHOe pELI.leHHE', cooT-
BETCTBYIOUIEE BHIOPAHAOMY 3HAUEHHKY KOPHA XAPAKTEPACTHHECKOTO
YPAaBliCIiHs.

Tak kaxk molofHbIe paccy:KASHHA MOMMHO MPOBECTH ANA JIOG0r0
KOPHAl XapaKTepPHCTHUECKOrO YpPaBHeHHA H, NO TpelNoAoz:KeHHK), BLe
€I0 KOPHH Pa3aduHbl, TO H3NOKEHHEA NPOLeCe MO3BOMAET NOCTPOUTD
MONHYID CHCTEMY NHHEHHO HE3aBHCHMBIX pelleHnit cucteMbl (5.1).

2. Cayvall KpaTHHX KopHed. 3afaua CTAHOBHTCH 3UAYHTEILHO
CNOXKHER, €CTH CPell KOPREH XAPAKTEPRCTUYECKOTO YPaBHeHHA eCTh
KpaTHble. B 3TOM CIydae NpUXo1nTCR HCMOJb3OBATE DPAcCyKIeHuA,
aHanoTHYHbIE TEM, KOTOphle OHAM NpPOBEJEHH paHee MJIA Cayyas
ypABHEHWA BTOPOro NOpAAKA.

Ecay Mbl uMeeM cucTeMy padra # @ wekotopad $yHkuma (i)
ABAAETCSt KPATHHM KODHEM XaPAKTEPHCTHUYECKOrO YpaBHeHHA, Ho
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TaKuM, UYTO CMY COOTBQTCTB}'ET HpOCTOﬁ SJ'leMeH'I‘aprlFl AeJauTednb,
TO peliedue ypasuenua (5.1) BcerAa MOXHO HCKaThk B dopMe

gt 3)= e—kfu a4t

z{t, A). (5.13)
Bekrop z(f, &) 6yner YIOBAeTBOPATH CHCTEME TOTO 3Keé MOpPAAKA,
HO paHr cHcTeMbl OyAeT Ha eAHHHLY HiUxKe. Ecsu Xapakrepuciuue-
CKOE YpaBHEHHE 3TOR HOBOH CHCTEMH He 6YJeT HMeTh KPATHEIX KOp-
Hed, To, HCMOJAb3yA OGILYIC METOAHKY, Mbl MOXEM OGOBECTH 3ajady
Ao xouua. Ecin oxamerca, 410 XapaKTepHCTHYECKOS YPaBHEHUE CH-
cTeMBl

i+ B}, 1)2=0, . (5.14)

KOTOPOft YAOBJETBOPAET BEKTOD 2, HMeeT KPaTHEIE KOPHH, TO MBI MO-
EM DOHH3HTHL ee PaHr, CHoBa NpHMeHAs npeadpaszobadue (5.13).
Takum obpazoM, ecan aJaeMesTapHble SEJHTEIM OCTAOTCA Npo-
CTHIMH, TO NOCAEAOBATEABHOE IpHMeHeHHe NpeobpasoBamua (5.13)
ucuepnelBaetT npobaemy.

Ecan anemeHrapilble JeMHTENH He HPOCTHE, FO AEN0 MOMeT 06-
CTOATL COBEpLUIeHAO HHade. [Ipumep, woTopuifi GBI paccMOTpeH B
KoHle § 3, nokasblBaeT, Y¥To B 3TOM C/AYuae He BCE cnaraeMble crap-
Hlero paHra OKa3bBAIOTCA CKOMICHCHPOBAHHBLIMH. B stoM cayuae
MBI CTafIKHBAEMCA ¢ AJbTePHATHBOH: JAMO0 K03hPULHEHTH Ypas-
HeHHSi TAKOBbL, WTO Nocde npeobBpasosadua (5.13) KoadhbuureHTH
Ip#a uneHax crapitero paHra o6paulaloTes B Hyqb, AH00 OHH B HYAD
He obpauraTea. B meppoM cnyuae paHr CHCTEMbl OKA3BIBAETCA [HO-
HIDKSHHBIM HA €JHHHUY H ME MOXeM NPOdo/IKaTh NPOLece Jajblue,
Bo sTopom cnydae MB Tak:kKe MOXKEM DOCTPOHTE aCHMMOTOTHUYECKHE
npefcTaBaAennd, HO OPH 3TOM PelleHHA YXKe NpelcTaBAslioTCA B BHJe
pAIOB, PACHONOMKEHHBIX MO APOOHBIM CcTeneHam mnapamerpa A. He-
KOTOpble BOMPOCHLI TEOPHH AAS STHX CHelHaNbHBIX cayvaeB OvAYyT
HAJIOMEHE B OZHOM W3 CJAefVIOLUHX naparpadgos.

3. YacTHble pelieHds HEOAHOPOAHWX CHCTeM, PaccmMoTpuMm Te-
MEph HEORHOPOAHYK CHCTEMY

y+Ay=x, , (5.15)
rie x — BeKTOP-PYHKUUA BpeMEeHH '
x(t, A =APxp () + AP wp_({H) + ...,

a MaTpHua A HMeeT BRI {5.19).

Haa toro urobn #afth ofitee pemeHue ypasienHa (5.18), nam
HeG6XoAHMO MOCTPOHTE ACHMNTOTHYECKUE MPEICTABICHHA AAA Yact-
HOTO pelleHus 3TOre ypasHerua, [laa 3Toro mMoMer GHTh HCNONAB3O-
BaHa CXeMa, U3.10)KeHHas B NpeAblayleM naparpade.
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Hmewm pemierve B BiAe paia
(i, L) =Ar—h2(hpap-h=lo@d}
rae GyHKUAH 2 yIOBAETBOPAIOT CCNYIOIHM CHCTEMaM YpaBHeHd

AR =X,
A['J"]z{'z?} —_ A{R“‘”z“} + xp_h

L T L e T T T T )

B stom maparpadbe MB OCTANOBHINCH TOABKO Ha (HbOpPMaJBHOH
cTopoHe Boapoca. OAHAKO MOKHO JAOKa3aTb, HTO NPH H3BECTHBHIX
YCAOBHAX LTAAKOCTH MaTPHILbBL A see PaCcCcyiKAeHHA 3TOro napa-
rpaa MOTryT ObITE CAedadbl BHOdHe CTPOTHMM: TOJYYeHHBE PAAL
ABAAIOTCA ACHMIOTOTHUYECKHME.

§ 6. 3agaua 0 ABHAEHHH THPOCKORA MOA AeHCTBHEM
MOMEeHTA, H3MCHARNWEroCa 30 BPECMEHH

1. Boison ypasHenru#l, Mbt yiae roBOPHIN O TOM, UTQ METOAL,
H3JaTACMLIC B 3TOH CAaBe, HaXoaaT paszHoobpasuule NPHACKEHHR
a ¢uanke 1 rexiiuke. OfFa W3 REPBLIX 3a1ay MEXaHHKH, PaccMO-
TPEHHLIX ACHMMITOTHYECKHMY METORAMH, OrJa 3afaya O ABHHKEHHH
THPOCROIIA oA ,ﬂ,eﬁCTB[lEM OI[pOKH,ﬂMBaK)L&EFO MOMEHTa B I'!pe,"ll'l()‘
AQEHHN, 4TO 3TOT MOMEHT MEeLNeHil0 H3AMEHRETCA CO BpeMeHeM. 31a
33laua BO3AURAa B cepefnHe XIX pBexa B CBR3H ¢ NosBjieHHeM Ha-
pezHofl aptuwasepun. Hapesu Ha DBHYTPeHHell NOBEPXHOCTH CTBO.13
OPHAAKOT CIIEi‘DF!il}' Hpa].l.laTeJIbHOE ABHMEHHE BOHPYI‘ OCH CHMMETPH}I.
Baaroaapn sromy ciapaf npuofperaet THpocKonHueckyw ctabnan-
gauui. KpuBHaima TpaekTopuil cHapaaa o6biMHO Mana, a H3MeHeHHe
YLA0BOH CROPOCTH BPaLleHUs 32 CUeT TpPeHHS O BO3AYX Ne3aHauH-
teasio. Bor moueMy AnA 00DBACHEHNN pasNHUHBIX OcofeHHOCTed
ABHMENHT apPTHANCPHIACKOTG CHApALR MOKHO HCMOAb30BaTh TROPHIO
¢BOGOAHOT0 THROCKONA, [lepBast TeopHs ABUIKEIHA aPTHAAEPHICKOTY
cHapAaa, MCROAB3YICHIAA TAKYI0 KOHUeRUMIO, Obina cosflaHa B cepe-
AMHe NPOWACTO BeKa PYCCKHM APTHANePHICKHM reHepatoM Maites-
ckuM. Oauako B ero padoTax napaMmeTps rHpockona (CHapAdz) BoO
gce BpeMA erc ABIDKeHHs CHHMTANHCh noctosnnbiMy, Kanutau dpau-
nyackof apruasepwn Ae Cmapp 6uli, NO-BHAHMOMY, MEPBBIM, KTO
nTxa3ancs 0T noaobfors NPRINCAOKEIHA U Pa3EHa TEODH, TO CY-
HeeTBY GAM3KYID K T0H, RGTOPas Pa3BHBACTCA B 3TOH Tiase.

Mp ByieM paccMaTDHBATD KIACCHYECKYIo 3afavy Jlarpatma —
[fyvaccoa © JBHKENHN OCECHMMETPHUHOrO BOAUKA, HeNOABHIKHAY
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TOUKA KOTOPOro AeKHT HA ocu cobeTBennoro epautenna. [lpeanona-
raerca, UTO ero ABHMeHHe NPOHCXONNT MOA AefcTBHEM OIOPOKMbI-
Baowero Momenta M, HanpaBiaenHoOro mepueHiHKYIsPHO RAOCKG-
CTH, Npoxcgaulell uyepea ero och
CHMMeTPHE, HaNnpaBs/enne KOTO-
poi onpenenser eAHHHUHKIE BeK-
2°  1op & (puc. 40).

v O6oanauuM 4epes & MrHO-
BEHOYIO YMMIOBYIO CKOPOCTL TH-
. pockomna, vepes @ — CKOPOCTh

f COGCTBEHHOTG Bpatllenns

o=k, (6.1)

zﬂ

g ¥ TModomum
T g Q=p+o. (6.2)

Pue. 40. PaccmotpuM noppoGnee, uto

coBofl npeAcTaBAsTET BEKTOp @|.

Bpallenne FHpOCKONA MOXKIIQ PACCMATPHBATE COCTOALUKM H3 ABYX
BpAlATETbHBIX ABHMEHUN: COBCTBERHOTO EBpPAlEHHd BOKPYF Bek-
topa E° w BpauweHna eektopa E'. Takum oGpasom, o, — 310 MrHo-
BeHHAR YEAOBAA CKOPOCTL BEKTOPa &7 )

)
Beanynna dgl/dt — ckopocre RoHUla BexTopa E. a4
Tak Kak E0-— eZNHHMuHBIS BeKTOp, TO ai
dyp o l
T |
rie ¥ — CAHNHYHBIL BEKTOP KacaTenbliofl K rogo- i
rpady Bexktopa E* (puc. 41), a @, — abcomioTHan
EEJIHYHHA BEKTOPZ ;. TaK Kak 1% — elHHHUMDIH
BEKTOP, TO
dED
o =S (6.3)
t &
BeKkTop @©; MruoBeHHOH YINoBOH CKOPOCTR Bpalle-
Hila BeKTOpa E' nepueHIHKyAADeH DMIOCKOCTH, Npo- Puc. 4l

xXoadwei yepes pekrop EY W BekTOp JHHeHHOM CKo-
pocTH erc KoHua. CaeloBaTeqbHO, HANPABIEHHE BEKTOPA @) COBMA-
AAeT ¢ HanpasJeHHeM BeKTopa

di
X (6.4)

C Apyroit ciopoHel, 00a BeKTOpa, BXOIfliHe B 3ITO NPOH3BEAEHHE,
nepueHANKyAspus Apyr Apyry. [Tostomy

o -1
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Conocrasnas 370 paseHctso ¢ (6.3), mul yGexpaemca, uTo # no
BENWUHHE, H IO HANpPABJEHHIO BEKTOP ®; COBIAAAET ¢ BEKTOPOM
(6.4). Urak,

d 1}
—px & (6.4

H, CeA0BATeNEHO, BeKTOp (! MOM¥er OhTh NpeicTaBied caeayiolied
topmyJoil

0 — o8+ 8 % 2E (6.5)

CocTaBAM BbIpaKeHHE 1118 HKHHETHYECKOro MOMEHTA TFHPOoCKOIAa
K=7Q,

rae J — tensop uHepumu, OGozuauum uepes A 3KBATOPHAIBHBLA,
a uepes € — mongpHHI MOMEHT HHEPLHH PacCMaTPHBASMOrO CHM-
METPHUYHOrO CHPOCKOTa. Torga OueBHAHO, UTO

K=Ae +Ca.

JnHceiBATL JIBHKEHHE THROCKCIA 6y,JIEM ApH ANOMOOIH YPpaBHEHHA
MOMEHTOB

aK

B =L, (6.6)

rae L - Momedr BHelllHe#t cunwm g(f). Byaem cuuraTh, 4T0 3Ta
CHJA MROCTOMHHA M0 HanpabBAeHHIO, KOTOPOE 3aA4eTCA eNHHHYHBIM
gektopoM 20, Toraa MOMEHT STOH CHJBLL OTHOCHTEIBHO HENOABHMKHOM
Touky 0 GyreT

L=ig)(EB X —2)=n(#)(2° X ). 6.7)
Belyncapm Tenepb dK {dt. 119 sToro 3aMeTyM, 4yTO
2E0
Inapex Z3, L _db gy b (6.8)

Hcnonbsys eupaxennsa (6.7) n (6.8), moXHo nepenucatn ypasue-
iKe (6.6) B Buae

AR x )"‘C( R S =n@ X8 6.9

YpaBuenne (6.9) — obmee BEKTOPHOE YpaBHEHUe, OIMHCHIBAlOUiEe
BpAIATENLHOE ABUKERHe rHpockona CoOCTABAM KRHRANGHTHYIO eMY
CHCTEMY CKAIAPHBIX YpaBHeHNH.

QGo3HainMm vYepes x, Yy H 2 NPOCKUHN BeKropa E° Ha HeNOABHK-
nbte ocH Ox, Oy 0 Oz (cM. pue, 40), cBA3aHHBIE ¢ HENGABHMKHOI
toukeit 0. Cuerema roopanuat Oxyz RRefieda rtax, 4to och 0z co-
BrANZET C HARPABAEHHEM ASHCTBYILER CHilb,
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YMHOMHM ypaBHeHde {6.9) CKanApHO cHAYANa HA eXMHHYHBIA
BEKTOp X°, a saTeM Ha ¥

Alyz — zi) + Cai + Caox = —x(f) y, } (6.10)

Az —x2)+ Coy + Coy =u{f)x.

Hexaocraollee Tperbe ypaBHEHHe Mbl NOAYYHM, YMHOMKHB CKAAAPHO
ypaBHenne (6.9) nHa pekrop &%

daw

€ =0 (6.11)
3 ypaenenus (6.11) cpasy daxoium w=const. [Torydennoe Bbi-
paxieHHe ABARSTCH HHTErpaJOM CHCTEMDbL CKOpPOCTE coOCTREHHOM}
BpalleHus - OCTaETCA [OCTOAHHOA HE3ABHCHMO OT XapaxTepa H3Me-

HEHHST BHELIHero MOMEHTA,
Hraxk, 3agaua cBOANTCA K HCCMEAOBAHHAI0 CHCTEMB! JBYX Aktpe-
pPeRUHAABHLIX YDaBHEHH[ OTHOCHTEABHO 1BYX HEH3BeCTHBIX QYHK-
udii x({) n y{I). Mepemnwem ypasHenus (6.10) ¢ yuerom (6.11)

Alg: —zf) + Cox = —x(t}y.}

{zi — x3) 4+ Coy = (f) x. (6.12)
B cncremy (6.12) BxoauT ellle 03HO HeussecTHoe 2. Ho Tak Kak x,
4 n z— 3TO NPOEKUHH eAHHHYHOro Bextopa §', 1o (yHKuHA 2z(f)
onpejensiercsl H3 COOTHOUEHHA
z=V1—x?— ¢~

Taxum obpasoM, chctema {6.12) — 5T0 3aMKHYTAR CHCTEMa ABYX
HenWHeRnblX ypaBHeHHA BTOPOro NOPAAKa OTHOCUTEALHO ABYX HeW3-
BECTHLIX BeJHUHN X W Y, Olla npeicTashser coffoft TOuHbte ypasn-
HEHWA, OMMCLIBAWLIHE JBHMKEHHE OCECHMMETPHYBOrO THPOCKONa
BOKPYT HENOABWIKHOH TOUKHM, Jexaiuedi na ocH crimmeTpuy. Ecan pe-
AWYKHHA ¥ NOCTOAKHA, TO [OJiYYeHHAA cHCTeMA MOMeT OblTh DPOMH-
TerpuposaHa B saMkiytom safe (cayvad Jlarpatxa — ITyaccona).
3ametumM, uTo cucreMa (0.12) Bcerna AONYCKaeT TPHBHaJbBHOE pe-
menne x=: y=10, COOTRETCTBYIOLUIEE TOMY CAYHaK), KOrJa OCb ru-
pOCKONA HANPaBA€HA BAOMb BEKTOpA BHeWlHed cunb g({). B sToM
cAyYae NBHMKeHHE FHPOCKOTA — 3TO PaBHOMEpHOE BpalHeHHE BOXDYT
ocn Oz .

2. Jluneapusauus. Mayuum sagauy B avnefinofl noctagoske, A9
ITOT0 YCJAOBHMCR CYHTATB Yroad HyTallMd v (¥roa, 3ak/IoyeHHuld
Mexay sekropamu 2% n %) Manofi sesaxvuroR MepBoro NOpALKa Ma-
JOCTH -

v=0(g).
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Torna senuunibl & 4 y — npoekunn £2 na ocn Ox n Oy — Mbl TakkKe
AOMKHE CHHTATh BEJAMUNHAMM 1IEPBOCO TIOPRAAKA MAadOCTH {CM.
piuc. 42, na kotopoMm H3o0paKeHda MIOCKOCTb, WIPOXQAALWAA qeped
BeplwHiy D pexropa &° nepreHaHKyARpPHO OCH
0z)

x=01(e), y=0(¢).

QOreciona cnepyer, 4To
=V1—=xt—y =1-0@E).

[ipouasoaHble & n y Takxe OyleM CudTaTL
MaJbMH TepBoro nopsiika. Toraa
d

. dz z o
= —— - = . Pue. 42.
Z=Gritg, 0 (&)

Coxpauas B ypasuenuax (6.12) dneHpt mepporo nopstAka ManocTh,
Mbt IPRXCAHM K CAeAywweld cHeteMe EBYX AuHelinblx uddepennu-
aMbHHMX YypaBHeHH:

— Aii 4+ Coo _
§+4+ Cox +ny 0,} (6.13)

A+ Coy—nx=0.

Cucrema ypastennii {6.13) Asnsercs apuOAHKeHHOM, omHCLIBAA
ABHMKEHHE THPOCKOMA FPH MaAblX VIIaX Hyrauuu. Eciw yron Hy-
TalHK PaBeH HYJAIO, TO FOBOPAT O CHALLCM [OAGKEHHH BOAYKA.
B »ToM cnyuae 8HellRMH MOMeHT paBer HyAw, CheloBaTenuro,
ypasuesun {6.13) onucbiBaloT ABHKEHHE THPOCKONZ B OKPECTHOCTH
€ro «COALIEro MOJAOHKEeHUA»,

CucreMa ypaBHeHuit (6.13) — 310 cHCréMa ypaBHeHHA ueTBep-
Toro nopsika. OLHaKo OHa CBOAHTCA K OAHOMY YPaBHEHHIO BTO-
poero NOPRAKA, HO ¢ KOMTJGKCHBIMH KO3(QPHUTEHTAMH H OTHOCH-
TEABbHO HEKOTOPOH KOMILIEKCHOSHAUYHOH PYHKUHE AeHCTBUTEABHOTD
aprymenra.

Bpenes HoBOE HeiaBecTHOC

t=x+iy  G=V—1)

YMuOMEM MepBoe B3 ypasHeHwil cucTemut (6.13) Ha { 0 clomMuM Co
BTOPBIM

AL+ Coly—it)+xL=0.
Ho
— ikt g=—i(ttig)=—1t,
H MO3TOMY OKOHWaTensbHO cucTeMma (6.13) NPHBOAKTCE K CAENYIO-
[eMY YPaBHeHHI0 BTOPOTO NOpsAKa:

Af— iCad— xg =0 {6.14)
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O6uIY10 BEOAATCA 0B03HATCHHA

B2 Lo
a- 55 =¢

4 ypasHense (4.14} aanuckBaeTca B CASAYIOUEM BHAE:
{— Ziew§ — n2f =0. {6.15)
Hrak, mocrabaennas 3safaua CBEAERA X H3YYEHHIO YpaBHEHMA
(6.15). :
3. Cayuail nOCTOAHHLIX RapaMeTpoR. JJeMeHTapHAA TEOpHS
repockona. Ecan Gpyrkuns n(l) ne 3aBuCHT 0T BpeMeHH, TO YpaBHe-

HHe (4.14) — 310 ypaBHeHHe ¢ NOCTOAHHHIMH KO3 dHUHEHTAMH H
€ro pemeHue saeMeHTapHO. [loaaran

L= zeM,
NOAYYHM XAPAKTEPHCTHUECKDE YPaBHEHHE
p2— 2iewp — n?2=0,

u=ilea + Vn?— %0 (6.16)

Pasencteo {6.16) nokasbiBaer, uro ecny yCaOBHE _
w2 n? o (6.0T)

He BHINOJHEHO, TO OAHH H3 KOpHEA XapakTepHCTHYECKOro YpaBHe-
EUA Oy2eT HMETh MOMONKHTENbHYO ACHCTBHTEAbHYIO 4acTh H, che-
JOBATENABHO, «CHALICE NOAOKEHHe» FHPOCKONA SYAeT HeYCTONUHBLIM.
¥cnosue (6.17) unaswBaeTcs YCNOBHEM YCTOHUHBOCTH THPOCKONA.

Mpeanoncxum, uro ycaopre ycrofiuusoctr (B6.17) BHINOAHEHO;
torga ofmee pelewe ypapuewus {4,15) MOXHO NpeicTaBuThL B
BHlE

g=Crexplifeo+ Vo —n?)t} 4 Coexp i (co - Vo' =n")t },

rae € 0 Cy — NpPOH3IBONBABIE NOCTOARALIE, ABANIOMHECA KOMINEKC-
HHMH YHCAAMH

OTKyaa

Ci=Ci+iCiy, Co=Cy+iCp.

Tak kak {=x+iy, To oOWKii uHTerpan cucTeMb (4.13) Moxno
NPeACTABHTL B CAELYIOULEM BHAR:

x=C; coslea+ Vel —n2)t — Cyysinlea + Vel —n?)t+
+ Cyc0s(ew — VP —n%lt — Cysinlee — VePe® ~n?)t,
y=Cpsinleo + V2o —nd + Cacoslen + Verw? —n?)t +

4 Cysinlen — | 20’ = n’ )i+ Cycos(en = Vol = n’ )i
©.18)
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Dopmyapl (6.18) moxno nepenicath elle H Tak:

x=x4 x@ yﬁy(|]+y(2},
roe

%M = Acos [{ea + VP> — n?)t + ¢},

y = Asin {{ew + V202 —n? )t + 9],
£@ = B cos {(e0 — VeZal — n?) £+ ),
y® = Bsin | (e — VePol — a }t + |,

snech A, B, ¢ H \p — NPOH3BOALHBIE NOCTOAHHEE, CBA3ZHHBE C MO-
cToauHbiMH Cjn PopMyiaMp

{6.19)

Acosp=Cy, Asing=Cy,,
BCOS'@) =C2], BSil’ll]J= ng.

dopmyar (6.19) mokasblBaloT, 4TO ABHMKEHHE TOUKH Mepeceye-
Hun E% ¢ IMTOCKOCTHIO, TEpReHAHKYIApHOA oct Oz, ONUCHIBAIOT He-
KOTCPYIO KDHBYIO, ABAKIGILYIOCA CYIePTO3HOHefl ABYX BpallaTeshb-
HBIX ABHXeHHA. BpawlaTelbHoe ABHXKEHHE NO OKPYMHOCTH ¢ pa-
fuycoM, pabHuiM A, # yraonoit ckopacteio = ew + Vele? —nl,
UMeHyeMOe OLICTPOR npemeccHell, NPOHCXOLUT BOKPYL TOYKH, KOTO-
pan B CBOK Ouepefb BpaLIACTCA BOKPYT Hadana KOOPARHAT 1o
OKPYMHOCTH Dafiiyca B ¢ yraoBoll ¢KOPOCTBIO [y = ew — ¥ %0’ —n®.
[Mocneanee ABHMEHHE Ha3biBaeTCda MEAMEHHOH npeueccHef. _

4, Tupocxon g noJde nepemMenHod HanpsaxenwocTd. Tlpennmono-
KHM Tefepl, YTO HaNPSKEeHHOCTE BHELIHeH CHAR g {cne1oBaTenbHo,
H BeMHYHHEl 1} Mel1/1eHHO H3MEHAeTCH CO BPEMeHeM

n=n(ef},

rie ¢ — MaJBil napamerp.
BeeneM HORYIO He3aBHCHMYIO MepemMeHH Yio

T=¢l
o mepenrieM ypapHenue (6.15)
‘”” — 2iewh = de —Z?n2(1:)r: 0. (6.20)

370 ypaBHEHHE HMEET HECKCJABKO GoJiee CJIOMKHBIT BHA, YeM TE ypas-
HEHHs, KOTOPHle OblH DACCMOTPeHH B MepBHIX maparpadax 3tok
rnaBbl, MOCKWIBKY [ -— KOMIMeKCHO3HayHAaa yHRuuA, OnHako ofb-
Uas CXeMa PAcCYHACHHR OCTAeTCA HCHIMEHHOH,
Mpexne Beere B ypabHennn (6.20) chenaem samedy nepemern-
HE[X
L=mnexp { Pewt).



336 ACHMNTOTHHECKIIE METOAbI B TEOPHK JMHEWHBIX YPABHEHHHA [/ IV

Mocae oueBnAALIX 1pecGPa30BaHKEA AR HOBON HEH3BECTHOM MLl MO-
JYYHM YpaBHCHHE, KOTOpUe YiKe He COAEPHNT NepBoH NpoH3BOAHON

PN 1 42(c%? — n?n =0, (6.21)

YpabHenne (6.21) orllocHTea K TOMY THDY YPaBHEHHH, KOTOPBIM
OHE ROCBAUIEHBL NepBbie naparpaqm STOM MIaBLL:

A +1F @0 =0.

Ero AnHefiHO He3ABHCHMMIE DeIGHHA HMeT BRI

T
n,sg—ct-—exp[:':ilf det} (¢=12).
Vity 0
Tak kak B HaweM cayuae

J=ele?—n?>0,

o QJWHM pelleHHeM YPaBHEHHA Oyaer

N
7 = q—c’-— exp Iih J l-fezmz—nﬁd'c} +
0

Y eTar

¢,
+
'fe'zw: 2

T
CXp !— i _] _Vb%)z —n* dt} .

0

Tenepe mu MOXeM BHIMHCATH 0fiuee peienie yYpabuenusd (6.20)

L= C, l— exp !f}ueﬂ)f + I)L.J. Ve o -—n"‘dt}
Yeal -t
I
+ T&_—exp [ﬂwm! — i J ]/e"’mz—nzdr} .
Ve —n® 0 : '
(6.22)

Hmen 8 pacnopsieHun $opmyny (6.22) ¥ NOBTOPAR paccyiienHn,
NPHBEACHHBIE B KOHIE HPEiblAYLIEro OyHKTa, MLl JETKO YCTAHOBHM,
4TD, KaK H B CAy1de MOCTOAHHLIX KOS(DHUNEHTOB, FTHPOCKON COBEp-
LIaeT CAQKHOE ABHNKEHMe, KOTOPOe NpeflcTapaser coboll cynepnosu-
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wao meanenHofl u GeicTpoi npetieccid. Bosepaumasch oT nepeMen-
HOMO T K NepeMenkol {, MErKo YCTAHOBHTE, UTo GHICTpan mpeueccHn
B QAHHOM CJy4ae ONHCHIBARTCHA CJASAYIIBME dopMyaaMH:

£
_,cl1>=—4——‘d'u-— cos {emt+ f V e*w®—n? dt+q>},
0

Vetaton (6.23)

!
y(1}=_4_..ﬂ___. sin {e@f -+ J. Vel —nidi+¢f.
0

Veel= it

Js MeRJeHHOH fIPeIlecCHH Myl NOAYYAeM CAedYIOLIHe BHPAaKeHA:

e .

i
€03 {em! — I Ve20® —nZ di +1p} )
0

y' Ztef — n2

3
g =— B sin {emt—jVeQmQ—n2df+¢},
Velal—n° 0

raze A, B, { 0 ¢ — NROWIBOEbHLIE NOCTOAHHBIE.

B orapune OT caydan, pacCMOTPEHHOrv paHee, XaK 370 NOKa3bl-
BaioT Qopmyan (6.23) u (6.24), nBuMKeHHe TPOUCKOOMT ¢ fepe-
MeHHOH aMITATYAOH N NePeMeHHOol HacTOTOM.

Mu paccMoTpenp caMyio NPOCTYI) 3a1a4y O JABHMEHHH THPO-
CKOla NPH YCNOBHH, 4TO €ro napaMetpn MeNJeHHO HIMEHATCH.
Oasako H3I0MeHHbH MeTOA AOMYyCKaeT [asHoobpasnble ofobmenna
H TMO3BOJACT PEIIATh 3HAUUTEbIO Gonee crOKIBIE 3aJdayH, BO3HH-
Kalluipe B TeOPHH THPOCKONA, KOTAA MOMEHTHl BHEUIHHX CHA H ero
napamMeTpsl MeileHH) HIMeHATCs Bo BpeMedHd. K oaWoB 03 Takux
323U MEL H [IePEXOAHM.

5. YpapHenna Gadancrukyd. PaccMorpuM mpocTeflinyio u3 saznav
$aJTHCTHKH Bpalllawoilerocs apTHalepuiickoro cHapaga. bBynem
CUNTATh, YTO Ha BpaUIAOIMACA APTHANCPHICKHH cHapag Aeficteyer
€14HCTBEHHBIH BHEILHHE MOMEHT — a3poguHamuuecKuil. B Takad no-
CTAHOBKE 3Ta 3ajava ABJAACTCA BMOAEALIr OUEHB AaJexoit or ﬂeﬁ-
CTBHTENBHOCTH. Hama CARHCTRBCHHAR eNb -— NOKA3ATh HeKOTOpble
yCTaHOBHBlﬂl{ECﬂ NOAXCABl OJA pelIeHHA HOJlOﬁHbIX 3anau, palHo-
RANBHOE COAePHAHHE KOTOPbIX NOATBEPIKAZETCA MHOMOJETHEN npak-
THKOHR. .

Hsipkenne apraagdepHicKoro cHapaja OMHCHIBAETCH ABYMA BeK-
TOPHLIMH YPABHEHHAMM: yPaBHeHUEeM KOJAMHECTBA ABHXKEHHSA H ypaB-
HeHneM MoMenToB. Ileproe M3 STHX ypaBHeHHI ONHCLIBAET ABHMXK eHUe

(6.24)
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LeHTpd Macc, a BTOpoe JBHMHeHHe OTROCHTENbHO LEeHTpa Macchl

d? R |
=g+, (6.25)

"&'{2— =L, (526)

3dech r — PaAHYC-BEKTOp UEHTPA MACChl CHAPALA, & — HafPsKeH-
HOCTh [PaBUTALHOHHOTO NOAA, KR — BEKTOp BHELWHAX CHA, M —
Macca cHapaga, K — KnHHeTHYeckuh moment, L — moMenrt BHeul-
HHUX CHJL

Bhewnune cune R — 3T0 a3poaUHaMUUECKHe CHAB, 3a8HCAIIHE
or yrha Hyraudu v. OcHosHOH 3apadell BHewineA GadJHCTHKHM Ha-
3hBaeTCA 3aflata OUPEAEACHHA TPAEKTOPHN UEHTPA Mace B npe-
TONMKEHHH, YTC YroN HYTALHK PABeH HYAK. 3Ta TPAacKTOPHA BCerila
ABASETCA NAOCKOH. BHEWHAR 0aANHCTHKA HCNOMLIYET CASLYIONLYIO
FUNOTE3Y: ABMKEHUE OTHOCHTRAbHO WEHTPAa TAMKECTH MOMET OuTh
H3YYeHO ¢ GOJBINOA CTENEHBIO TOYHOCTH, €ChM IPEANONOMKATE, HTO
CaM HEHTP TAXKECTH ABHKETCH O TPaCKTOPHH, ABAAIOLlelics pelue-
HHEM QCHOBHOH 3a1auy BHellHeHd $aLMHCTHKH.

3Ta THAOTE3A HIPAeT BAMHYID POAb, NMOCKOJNBKY OHA MO3BOJAET
H3YUYHThL Ypabhere (6.206) vesaBucumo ot (6.25).

Hrak, MBI DPHOIAH K 3apaye HCCNENOBAHUA ABHKEHHSA THPOCKO-
a B MOABHMKHOH CHCTeMe KOODAMHAT OX4Z. ITY CHCTEMY KOCDPAHHAT
CBSKEM C HanpabBleRHeM BEKTOPA CKOPOCTH IEHTPa& Maces (CM.
puc. 40). Baoab BeKTopa CKOPOCTH HanpasieHa OCcb 0Z, OCb 0X Ha-
ApaBieHa MO [ePeceYeHHd BepTHRaABHOR nmaockoctuy XOYV w nao-
CKOCTH, HopMaabHOlt K ocu oz, Ock oy JIEKHT, TakuM o6pa3oM, B
ropuzontanbHoil niockoct YOZ. Cucrema xoopaunat OXYZ ne-
MOJBHKHAA, CHCTEMa KOODAHMHAT O0XYyz BpallaeTca ¢ HEKOTopoit
MI'HOBEHHOH YrJI0BOH CKOPOCThIO @Y.

OGosnaunm uepes dK/dif nponseoguymw Bektopa K  oTHoCH-
TEAbHO TIOABHXKHOA CHCTeMbl KoopAunaT, Toraa ypaprenne (6.26)
MOMHO 3alHCaTh B CACLYIOLIEM BHAE:

i—f-}-m' X K=L. 6.27)
Cornacno npeaslayuiemy

K=Aa+Ca, (6.28)

Fri¢ o) — MraoBeHHasa YIJA0BAA CKOPOCTE BpPAaLUcHHA BCETODA
w=wkl, [losTomy nnuefiHas CkOpocTL KoHUa BexkTopa B? Oymer

dgt ‘
d: = X EO
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{TepeitneM renepb K Bpallalollleiics CHCTéMe koopliuHaT. Torna
28
dt
Ofe uacTi 3TOTO paBellcTBa YMIOKHM BEKTCPHO cteBa Ha §0
X" XE)=a' @ -5)-E o)==’ -8 F. o),
E X (o X ) =0 —5F e

Ho nocaeaas ckoGKa paBHa HY/IO, MOCKOJIBKY BeKTOpH &% H @
oproronansuele. Mrak, popmyay (6.47), koropyio Mul uMeeM B cAy-
Yae HEMOABMMKHOH CHCTEMB! KOQOPJIHHAT, MbI JLONKHBE 32MEHUTH Ta-
Koil:

+a" XE=a, X

o= X ‘f% +o'—§E- o). (6.29)

Hcnonbaya seipaxenus (6.28) n (6.29), npeobpasyem (6.27). [lpu
TOM Mbl YCJIOBHMCA CHHTATH, YTO OMPOKHABBAKIUKE MOMeHT L
onpefeanercs dopmyaoll (6.7}, rae #(I) — xapakTepHCTHKA a3po-
AMBAMHYECKOR CHABL KOTOPAA 3aBACHT OT CKOPOCTH H, CaefoBa-
TCABHO, MEAJNEHHO H3MEHSieTCs €O BpeMeHeM. B pesyabrate BMecTo
ypaBHenun (6.9) Mbl NOAYYHM cheaviollee:

A B oy ()

~ g 0—i:i-“}:)+id'§-*—}+c(i;‘,'—’ﬁﬂ+m%1)=x(z)(z°>< E%) —

£D
_(i). e {ngl]_l_A[EU X %FED(EO'Q‘)]}.
Cofupan nmogofHble 4MeHB, TOJNYYHM OKOHYaTRIbHO

] 0
Ol et rotex ) af x4

dr
— (5. 0%) (0" X §) == () (2" X §). (6.30)
B ypaeuenun (6.30) dynkuun %({) u o*(f) J0KHM cuHTATBCA H3-
BECTHBIMH, NOCKONBKY OHH ONpPeAeNeHH pelleHHeM OCHOBHON 3alaun

suewHed Saanuctukn. Tak ®e, Kak i cHcreMa (6.9), cuctema (6.30)
AONYCKAeT NepBhiil HHTerpaa

w=const. (6.31)

— 2B (o) (g ) et

Hcnosb3yn 3To cooTHOMIElHE, MLl MOMKEM YNPOCTHTH COOTHONIEHHE
(6.30) u sanucats ero B npoekmuAx Ha och Ox u Oy. Tlpoekunu
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o dzga dE"
sekropos §0X =2 W —5- BbMMCREHLA palce Mpu BHIBOKE YPaB-
HeHnuti {6.12).
PaccMoTpuM Temepb BEKTOD w*, NMOABMIKHAN CHCTEMa KOODAH-

HAT MOMKET COBEpPILaTb BPAlLATE]bHOE JABHIKEHHE TOJIBKG BOKPYT
oceft Ox n Oy

* o £ ¥ 0
o =0 X+ oy
Bpauwlenne Borpyr ocn Ox npuBOIHMT K H3MeHEHHIO yrfia § — yraa,
gOTOpHA obpaayer ock Oz ¢ BepTHKANBHOR MAOCKOCTBIY. 3TOT yroa
YCJOBHMCA OTCYUMTBIBATDL OT och Uz, Toraa
o, = — .

1 ]
t.oy—ﬂ.

AHanoruuto

Hrak,
0F = — Ppx044yO

Tenepb MB JEeTKO BBIUHCAHM OPOEEUHH OCTAMBHGBIX BBKTOPOB H
Mpou3BeeH s, BXONAILHE B YpaBHeHue (6.30):

o' X §9= 624" + by’ — (hy + 0x) 2%,
%=—1§x0+9y°.
(- @)= — Y-+ 8y,

Hcnoabaya 3TH paBencTBa, nepenaiuem ypasuense (6.30) B opoek-
misix Ha ock Ox u Oy

Ayz — j2) + Cok — 24A% (by — px) — Ax (By — $x) —
—Ap—Cabz— ABz {8y —Px)= — u D)y,
Az — 3x)+ Cog — 245 (By — Px) — Ay (by — Px) + {6.32)
+ A8+ Coz — Apz (by — Px) == () x.

3rH ABa ypaBlelHA COBMecTHO ¢ uaTerpanom (6.31) u ycnosuem
HOPMHPOBKH

x2+yﬂ+22=l

AOMHOCTRIO OMHCHIBRIOT NBHMEHHE THPOCKONA B CHCTEME KOOPAMHAT,
KOTOpas ABHXKETCS 3ajaHHbIM 06GpasoM.

Tenepy nuHeaphayeM 5Ty cacremy. [Ipn stom mMut Gyaem cuu-
TATH, UTO H CHCTEMA KOOPAHHAT 0Xyz BPAalllaeTca MedjeHdHo, T. e,
UTO BETHYMHEI NPOH3BOJAHLIX YrVEOBOK CKOPOCTH TakXkKe Madel
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Kpome Toro, Mbt npumem, uro y==0. [Nocnegdee osnauaer, uro B
KauecTBe BePTHKaNbHOR miockoeTH OZX npHAATa RAOCKOCTb TPaLK-
TOPHH, HARLEeHHOR mpW pelleHdd OCHOBHOR 3anaun. B pesyabtate
MBL NOAYYHM CAEAYIOILYI0 CHCTEMY ypabHeHul (cpasuim c (6.13)):

Ai + Cof —n{t) x = AB, }

(6.33)
A~ Cax —x{t) y= Cab.
Cucrema (6.33) otnnuaercs or chetembl (6.13) Tonoko TeM, uro
B &e I'l])aBOﬁ YaCTH CTOAT HEKOTOPDIE HIRECTHLIE CIJYHKU\HH BpeMelH,
6. Hccaenonaune chctembl (6.33). Peimenne cueremn  (6.33)
MOHO APefiCTAaBHTL B BUAE

X=F+x*, y=g+y*, (634}

TAe £ B § — pellleHHE OJHOPOIHOH CHCTEMIA, ONMpeenseMoe HoOpMy-
gJamu (6.23) u (6.24); x* 0 y* — vacTHOe pellieHHe HEOAHOPOIHON
cuctemb (6.33). Ilan orblckanna 3THX PYHRUHA CHOBa MOXHO He-
MOAbL30BaTL METOA ACHMOTOTHUECKOIO HHTErpHposaHus. B § 4 artoit
ra1aBsl OBLIH AaHB DpHOAMHAKCHEBE GOPMYALI AAA onpefeledts YacT-
HBIX peleHnid. Micnonbsya 21U dopMytu, noayaumM

. Ab - Cob

=~ TR

®(t) "'

(6.35)

Haabuefiiee ncenepoBadye yYpaBHEHHH OadNHCTHRH BeAETOS
o0BINHC 110 CAEAYWIleld cxeMe. YpagdenHa (6.25) BbloHchIBaOTCR
B OPOEKUMRX HA OCH HeReABHAHOR cucteMb! KoopauwHat OXYZ n
Ha OCH l'IU,ElBI*]}KHOﬁ CHCTEMBI KOOPAHHAT GXYZ.

CHcTeMa CKaNAPHBLIX YPaBHEHU MMeeT NpH ITOM cAeayom e
BHA:

dv .o Rix g X)
i gsind —
dy gecos @ Qi ix, » X)
T T T e T
' {6.36)
d .X . , v
d—?=£d%}-, %=Usmﬁ. %=vsm¢,
%f—r-_ V1 —(sin®8 + sin®$) =2 } cos?8 —sin’ P,

rae X, ¥, £ — KoopahHaTh UENTpa Macchl B8 HICPUHAALION CHCTEM
koop/unat. T1epehte TPH YPanHEAHs 3TOH CUCTEMbl HOCAT HAZBAHHE
AHHAMUYECKHX  YPABUECHKH: OHH ONHCHIBAIOT H3IMeHeHHe BE&KTOPA
U — CKOpOCTH ueHTpa wmacc cuapsnga. [locaepmue 1py ypasaenus
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HOCHAT Ha3BaHHE KHHEMaTHYECKHX! OHW NOIBOAAKT onpeldefiiTh No-
NOKeHHE LUCHTPA MACC, €CHH N3BECTEH BEKTOP CKOPOQTH,

B nupamuueckue ypapHeHus BXoAdaT ¢yHRUMH R, Q, n Qg R —
cuia AOGOBOTG COMPOTHBNEHHA, 3aBUCAHLAA OT KRaIpaTa yraa Hy-

TAUHH
R=Ro+R*(x*+4%),

Q) u Qo-— 3TO COCTABNAINE BEKTOPA NOABEMHON CHiK. C 6GoJb-
WOH CTENEeHbIO TOYHOCTH HX MOMKHAO CUMTaTh AHHeHHbIMH dyHK-
URAMH NepeMeHAblX X H ¥

Logr, Loy (6.37)
lMpennosomus Tenepb, YTd B HallleM pPacMoOpAXKEHHNW HMEeTCA pe-
LeHHe OCHOBHOM 3aAayn BHellHel OaANHCTHKK W pelieHHe 3alaun
06 OTHOCHTENBHOM IBHIKeHHH OKONO NENTpa Macchl, F. €. (pyHK-
UMy X H Y, onpelefeBuble dopmynama (6.34). Chepyiouuit stan
petleHus obulet 3anavd GaNNKHCTHKH COCTOHT B TOM, 4TOBHl onpe-
He/UTh BJAHAHHE OTHOCHTEJABHOFO IBHMKEHHA H& TPACKTOPHIO UEHTPd
Macehl, JTor BoApoc MoApofHO H3yueH & paae kHHr *). Becbma of-
WHH NOAXCRX K pelieHHI0 NOCTABJEHHOR 3afawn  qpefnoKed
B. C. Ilyrauepwm **), PenieHue MoxeT OblTh OPOBEIEHO TaKKe B
paMKax T€OpHH BoaMyweHuH. [as 3toro KOCTATOYHO OPHHATH

a0 a0 — )
v=004 Ao, B=08°4 AB, $=1"+ Ay, } (6.38)

X=X"4+AX, Y=V4-AY, Z=2"+AZ.

[ToacTaBumM Bbipaskenus (6.38) B cucremy ypaeHedui (6.37) n
JHHEAPHIYEM 3TY CHCTeMY, CUHTAH MaJbIMH BEJNHYHHAMH NEpPBOro
acpsixa Bce mpupatteHus Ao, A8, Ay, AX, AY, AZ u cocrasaso-
xe yraa HYTAUHH — BEAH4YHHBE X H g OrtOpaceiBas Manble BTO-
poro NOpAAKa, MHl TPHAEM K CHCTEME JHHEeHHBIX YPaBHEHMI OTHO-
CHTE/bHO 3THX NMEPEMEHHLIX. AHAAu3 MOJYYCHHLIX TAKHM CocoBoM
}-’paBHEHHf’[ MO3BOMAST PACCUHTATE B/JAHAHHE OTHOCHTENMLHOT) AZBH-
KEHHS BPalNAlOierocs cHapaga Ha ero rpaekropmo. CylllecTyloT
pasnoofpasnble NpHOiIKeRHBe cnocobbl MoAOGHUY pacyeros., 3a
BCeMH TOAPOOHOCTAMHM MBl OTCLIIAEM HHTATEAA K CHELHAABHBIM
PYKOBOACTBAM MO Oa/JIHCTHKE, UHTHPOBANHHLM BuLiMe, 37ech Mb!
LjenaeM TONBKO HRCKONBKD 3aMeYaHHHA,

*y CM., Hanpuwep, [, A Beuwrwens. Bremnas Gamnactika, M, 1940,

**} B. C. [Tyrawep, Ofman zalang o SPHASHHI BPAIAMWETOCA apTua-
AcPHRCKORO cHapAla ¥ 8¢3iyxe, Tpyiu BoeHHo-Bo3AYLIMOH akademun um. My-
KoBcKora, M 70 (1940), ’ :
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PaccMOTpHM BHauafle BeAHYHHB AB H Ay, HX MOXHO npeacTa-
BHTh B BHIE

!
A = I Kg(f, ®) x(v) dr,
’, (6.39)
M= [ Kyt Dy dr,
1]

che Ky 0 Ky— 37eMeHTHl MaTPUilhl FprHa 0A9 AHAEADPH30BAHHOH
cHcteMbl. Dynkunn Ky 1 Ky Onpeienaorcs TOABKO XapakTepom
TpaeKkTOpUH B OCHOBHCOH 3alade BHetuHed Oaj/JIHCTHKH H HE 3aBHCAT
oT BosMymiennil. Beaaguunst x{f) u y(f) B 5THX BHIpaMKEHHAX Ompe-
peaslorea gopmyaamu {6.34). Onpenensas seanunys A8 n Ay npH
aomoy ¢opMyn tana (6.39), Myl MoXeM 3areM pacCUMTATL Be-
auanesl AX, AY n AZ, T. e. ONPRASAHTE, IGAHOCTBIO Bee et
CBA3AHHBIE C BpalleHHeM CHApsAA.

B paMiax H3A0XeHHOH TEOPHH MOXKeT ObiTb pellled H ellie OfHH
BAXHEI BOMNPOC — KAKOA AOAXKHA BBHOUDPATECA YIJIOBAd CROPOCTE
cocTBEHHOrO BpalleHHn cHapafa. Bo-mepBnix, oHa AoMKHa OBITh
HAOCTATOUHQ BEe/HKA, YTOOH, BC BCAKOM CJy4Yae, YAOBAECTROPHTb YCAO-
BHIO VCTOAYHBOCTH, TaK KaK B NPOTHBHOM ¢AYyiae CHApsl Hauuer
KYBLIPKATbLCA Ha TPAEKTOPHH H ero ABRXKeHue GyaeT Jajeko oT pac-
cyeTHoro, ONHAKO YIAOBAS CKOPOCTh He AOMXKHa OHThE H OCOOEHHD
GonelWoH, TAX KAK B STOM CJiyyae YIOBad CKOPOCTb M2IJIeHHOH
npeueccun OYAeT CTOMB Mana, 4TO cpelHee 3HaMeHHE KOODHHHAT X
H y GyBeT WMerb HeKOTOpHIE HEeHYJIeBble COCTABJAIWAE U OCb CHa-
papa SyoerT naoXo CAefHTh 3a KacarelbHoil K TPACKTOPHH.

Hrax, Mul BHAHM, UTO ACHMNTOTHYECKHE MeToAn OOMbLIOre aa-
paMetpa ABAAOTCH eCTECTBEHHBIM H 0YeHb 3P ek 1HBHBIM CPeACTBOM
ANMA pelleHHs NPaKTHYECKHX 3aflay THMA 3ajau GadaaHCTHKH.

§ 7. Ocobme cayuan (aCHMNTOTHKA H oxpecmocm
TOYEK BO3BpaTa)

I. Mpeapapurennrbie samevanns. o cux nop Me U3yyans TOJb-
KO Teé CHCTeMBl YpPaBHeHHH, ¥ KOTOPHIX KOPHH XapaKTepPHCTHYECKOrO
ypaBHeHHN He o6palllaloTesl B HyJb BHYTPH PacCMATPHBAEMOro HH-
reppafia Bpemeny [0, T]. KpoMme Torc, npr M3yueHuM caydas Kpat-
HBIX KODHEH Mbl MpeAnonaraiu, YTO PaccMaTpHBaeMasd CHTYaluA
(nanpuMep, KPATHOCTL KOPHA H CTPYKTY[Pa MeMeHTAPHHX ZenuTe-
Jeit) coxpansiercsa Ha BceM otpeake BpeMeHd [0, Tl ToukH, nexa-
LiHe BHYTPH HHTEPBafa HWAW Ha €ro KOHLaXx, TAe paccMaTpuBacMas
CHTYAlH HApyUIaeTcA, YCJACBHMCR Ha3HBaTh TOUKAMH BO3BpATa.
ACHMOTOTHUECKOS TOBEAEHHE peleHHH B OKPeCTHOCTH 3ITHX TOUYEK
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yKe He MOMKeT OMHCWBaTLCA (DOPMYNAMH, KOTOPbie MBI BHIBEIH B
ApenbIAYILHX maparpadax sTOH raasH.

Bonpoc 0 MOocTpoeHHHM TMOROGHHMX ACHMNOTOTHK TeCHO CEN3ad
¢ ApPYrHM oOwun sonpocoM, o cHx nop Mbi HIYYAJIH aCHMITOTHYE-
CHEHE ﬂpe,ELCTaBJ[EHHH SKCIMOHSHILH AJBHOIQ THNAa, Haupﬂmep TAKHe

t
y~exp {x ju{t)dt}zu, ), )
1]

rae z({f, A} — ueKoropaa Bexrop-QYHKLHA, npeicrabaeHHas OTPe3-
KOM pafd, PACAOJONKEHHOTO MO LeJHM CTeNeHsM Benuuuds 1/A.
CTpykTypa Bhpamedus (7.1) nokasbiBaeT, 410 OpUpoaa pelieHnd
H3IYYAeMBIX CHCTEM TaKas JKe, Kak H ¥ CHCTeM JAHHefIHMX YpaBHEHHA
C MOCTOAHHbIME KO3 PHUHEHTAMH, NOCKOAbRY DYHKINA

exp{iq} - 2,

Tfle 2 — NOCTOAHKBIL BEKTOP, a ( — JMHeAHAA (YHKIWA BPeMEHH,
MOXKeT PACCMAaTPHBATBCA KAaK YaCTHOE pPeHIeHHe HEKOTOPUH CHCTEMH
YpaBHeHHH ¢ TOCTOAHHBIMA KoadduuuenTaMHU

d
S =My, 7.2)

rhe A — mocTositHas MaTpKla.
EcrecrBenHo, Bo3HHKaeT BONpPOC 00 HCCACAOBAHHH ACHMATOTH-
YECKHX NpeicTasfednfi Gonee OGLIETO BHAA

y=0Rp)z(1, 1), (7.3)
roe £ — yacnoe, a M{x) — pelleHHe «ITAJOHHOTO» YpaBReHuA
dy _
e By, (7.4)

B KOTOpDOM MaTpHua B — 3To Hexoropad (yHKUHA speMeHH. Me
YBHAHM HIME, TC aCHMITOTHYECKHE MPEACTABACHAA pelleHnl B
OKPECTHOCTH TOYEK BO3BPATA OKaMYTCA CPEIH MpeAcTapelHil BUAa
7.3).
( E)', C. [Tyrauer 6BLT, MO-BHAHMOMY, NEPBHIM, KOTOPHUI OpefnpH-
HAJS CHCTEMAaTHUECKOe H3yueHHe NpeAcTaBiaeHuM BHia (7.3) *). Hm
Gblia pa3BuTa obmas reopwda npeacTanaeHu#t suga {7.3) B npea-.
OOJA0XKEHHH, YTC Ha PacCMATPHBAEMOM OTpe3Ke BpeMeHH CHCTeMa
He HMeeT HH TOHEK BO3BPaTa, HH KPATHBIX KDpHeﬁ,

B 1948 r. asropoM 3Toli MoOHOrpaguu ObllIH H3yueHsl HEKOTO-
phie COCUHafibHOIO BHAa CHCTEMEl BTOPOro H HCTBCPTOrQ mop#Aixa,

*) B. C. Myraven, O acuMRTOTHYECKH) TPEACTABICHHAX HHTETPASOB CH-
cTeM OGBIKHOBESHINX AHEeANEX EudgepeliuAaabimX YPABNEHIH, codepaaunx na-
naMmerp, Matemar. cGopung, 1. 15 (57), Ne 1 (1944},
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o B orinune ot pabors B. C. [1yradesa 6nna paccmoTpena cTpyk-
TYpa ACHMITOTHUECKHX [NpeACTABICHURN B OKPEeCTHOCTH TOUEK
BO3BpaTa. ITo3fHee HEKOTOPHIe HE STUX Pe3yAbTATOR ObIAW ACMOAL-
30BAHL JAfA NOCTPOSHHA NPHOJMKEHHEX METOAOE YHCAEHHOrQ HH-
TErpHpoBania *}.

B 1953 r. A. A. JoponurubH ony6ankoBan noipoGHoe Hceneno-
RaHUe ACHMUTOTHYECKOr0 MNOBefeHUs cOOCTBRHHBIX QYRKIHA AAA
sapaud LWrypva — JIuyBHAA B Tex Ciyd4afx, KOTda paccMaTpHBae-
MO YpaBHeHHe WMeeT TOYKH Bo3eBparta **). B aroft paGore paccma-
TPUBAJCA TOT CelraAbHHA ciydal, KOrAa KOPHHM XapaKTepHCTHYe-
CKOFD ypaBHeHWf oOPaMaloTCs B HYAbL HAa CPaHHIE MM BHYTPH
paccMaTPHBAEMOTO OTPE3KA RPEMeHi.

B (954 r. sounna mouorpadua H. M. Panwmonoprta ***)}. 2ra
KHHra ABHJach Npexje BCEro CBOAKOH Pe3ysibTaT1oB, B KOTOPOH MO-
CHelOBATSALHO NMPOBOAHAACE HEKOTOPAA €IHHAA KOHHEIIHA Hiyde-
HHAl ACHMOTOTHYECKHX CBOHCTB pelleHnrfi; xpoMe TOTO, OHA cojep-
Aana HeJblH PAJ OPHTHHA/NBHBIX PE3Y/ILTATOB,

[TapanaenpHo ¢ nepeyHcaeHENMH pafoTaMu Aa 3anaae NoABHJACA
paA HCCAeNOBAHHNA, NOCBAIIEHHLIX TeM Xe BONPOCAM H COALPXALIMX
GuinskHe pes3yabraThl. OTMeTHM 31eCh TOIBKO OXHY H3 paboT »toro
uHKNa — paboty Jlaurepa **4*), :

3a nochenHee jgecATHIeTHE ORYOJAMKOBAHO AOBOABHO MHOrO pa-
6OT, MOCBALICHHDIX TECPHH ACHMNTOTHYSCKHX NpeACTaBJeHHil pelle-
HUfl oObIKHOBeRHEIX AnddepeHuUHaTbERX ypaBHenuf. B 3tom napa-
rpade MW PACCMOTPUM TONBKO CaMbie MPOCTHE CIYYaH CHCTEM BTO-
poro mopsaxa.

2. Jrarounce ypasHenne, diopMalbHoe NMOCTPOEHHE 2CHMNITOTH-
HeCKHX PANOB. YCNOBHMCA pacCMaTpHBaThb YpaBHeHHA BHAA

i+Ma(t) +6(t) ly=0. (7.5)

MH BHAEAH, YTO K PACcCMOTPEHHIO ypaBueHHa (7.5) CBOAUTCHA Uenbiif
P BaXHEIX cayuaes. Hanpumep, ypaBHeHHe

j+[A2a+rbly=0

NPHBOAKTCA K BHAY (7.5) aameHol t=‘c/]/i— w A=Al

*) H H. Monceer, O npuSIHKEHHOM WHTETPHDOBAHRH JHHefRBIX Nud-
depentHanbibIX YpaBHeHHA BTOPOro NOPAmKa. ¥Yuehne sanuckd PoctoBeKoro yhH-
sepentera, T XVIIL, 6. 3 (1993). = -

*) A, A JopoaHHGbH ACHMOTOTHYSCKAS 3AKOHB PACHPEdeNeHHA cOb-
CTBERHEIX SHAUCHHA AAA HEKOTOPLIX OCOGHX BHAOb mutidepeHUHaIEHNX ypaBHenuit
BTOPOCY HOBIH,B.KEI. ¥MH, . VIL, g. 6 {1952).

#+) U M. PaanonopT, O HeKOTOPHX acHMNTOTHYCCKHX M&TOLAX B Teo-
pes gndpdepenumansuex ypashennd. Hag. AH YCCP, Kues, 1954

*#22y Langer R, The asymplotic solution of ordinary linear differential
equations of the second order with special reference to a furning point, Trang,
Amer. Math, Soc,, 67 (1949). .
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Beenem B paccmorpenne oyukumio O(X), yAOBAETBOPRIOWLYEI
ypaBHEHKIO 0
e +Hm® =0, 7.6)

¥pasneHue (7.6) yCIOBHMCA HasHBaTh 3TANOHHLIM YpaBHEHHEM.
®yuknun fix) TakoBa, UTO HHTErpanabl CHCTEMBl MOryT GHITL Bh-
MHCAHE Yepe3 H3BecTHhle (YHKUKH. Bo Bcex Tex caydasx, KOTOPHiE
Y#E PACCMATPHBAJMHCh B 3TON r/aBe, 3TAJ0HHbIM ypabHeHHeM Gbino
TaKOg,

@0 oo, 7.7)

Peurenye sTanoHaoro ypaBHeHAA GyaeM CUHTaATh H3BeCTHbiM, Cie-
Iys oOWed cxeMe, pellieHHe ypasreHHs (7.5) uuieM B BUJe

y=0(x())z(4 1), (7.8}

rie @(x) — Kaxkoe-1460 U3 YACTHHX PeLIeHHH 3TAJNQHHOIO ypapHe-

Hus (7.6). @yaxuua x(#) HaM sapaHee HEW3BeCTHa. B TeX cnyuasax,

KOTOpBle YiKe ObLIn pacCMOTpeHH, poab x(f} Hrpana dyHkuns
t

:'Ju df, BbiGopoM KOTODOH Mb KOMMEHCHPOBaAM 4YjeHHl, cOAepkKa-
1]

1EHE CTAapluHe CTeNeHH napaMeTpa A.
[Togcrasue Bripasende (7.8) B ypaBHeHHe (7.5), Mbl moayuum
“vpabHeHHe OTROCHTERBHO pyRKIHY 2(£, A)

F@ + 2@, 4 2D + O + (Wa+5) D=0

HpﬁHnmaﬁ BO BHHMANHe, 470 GYHKIHA D(x) ynoBaeTBopser
ypaBHeHuw© (7.6}, noayunm

FOA4 22D x4+ z{[— f (x)+ A2 (] D+ D2+ 4DP}=0. (7.9)

Mp cKOMNEHCHPYEM uwieHH NOpAAKa A% ecau BhiGepem QyHRURIO

x(f) raxum obpasoM, 4ToBb BHIpa¥eHUe B KBaAPAaTHHX cKOOKax
05paTnAoCh B HYAb, T. &

%VF(ET=WE(T). (7.10)
YpaBHeHHe (7:10) B TOM c.rryqae,t kKorma f = | mepexofntT B ypasue-
ue #=AVa. [Moxaran x=z‘ljydt paa p(f), moayuum ypasHe-
HHe p.:!-ilfc_t—=0, KOTOpOR MI':I HA3HBAMAH XaPaKTEPHCTHUECKHM.

Ha »1oM ocHoRaxHR ypaBHenHe (7.10) TakXe yC/JAOBHMCA HA3BBATH
X2paKTepP HCTHYECKHM.
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Ypapuenue (7.10) B ofmem caydae — 3TO HEKOTOPOe HEIHHEH-
HOe YypaBHeHHe OTHOCHTENbHO Hen3BecTHON $yHkunm x(f). [Ipeano-
JIOXKHM, UTO HAM VARAOCH €ro PElIUTH M TOJYUHTb PellleHueé B BHIe

2(t) =1 (8),
torila ypasHeHHe (7.9) moiuo 6yleT mepenucarb B GopMe
M + 2: @A+ 2 [DA G+ D] =0. (7.11)

Pewenne ypasHeHus (7.11) ecTeCcTBEHHO RONLITATHCA Pas3BICKaTh B
BHAE pAJA, PAaclONOKEeHHOro no ofpaTHHM CTENEHAM BEIHYHHE AS

2=20(f) + A5z () + A 22 () + . .. (7.12)

[Monerapans s1oT paa B ypaBHeHHe (7,11}, Mbl NOAYYNM CASAYIOILHE
ypaBHeHR#A And onpefeenna dyHKUHA 2o, 2, .. .

2P+ 2ehp =0, (7.13)
L i 20‘1"!‘“620
2+ =—-T5— (7.14)
H T, I
Pewenne ypasdennn (7.13) MoxeT GbITh ONYUEHO B SIBHOM BHIE
1
2= e (7.15)

Pemenna ypasHeHHs A0fl &), 22 B T. . MOTYT ObITb NpeACTARAEHH B
thopMe KBaILpaTyVp.

O6o3dauum yepes @ u @y vacrtHble pellieHns ypasHeHus (7.6).
Torna Beipaxenue

ylt, N=C® v ) [zl 270+ . ]+
+Co® (M (1)) [22 + 272+ ...], (7.16)

rae pyHxund 2" n 2P (1) y10BeTBOPAT AuPepeHUNaNbHEIM
ypasHenuam (7.13) n (7.14) npu vcnosun, uto D= Q; a Q==
COOTBCTCTBEHNO, AaeT hopManblioe ApeACTaBASHHE BAA OHULEro pe-
IeHHs ypaBHenHa (7.5).

B ofuweM ciyyae paa (7.16) He TonAbKG He ABAdeTCA CXOAS-
UHMCA, HO OH H Eeé acHMnToThdYecxkHil. Yuenn sToro pasa Boobute
MOTYT He cyllecTBobaTh. [IpudnuHa sToro 0GCTOATENBCTBA COCTOUT
B TOM, YTO B KAYECTBE 3TaJONHOr® YpaBHEHHs Mbl DPHHSJIH NDOH3-
BONbHOE YpaBHEeHHe BTOPOTo mopsiika. EcTecTBeHHO OPEANoNoXKHTS,
YTO H3JA0MeHHad NPoUelypa HMEET KAKOH-TO CMbBIC JHIIL B TOM
cayuae, KOrAda pelleHHa 3TaJOHHOTC YPaBHEHHA B HEKOTOPOM
cMblese «GAH3KH> K pelleRHAM H3ydyaeMmblx., Tak ofcrosdo gedio
B TeX maparpadax stofl raaBbl, KOrlz H3y4anuck YpaBHesHsa, Oan3-
KHE K ypaBHeHHAM € [OCTOAHHBIMH KoaddHUHeHTaMAu.
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3. ACHMNTOTHKA pewleHHii B OKPECcTHOCTH TOUEK BO3BPATR, B KO-
TOPHX KOPHH XAPAKTEPHCTHYSCKOTo YPARHEHHs 0Gpamaiorcs B Hy .
PaccmoTpumM Temepe cHoBa ypaBHeHwe (7.5), Tpesnonaraq, uto
fyakuna a(f) ofpawaerca B HYJAb B TouKe {=0. B 3rom cayuae
XaDAKTEPHCTHUECKOE YpaBHelHe (B TOM CMBICAE, B KAKOM MEBl €ro
MOHEMATH B MepBHX naparpadax 5ol rAasw)

prta(f) =0

Oyper uMeTh HyAenbie KODHH, H CNEA0BATEAbHO, TEOPHA, PA3BHTASN
B HAuaJd¢ 3TOM raaBkl, HENPHMEHHMa. I'loa'rouy A& NOCTPOCHHA
ACHMATOTHKH B OKPECTHOCTH TOUKE =0, BOoCnosb3yeMcH coofpaxe:
HHAMM 3TOCC Naparpada.

B KauectBe 3TafoHHOrC ypasHeHus Mbl noafepes ypaBHeHHe,
KO3 (PHLUHENTH KOTOPOro BMelT B Touke (=0 Takyio Xe ocodau-
HooTh, KaK ¥ (pyHroHs a(f). PaccMOoTpuM IJA ONpeleleHHOCTE ABa
tayyas:

Ay aly=1tq({®), q(0)+#0;
B} a{f)y="1g(f), q(0)=0.
B kawecTBe 5TaNOHHBIX YDaBHeHBH eCTECTBEHHO HAPHHATH CAEAYIO-

uee:
aada caydas A)

S +x0 =0, (7.17)
At caydan B
i (7.18)

Xapagrepuctuueckue ypaBHeHpsl (7.10) Oynyr cooTBeTCTBEHHO
UMeTh CTeAYIOLIHH BH;

by AV, (7.19)

& =MV, (7.20)

PaccmoTpum ciavaaa ypasHeHHe (7.19); oHo Jerko uHTerpupyercs
B KBaJPaTypaX, H Mbl HAXOOHM HYHKIE

¢ oy
x(B)= x’“(% | viem dt) : (7.21)
]

Takum obpasom, $pyuxuus ¢ (f) Symer rakoit:

s
$ ()= (—f Vg df) . (7.22)
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BriuucauM ewte dynrusio ) (#)

Vig®)

e
a3
/:;’_I g (0 at
0

TaxuM ofpazoM, Ha ocHoBanuu dopmyast (7.16) u (7.15) Mu
MOXKeM HanHcaTb caedyollee npubauieHHoe BHpaXKeHdHe AAA JiH-
HefiHO He3aBHCUMLIX HHTErpajios ypapHenua (7.0) B ToM cayuae,
Koraa a=ig(i):

ST

Cl.zV g—ﬁ[a(f]df \ ,
. (’“"’ (E J

(7.23)

¥, 2= ]

:,3
Vam af) ) 720
Vai)

2

3ta QopMyna gaer NOTPelHOCTb, MOPHAOK KOTOPOH paben O(r~%).

Dyukonn @o(x) — 370 NHHEAHO HE3aBHCHMbLIE PeUIeHHA Ypab-
neuna {7.17), KoTopoe HasbiBaeTcA YpaniHenHeMm IDfipH. DPyHKuuu
®;(x) uaspiBatoTesn QyHKUMAMB Dpu. OHM A0cTaTOUHO XOpOIO
H3yYeHel, H HMelorca Tabaunsl 3HaveHuil 9THX (QYHRUUA, NOYTH
CTOAB Ke NoApobHble, KaK H TaliKla TPHTOHOMETPHUECKHX (YHK-
uui.

Dyukunn g;(f), onpefeneHunte opmynamn (7.24}), 310 npsmoil
anafor WBKJ-pemeraf, koropbie paccMaTpusaauch B § 1 srtodt
11aBHl.

PaccMorpum Tenepn cayuail B). Tax xe, kak u B caygae A), xa-
pPaKTEPHCTHYECKOE ypaBHeHHe (7.20) Jerko HHTerpHpyeTcss, H Mbl
HaX0IHM

¥ =", v = |/2j Vaiy dt,
&

2_[ Vait) df
0

b=

OtGpachiBas uaeHn, NOPSAOK Kotophix O(A~""), MH nonyuvaem cne-
AyWolHe NpAOIHKERHbIE NpeACTaBNEHHA AJs UYACTHRIX pelllenuit
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ypaBHeHHs (7.5) ANA TOrO cayuan, Korna a(f) =#g(i):

t
' [ v a _
h,2=0Ci, 2 L D, (7‘-%'/2 J‘ Vaif) at ) . (7.26)

a (1)

Qyukunn @, (f), Koropele BxoldaT B Hopmyny (7.26), sto jau-
HelHO He3aBUCHMNWE pelleHns ypapHeHus (7.18). IMonyuennoe ypas-
HeHHe B CBOO cYepelb CBOAHTCA K ypasHehuio Beccensn. Qbulee
peweHre ypanaetka {7.18) MOMXKHO npeacTaBHTL B BHAE

O =C,0,(x)+C2, ()= V3Z, (5 5, (7.27)

rae
Zyg (0} =Colf iy (%) +CaNyy (1),

Jiu u Niyy— byukunn Beccens w Hefimana cootsercrhenno,
Vlenonbsya pasencto (7.27), Mbl MOXeM nepenucaTe $opmyay
{7.26) b popme

VT
=t z,|a [ vaw d:), (7.28)
Vaiy 0

Mel paccMOTPeRd AB2 ypaBHeHHA THOA (7.5), NS KOTOPhIX BbLI
BHOpaH cneudadbHbA BHA 3TadoHHBIX ypaBHenu#l. Herpyawo no-
KazaTh, UTO B 3THX CAy4aax pAabl {7.16) aBAXIOTCA aCHMNTOTHYE-
CHEHMH.

4, ACHMATOTHUECKHME PA3NOKEARA B OXPECTHOCTH TOYKH BO3BpA-
Ta, rjae aNEMEHTaApHBIe ACNHTENY NepecTawT OwTh MpocThiMM. B oa-
HOM H3 maparpadoB MB paccCMaTDHBAAH ACHMOTOTHKY YPaBHeHus

i+ 20ay +A2by =0, (7.29)

NpeANosiaras, 4To HA BCEM HHTEPBANE BPEMEHH
b=a? (7.30)

Ecau veaoewe (7.30) BellonHEHO, TO XaPaKTEPHCTHUYECKOE ypabBHe-
HHe GyneT HMeTh KpaTAbIe KOPHH, a 3/JeMeHTapHble JeIHTenH He Gy-
AyT npocthiMH, X KpaTHOCTL paBHa IBYM.

[Npeznoaokum tenepb, 4T0 yciaoBde {7.30) BLINCAHAETCR TOJILKO
8 HeKOTOPOH Touke fo. He orpannynpan oBUIHOCTH, MBl MOMKEM MPH-
HATB, 4T0 TaKol Toukofl ABnaerca Touka f=0. Jins yopourerus Bel-
KNaJ0K NPeANONOHHM, 4TO

a=const.
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B ragroft noctanoBke ypaBHenue (7.29) onuceiBaet KonefaHnne MaaT-
HEKA B MeJeMEHHOM CPABUTALHOHHOM MO, BO C NOCTOAHHBIM LB M-
bupoBadneM.

ChenaeM cHavana 3aMeHy

y=z({, L)exp{—hat};
TOPRA AAA Z(f, ) Mbl Gylem UMeTh CaelyoLlee ypaBHeHHe!
F+AE(E — a?)z=0. (7.31)
IlpeanonomumM Tenepe, uTO
b2=at+iq (),

rae g(0) 0. Toraa ypasHedue (7.31) MOXKHO paccMaTpHBATb Kak
OTHOCAILLEECS K CAYHalo A) MpelblAYIIero NYHKTA H MH CPa3y MoO-
JKeM BLITHCATE OKOHYATEAbHLH PE3yabTaT

] i
J VE—af df

!’:
g1,2=Cy,2exp{— ai} 04 (D|‘g{l"'(%.|‘l/b—a2dt) }
Vé—qt
(7.32)

Mel paceMoTpen HECKOABKO RPHMEPOB, KOTOpPBlEe MOKA3BIBAIOT,
410 3¢pPeKTHBHOS NOCTPOCHHE ACHMITOTHUECKUX NMpelcTaBACHHNA Tpe-
OyeT CYILECTEOBAHHA NOAPOOHMX TaGNHO peleHHfi 3TaJOHHBIX
yprapHeHnd.

3JameTnM, 9TO aCHMATOTHKA paccMaTpHBAeMOro BHAA ABAAETCA
pPABHOMEDHBIMH aCHMNTOTHKaMH Ha BCEM pacCMaTpPHBacMOM HHTep-
Eane BpeMeHH. 1-[03T|I)I\v|)Jr HX HAIBBAWT TAKMNE HHOIAAa &CKBOIHbBIMH>»
ACHMITOTHKAMH, MO3BOAAIOIIHMH NOCTPOHTE 2CHMIITOTHYECKHE npel-
CTaBAEHHA Ha BCeM HHTEPBaJe, BKJIOYAA OXPECTHOCTb TOYKH BO3-
BpaTta.

§ 8. O nexkoropmx ¢nocofax noCTpPocHHN
4CHMNTOTHYECKHX MpeCTaBAeHHH B cayyae KPATHBIX
aNeMEHTAPHBIX ABAHTENEH XAPAKTEPHCTHIECKOH MaTPHIBI

B § 3 3r10il rNaBR MBI Y)KE HMEIH €40 ¢ TeM CAyYaeM, KOria
3/leMeHTapHbie JeJHTEeIH XapaKkTepncTHYeCKON MAaTPHUBL KpaTHbIE,
6bUT0 pacCMOTPEHO HECKOALKO CAy4ach, KOTOpLIE BCTPEMAIOTCH NpH
HCCJIeAOBAHRH CHCTEM BTOPCTO NOPALKA.

B uucne paccmorpenubx Gua npumep . . Tamapkusa, Koro-
pEIl HHTEPECeH NpexAe BCEero TeM, YTO OH BCKDEIBAET HOBBIE OCO-
GeHHOCTH AaCHMIITOTHKH, KOTOpHE ROABAAIOTCA B CJAYYadX, KOrAa
s/eMeHTapHBIE AeTHTeNH kKpaTHbie, OKa3bipaerea, YTO PasJoXeHHA
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TENeph  YoKe MOTYT COAepXKaTh ApoOHHe cTeneHu napamerpa. Ha-
KOHEll, yiKe H3 MNPUBeNeHHOTO IPHMepa CTAHOBHIOCh ACHBIM, YTO NPH
H3YYeHHH aCUMITOTHUECKOTO NOBCASHHS, MBl cTatKknBaemcs ¢ 60Ab-
MHM pa3Ho00Pa3HeM BOIMOKHBIX CHTYALHMA, AJSA KaXJI0f H3 KOTO-
PBIX BO3MOMEH CBOH THN ACHMITOTHYECKHX TPEIACTABJAEHHIL

B Hacrosuiem naparpade MH paccMOTPHM HEKOTOPbIA ofwHi
OOZX0L K HCC/EAQOBAHHIO CAYHARB KPATHHIX 3A€MEHTAPHHIX HeNHTe-
Neil, OTPaHHYNBAACE NIPH 3TOM AHANHA3CM HECKOJMBEKHX NpHMepoB *).

1. CHcreMa ¢ ofiHUM 3JeMEHTapHbBIM NeAHTeReM MPOU3IBOJIbLHOM
KPATHOCTH., PaccMOTpHM cHCTEMY

m
jl =7LI,], (f) xl + Mg'!'le a[,‘ (f) x]!

3 8.1y
Kmet = A (B} X oy + Axy + :‘Eulam_l’ TOETS ‘

-:e,.,=m(f)}c,,.+§ i (D) 2.

XapakrepHcrdyeckas MaTpHla cucteMbl (8.1) uMeeT ojuH aneMeH-
TapHblfi leAHTedb p — p¥, B ero KpaTHOCThL paBHa /M.
Tonoxum '

: i
xp=ug(, 9 expl f [An(®)+ i, A)ldis. (8.2)
4]

Torna HeusbecTHele OYRKIMH ux (R=1, 2, ..., m) n @(f, %)
A0AXKHE YIOBAETBOPATD CREAYIOUIHM CHCTEMaM YpasHeHHH:

m
ity + 4 = Ay +;ZI @ty

P

m
Byt + 19 = Al + jgl Trn-ts JH s (8.3)
m
L “121 Gy
HPEJIHOJIO}KHM, UtTd Mbl CTANAH HCK3T§ pellleHHE B BHAE
w=Atuy (1), @u=A'e(r, O, (8.4)

*) Uanoxerne 3Tor0 maparpaa caeayer jamerxe H. H. Monceepa, onyOius
kopannofi 8 JAH CCCP,
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rde u; H @ OTPaHHYeHH KM He OOP2IUAIOTCA B HYNbL NPH A —> co.

[MorpefyeM, d4TOGLl uJeHBl, CTOfUIHEe B MPaBbIX UACTAX CHCTEMEL
(8.3) ¥ uMeiolllHe BHICHIKE CTeNEHH A, KOMIEHCHPOBAJMUCL MPOHIBe-
AeHHAMY u .

ITpeanonosum, vanpuMep, 9T0 B NEPBOM YPapHeHHH CHCTEMH
(8.3) cnaraembiM, comepIKALINM CTapulylo crenedb A, GyZer unen
Alty, TOTIA 2TO BLIPAMKeHHe AOMNKHO GLITHL KOMIEHCHPOBAHO charae-
MBIM &, OTCI0AA Mbl NOAYYHM

RMi+k=hk+1,
Paccyxaas aHaJOTHYHO, AA9 BTOPOTO YDABHEHHA Halnem

Rot+k=ky+1
H T. 4. Hrag, MBl OPHXORMM K CAeAyWUIeH CHCTeMe paBeHCTB:

k] - kg = I. _k,

fp—by=1—4,

C e e e e (8.5)

By —ka=1=k, -

k,—Rkj=—k,
Papetcrea (8.5) Gyaem paccMaTpuBaTh Kak CHCTEMY YpPaBHEHHA
GTHouHTelbHO ki OnpenenuTesh 3TOH CHCTEMHB, KaK JIeTKO npobe-
pHTb, paBeB HYA, a paHT MaTpHIp cHCTeMbl paeeH m— 1. [To-
3TOMY A TOro 4rofel OHA HMeAa pelileHHe, HeoOXOAHUMO W IOCTA-
TOUHO, uTo8bl paHT PACUIHPEHHOH MATPHUbLI TAKXKe paBHAAca m — L.
PacmiHpedHas MaTpHLa B 3TOM CITYY4ae HMEeT BHJ
| ~1 ¢ 0... 0o(l-4&
0 1 -1 ... O0(1-—§)
g o I —=1... 0O(l-§&)

L T T T . .
LI O L T I T T | . .

0 0 0 0...—1(1—§)
—1 0 0 0... I1-—&

Mul BUIHM, YTO CYMMAa 3AEMEHTOB KayKZoro H3 MepsblX m croab-
uoB papHa Hymo, C/efoBATeAbHO, STHM CBOHCTBOM AoMen ofna-
aate 1 m+1 cronben. M3 storo yeaoeHa naxomnm Beauuuuy *

=2zl (8.6)
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He orpasnuueas obwHocTH, npuMem £;=0. Toraa

[ 2
ki’:_‘};! k3=__-"‘l_.’"‘i km=_

HTak, clenaB HKEKOTOpble NPEANGOKEHHA OTHOCHTENbHO CTPYK-
Typpt NMpeAcrabienndl (8.4) dynskuuéi 4y m ¢, MM MPHIWH K cae-
AYIOWAM BHIpaXeHHAM 1A PyHRuu# x5 (1, A):
=) '
X (6 =277 u,(h fexp J[Ap(r)+x
0

r=1

@ (A, t)] dt

Mol BHZHM, 4TO OHO COAEPKAT UENbe CTENEHH BeaHduHnl A,
[Tockonbky PyHKUnu #, H @* orpaHduenst mpy A —»co, Gynem wnx

HCKaTh B ¢opMe PALOB, PACHONOMERKBIX N0 OTPRUATEJbHEIM CTele-
HAM 3TOrO napamMerpa

1 -2
u (f, M=u,()+2 »u (O+4 PuyB)+ ...,
' L -2
@R H=g () +4 "o {)+i ™)+ ...

(8.7)

IMoacrapasan paawel (8.7) B ypaBreHua (8.3) w cpaBHEBaA Ko3¢-
GULMENTE IPH OLHHAKOBLIX CTENMeHAX ), mMOAYYHM CAeldyiLiHe Ypas-
HeHHA AAd onpenefenus QyHRUHA U0 U Qo

Uy — =0, }

taoPo — g =10,
e e e e (8.8)
-1, 0Py~ Hpo= 0»

Hmo@o — Byt = 0.

¥cnoBuMcs cHavaaa paccMAaTPHBAThL JHWEB TOT cAyyall, Koraa Aas
Aw6ex {=[0, T] KospDHIUEHT @m#0. Hrke MBI YEHAHM, 9TO OTKa3
OT 3TOrC NpPEeAnQAQXeHHd TNpHBeJeT X JADYTUM BblpaMEeHHAM AAd
acHMNTOTHYECKHX RPeACTABJICHKH,

Cnerema  (8.8)— 310 cHCTeMa OAHOPOJAHHIX aJreGpAHYECKHX
ypasHenufi, [laa toro utoOH OHA ACNYCKaJa HETPHBHANLHBIE pelre-
HUsA, HeOOXORHMO H AQCTATOYHO, YTOOB GYHKUHA @ Obla KOpHEM
YpaBHeHHA ' :

% -1 0 ...0
0 Pa —1... 0 =0’ (8.9)
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OTKYZA
m

Py = Va_ml-
YpaBHenue (8.9) HyneM Ha3HIBATEL pA3PLITAOIIHM.
Obosuauum uepes ¢f (s=12,...,m) xaxoil-1H60 H3 Kop-
Hefl paspewmraiolllero ypasHeHHs H npuMeM ¢, =¢qi'. Ecau oauy us

pyexiuit (HanpHMep, #10) OCTABHTL NpPOU3BOMBHON, TO CHCTeMa
(8.8} nosponsser npu TakoMm Bmifope (g BRIPA3UTH BLE Uy UEpeEs Hio

m
Uy = Poltyo = Vaml g,
m_
— s = 12
Uy = Qotiyg = V a3y Moo ( (8.10)

m
= -1 =1 gm-! U, ..
v = up="Vay' %

Hag bykeumit u;) OyzeM HMeTh cheaylolyld CHCTeMy asreGpaw-
HeCKHX YpaBHeHHil:

EnQo— Hay = — #1oQ1s )
Uped, (Po = Uimat 1= — Uz, oP1s (8.11)
Bt (D0 — Bl = — Hm-1, o1 T Gpper, 14100
B Py — a1 = = UpaP1 + Cnatig.
OTHOCHTENBHO HCKOMBIX QYHKURH Eiy, o, . .., Um CHCTEMA (8.11)

OyZerT BEOAHOPOIHOH CucTeMOH ajaredpaHyeCKUX YpaBHeHHH, onpe-
JenHTeab KOTOpoH pasen HyJaw. [as Toro 4TofHl 3Ta cCHeTeMa Ghlaa
COBMeCTHA, HeoGXORUMO K AOCTATOYHG, YTOGH PaHr pacurdpeHHOH
MaTpHOb PABHACA DAHIY MATPHIH cHcTemu (8.11),

3aMeTHM, YTC €CH NePBYIO CTPOKY onpededuress cureMul (8.11)
Mbl YMHOXKHM Ha |, BTopylo— Ha@,!, Tpetbio —Ha@;? M T. X., TO
CYMMa 3JeMeHTOB KaMAoro cT0a06La craHetr pabBHoB Hyaw. Cnego-
BAaTENMbHO, TOMY HKe YCIOBHIO AOJNMHB YAOBNETBODATH SAEMEHTH
cronbua npaBbx yacTefl, YMHOMKAHA COOTHOIWEHHE, KOTOPOE MEl TO-
JYUHM TaKuM 06pasoM Ha @), TPHXOAHM K CASOYICIEMY BLIpaxe-
HUIO:

@ (@ Uy O Myt L tu )=

KOTOpOe fIBAACTCH YpaBHeHHeM COTHOCHTeNBHO 1.
IMpunuMaa Bo BHHManue pabeHcT®O (B.10), nmeem

= Bm=) 1t G g
% nupg:-Q . (8'12)

m-1. 1#10%g T G,y 9tkng
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Onpeaeave $yaxuuio ¢ no popmyne (8.12), moxkuo nafith peile-
une cucteMbl (8.11) ¢ TouHOCTEW A0 npoHaBoAbHOf $yHkuaH. Cyu-
T4N NPOoU3BOALHOH QYHKIHIO Hq;, W3 ypaBHeuuid (8.11), aerxo onpe-
ReNHThL OCTANBHBIE HEH3BeCTHHE

lgy = 1 Po -+ 41091, }

8.11
Uy = U, Q5 + 20,09, ( )

HT L :
Paccyxnan majee, 0e3s TPyZa YCTAHOBHM, 4TO AJds JI00OTO
j=-ID 2t vy m—2
am-f, 1 ¥ am_jir. 2 oo T am ja '
= . 8.13
b1 P (8.13)

Mocne Toro Kak BeJHUHHA §; ONpencaeHa, GYHKUNA ug; onperenser-
Cfl B SIBHOM BHJE.

PaccMOTPHM Tenepb CUCTEMY AAf ONpenefeHHs Wi m_i. T4 CH-
cTeMa WMeT BHA

Uy, met®o— o, ey = — [0+ 2 Pz ¥ 22Pea + -
e H il o] @y = By,
Uy, 1@y~ By, me1 = — Lo + Uy Pz + UoPm-3+ ...
oo F oty megp ] Qrotin + anitn = By,
o, m-1P0 — Gty m-1 = — [f"‘mo + Ui Pm-2 + Uy + - -
vor Yy, peg®1]F Apolle, meot Austis, ezt o oo F Qumttmo== B,

(8.14)

Ycaoshe paspemuMocTH cHcTeMHl (8.14)
B\@g~' + Byt ... +B,=0
MOXKHO MepefHcaTh B CACAYIINEM BHAE:
{0, (004 ot 0y gt o F oy L) —
= QoM. w3 — Qolm-1, ¥, m-2) +
+ {‘Pz [‘Pgmut, m-st qlgi_?ua, mat oo HH, m-BI Qs gz
~ Py, o s ™ Vet %1, mea) T v
coe T Py [@F Ny Ty L ey —ay, m—]‘_‘m]"" -
oo e tagu, + q’gi-zam“u] = (&~ a2t} 9ft —
(= Ayltg) @~ . =l amum0)=0. (8.15)

Henoabsys dopmynm (8.13), Mbl ycTaHOBHM, 4TO BHIPAXKEHHS,
cTOsIIHE B QUIYPHBIX CROGKAX, paBHbl Hymo, 4 [aseHcTBo (B.13)
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MOMHO NEPENHCAThE TaK:

-1

Luwﬁﬂm""‘;ﬁum[a“'}'agﬂ‘l’ e +a,.,,,,,]+i;% m2 u|g=0. (8.[6}

Taxum ob6pazoM, OYHKIUA 10 YAOBAETBOPSTET OOBIKHOBEHKOMY AH(D-
thepeHIHATbHOMY YPABHEHHIO MEpBOTO NOPAAKA M, C/JEI0BATEJIBHO,
onpeaenneTca Keaapatypok

t

the= —1;?61{[) l J-(a“ +622+ es + amm) df} (81?)
1]

rae C -— npoH3BOABHAR NOCTORHHAA.
Onpenenur QyHKUHE® Ujo No (opMyie (8.17), HaXoNUM 3aTeM U0
no ¢popmyaam (8.10).
Ha caenywmeM ware mbl onpeaeduMm iy, KOTOPad YAOBJETBO-
pPAET YpaBHEHHIK BUAA
Luy =F(u)

H T A
Hrak, nokasaHo, 9To BCE WieHbl pasaomkeHHa (8.7) MoryT OhiTh:
aPEKTHBHO BHIYHCAEHH! AH0O B ABHOM BHAE, JHOO B dopMe KBa-
ApaTyp.
Onpegenne N uneHos paanoxkenus (8.7), Mbl MOXKEM MOCTPOHTH
caepywllne QyHKUHY:

oot
X = {lmm-!- S L P R }x
¢ 1
Xexp_[{hp+l*q>,§s’+ O o) z}df, (8.18)
1]

rae o u #{p 03HAYAIOT QYHKIHH, COOTBETCTBYIOWIHE KOPHIO YPaB-
Henna (8.9) Homepa s.
Marpuua
B3y (8.19)

MOXeT ObITh MPHHATA B KauecTBe MPHOAHIKEHHOTO ApeAcTaBJennd
MaTpHubt QyHAaMERTaNbAEHX pelterHH chucteMbl (8.1). OcHosalnem
AN 3TOCO CAYKHUT CASAYIOIAS TEOpeMa,

Teopewma, fTycto ami(!) =0 daa wwobozo (=(0, 7], roeda Ma-
rpuya (8.19) oaer pasnomepnyio na [0, T] annporcumayuo marpu-
yor ynlasenrarsroix  peutenuid cuctemor (8.1) @ caedyroujen
eMbICRE: ecau HACTHOE petienue cucTenst (8.1) x; (£ u pynxyua x\3)

4A0BALTEOPAIOT OOUNAKOBOLM HAHAAGHOIM YCAOBUAM, TO A 4106020
t=[0, 7]

N
|50~ ®)]=0 ( m). (8.20)
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2. NMpumep 1. PaccMOTpUM YpaBHeHHe
4+ A2 =2hud+ ha*y,
3amenoft
X=x1, ¥= R4 Ay
3TO yPABHEHHE CBOANTCA K CHCTEME RBYX VpaBHeHUWi nepBoro no-
pajka
.f.g = }L]J.XQ ~+ axy, '
rae
a=a —[.

Cucrema (8.21) OTHOCHTCH K PACCMOTDEHIIOMY THIY, eCal TOJLKO .
a*=n.

COracHo TEOPHH, H3JOMEHHON B 3TOM pasfele, ACHMNTOTHKY
pelseHn#t cuctemu (8,21} ¢neayer uckath B BUAS

[4
X = (u_w + l‘”‘u" + 2w+ ) exp J‘ (2 + 2 "q) 0t
0

i
o= (M ugg 4+ W Mgy + o) exp [ (4 270} it
L]

e qo=xVa.
s GyHKUHIE 119 0 tizp TOAVUAIOTCA BBPAKEIHS
4
const ——
= , ity = const Va{fy.
£10)

Takum oGpazoM, nepBule uAeHb pasaoxkendHil oBOHX JAHHeliHO
HE3dBHCHMBIX pelleHHHA OyIyT UMeTb CAeAlylOliHK BuA;

=== exp j(xp(r)+a"2va(t)}dr,
Valy  ©
4 |3
xy=CValf) exp j (ap (&) ‘|'J°I"?|f a(t)) dt,
| S (8.22)
s=-rS exp [ Gt — A"V 2 (@) at,
Val() ¢
4 t .
tn=CVa@ exp [ (n())— 1"V a(®) at.
0
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ITpuMeuanne, Bopamenna (8.22) moryr okaszarecs Heyno6-
HbIMH, €CIH BefiHyuHA @ oTpHUaTeabHas. Torna caemyer nepelith K
HeHCTBHTEAbHLIM BLIpAMKEHHAM, Jlerko yOeOHTbCA, YTO B ITOM Ciy-
4yae acHMNTOTHYECKOE IIPEJJ,CT&BJIGHHE 061]].6[’0 HHTé[‘paﬂa CHCTEMES
(8.21) Symer Tagum:

!
expl.’tj.p{r}df

H
Xy = g { M cos l?&"’f Va(t) di ; +
&

4._—
Vaih)

|
4 N sin {x"*fmdt”,

rne M 1 N — npousso/izHBle NOCTOAHHDBIE.
B nawmux paccyXieduax OGbLIC CYLLECTBEHEHIM OpeAnOfOMeHHe
o ToM, yto a0, 1. e. p+~a*. 3101 cayvail Gyaer paccMOTpeH HUXKe,
3. Opumep 2. PaccMOTPHM ellle OAHH TpHMep ROAOOHHIE CH-
CTEMBI
X =Apx; + Axy

Bp= Xy + Axy 4 bxy, | (8.23)
Xy=Auxz + ax, + cxp.
ACHMIOTOTHUECKHE npeacraniaeHda JO00#KHEE HMeTh BHIO

i
s =Lt + 2 + 2 up 4 L )exp _[ (An 4 2%, + A7) dt,
1]

t
Xg= (?L"f‘um + ?fi”’um + R."'ugg + .. .)exp _[ (lp. + ?».v’% - ?u”’q).) e,
0

t
23 =N Prg + A g + A P + L. ) exp I (M + Ay + A "q,) dt.
qQ

B aroM chayuae
Ty = a’
# ypasHente {8.10) Ham aact usp=a%u Uso=a"u;p 0 1. 1. ¥Ypas-
HEHHA OTHOCHTGNbHO MEPEMEHHBIX Uy, Uy W 3 OYAYT TAKHMU:
Hy1Qg = U — UiPrs
HoiQg = Uy + bitjg— @ lign, (8.24)
BaiQy = ait) + Clgy — Pyliag.
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YeaoBue pagpeliiMOCTH cHeTeMb (8.24)

@, (14165 + UogP, + o) = but, @, + Cityy

AacT
b4 bde
= =3 -
3o 3’/‘3_

CocraBum Teneph ypaBHEHHHA, KOTOPBIM JOJKHB YBROBACTBOPSATE
(PYHKLHA ;o0

9Py = Uog — Uy Py — o,
Hoeo = Uze = UnP; — #an + buyy, (8.25)
UaoPo = QU z — 3Py — Uz + Cligy.

Yeaoene paspemnHMocTH (8.25) BHIpaKaercs COOTHOLIEHHeM

9 T
@, (26,93 + 2o+ #5,) = buay @, + cutgy =~ & 9 — iy Py — Uy
Ecau Tenepb NOACTaBHTL B 3TO BHIDAXKEHHE 3HAYEHHE ¢ W BEAHYHH
fgy == U Pp + U10P1s

uyy = Gy + 28, 9p, — bityg

H MPHBECTH NMOAOGHLIE YJEHH, TO Mbl YBHAHM, UTO BCe Cnaraemuie,
He CONCPHKAUlHe MPOH3BOAHBIX, ofparatcda B #Hyab. Hrak, yciopne
paspeluuMocTh Gyfer IpHBEAeHO K CAEAYIOIEMY BHAY:

figy 1, @2 + iy = 0. (8.26)
3ameunn B ypasuennn (8.26) ugy u s 10 dopMynam

Hag= L1 P

— 2
Ugy = Uy P

Mbl ToAyuuM onuO JAnddepenunasbHOe YpaBHEHHe Me€pPBOro [o-
pAAKA OTHOCHTENBRO QYHKIURN tho

: 1oPo + #10P0 = 0,
OTKYAA

Yai

Hrak, mepsele 9JeHbi pasfoKeHHd peiwrenun cucremp (8.23) mu
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MOMEM TIPEACTABHTL B CaeiyKICM Buae:

: 3

Xy ==3 ! exp-I XP+7»”’VW+1"‘-Q-%M}¢:,

Vay 8 -

_!!’ ’

Xy = 31 exPf{lu+7h”1/a(t}+z,’=“"H'f(f) dt, 8.26)

Vo Vam

!
=2fs
s 2o [ (e niVam e L0 g
o I/a(f

Mpunasaa Kophio H3 a(f) Bce ero TPH BO3IMOMHHX 3HAa4CHHA, Mbl
NOJAYYHM MOJAHYIO CHCTEMY NHHEAHO He3aBMCHMBIX PellleHHA CHCTEMU
{8.23).

NMpumeuvaune, Dopmyas (8. 26) paT HaM TOAEKO NEpBble
wieHH pa3anoMeHHi KamuoH u3 ¢yHkoui x; [us Toro yrobul wc-
DOIb30BATh MX A4 PEILEHHA KOHKPETHbIX 3ajaq (HanpHmep, sa-
naun Kown uan kpaepofi 3agaun), HafC BHINHCATL BeJIHYHHH Xy
{(i=1,2,3) ¢ oauHakoBoil norpemroctbio, Ecanw MH ycloBHIHCS
yAepxHBaTh WIeHb NOPAAKA Ak, T B PASJOMEHUH X| ME JOJKHbI
BLIYHCIHTE TPH fePBEIX YeHa, B ¥p-— [B4, 4 BHPaXKeEHe X3 3amu-
caTh B TOM BHIE, B KaKOM OHO naHo ¢opmyson (8.26).

4. Cayuai, korna a,, = 0, no 2, 0. Vccaeaya cucremy (8.1),
Mbl [peAnoaaraiH, 4yTo am1=#0. 91‘0 npennonomeﬂne OBLTO BecbMa
cywiectpeliHbIM. Kak MBl YBHAHM HHXKe, CTPYKTYPa HACTHHX perie-
HWA NpH @m =0 Gyner, BooGile rosops, Apyrad. Tem He MeHee HC-
NOJAL30BAHHAN CXEMa pAacCyAeHHR Oes Kakux-AHO0 CyllecTBeHHBIX
H3MEHeHH! MO3BOJNHT HAaM MOCTPOHTSL CHCTEMY JHHEHHD He3aBHCH-
MBIX pellleRu#t W B 5TOM caydae, PaccMOTpuM 1As onpefeeHHOCTH
TOT caydafi, Koraa @mi =0, HO @pe+0.

Hrak, paccMOTpHM cHcTeMy yparReHuf (8.2), B KoTopo# aml-—O

% =7L[l.(f)x|+7bx2+leﬂu(f)XJ,
fo= A ) xok Ay + D gy (0) %,

* ® 4 % m 4 % & + & B B 4 + w =m (8‘1-’)
nHr
Eme =M (D xp g+ Ar, + Eam—u(ﬂ X

Sm=Ap(f)xy, + gz G ja
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Pewenne 210f cHCcTeMBl MBI cHOBa Oy/leM #uckarte B Buge (8.2) u,
CAeAOBATENRED, ANA GYHKINE #; ¥ @4 MOAYUHM cCHOBA cuctemy (8.3),
QaHako B nocheIHEeM YpPABHEHHH 3TOH CHCTEMB! CTapliHe cJaarae-
Mhle B NPAaBOf 4acTH OYAyT Temeph QmeXy. CoracHo oflieit cxeme
OHO AOJIKHO GbiThb KOMMEHCHPOBAHO CAATAEMLIM ting. JTO HAM AACT
clelyolliee COOTHONIEHH® 148 TMOKa3aTelel Ry, B W Ky

R tk="Fky.

Takum obpasom, cucrema ypanuennfi (8.0) renepk Gyaer Takoh:

Bi—hko=1—Fk,

k2 - k3 == 1 - k'
km-l"'km= 1 _k:

km - kg == - k.

3aMeTHM, 4TO B 3TOH CHCTEME 7IepBOe ypaBHEHHe MoXeT ObiTh pac-
CMOTpPEHO HEe3aBHCHMO OT APYTHX, KOTopble 06pasyor cuctemy
m — 1-To NOpAAKA OTHOCHUTENbHQ HEH3BECTHBIX R, Ry, ..., Ry, Ompe-
AeJNUTENb 3TOW CHCTEMBI pPaBeH HYMO. YCNOBHE ee pa3peliHMOCTH,
KAK Mbl BHJAEAK Bbille, NMpH H3y4YeHHH cHcTembl (8.3}, coctonT B

TOM, UTO CyMMa Y/JGHOB B NpaBoM cTonGlle AOJIKHA PABHATLCA
gyao, OQ1ci00a MH NMOAYYaeM 3HauYeHHe R

(8.27)

m—~2
ku—m_l .

MNonaras cuopa #,=0, ME HAXOLHM

by= — — | By= — ——

m—1"

Tenepb aas QyBKUUE X, GyneM HMeTb CAeAylOINHEe NpPeACTaBASHHS:

AL ! m=2 :
xg=A "Ly (A, ) exp _[ {}.p BH+rm=1g"(, H } di,
0

Aan Gyekumii oy ¥ @ NocTpoMM pasagkenusa tuna (8.7). Iloa-
CTaBAss 3TH BLIpaX<eHHq B ypasHeHka (8.1")}, Mbl AoayuuM caeayio-
YK CHCTEMY YPAaBHEHHP OTHOCHTEJbHO GYHKUHE dpo:
dyo — g =0,
togQo — tiz =10,
{8.28)
U 1@o = Mo = 0,

HaoPo — Gzt = C.
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CocraBuM paspeuraioulee ypapHeHHE

w -1 0..0

0 q:lo ‘_l . 0 0

0 —am 0...%
CeepThiBas onpefedTe/b, NOAYUUM
@ (0" = 2, =0. (8.29)

VYpasrente (8.29) umeer oAWH nyAeBofl KopeHb @=0 n m—1
HEeHYEBHX KOpHe

m=1
P = Vam2 ).

TlycTe cHasalia @y %= 0. Torga, cunras #,, NpOH3BOAbHO# (YHK-
IHeH, HAXOAHM

—_ =4
gy =W Py - v os By = HyPy -

KopHio ¢=0 orseuaerT caAeAywIlas cHCTEMa pPelleHHH ypaBHeHHA
(8.28): w;o— npousBosbHan QYHKUHA, Uz =uy=...=0. Pacuer
NOCASTYIOLLHX UAEHOB PAsfOKEHHA MOXKET GhiTh NPOBEAEH MO CXEME,
KOTOpadd OblNa H3A0KEHA BHIIE,

5. Cayvaii, korpa @, =@,,= 0 Ho @, +0 npu §2>2. Iror
cayuail HMeeT HEKOTOpble 0COGeHHOCTH, TOCKOALKY NPH $>2 acum-
NTOTHUECKHE PasnoeHHs COAepHaTtT <BCKOBLIC: ‘charaemeie. Pac-
CMOTPHM AAA ONPeAefeHHOCTH TOT cayuali, KOorga @m0

Pazpewamiltee ypaeHenue 6yaer TakHM:

P —a,,)=0. (8.29")
YpasHenye (8.29) umeer ;n — 2 pasnnuHLIX KOpPHA, COOTBETCTBYIO-
-

UIHX 3HAUEHUAM KOpHA |V au; (f). B sTOM chyuae Buecto ypashe-
Hui (8.27) moayyum

k|—k2=l—k—,
ko= hRy=1—F,
km—k3=_k,
OTKYHa
-3 1 m—1
k=gmp RsL ks—gTm e ks ooy
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Tenepy m — 2 — pemenns, oTpeyaoHe HEHYAEBLIM KOPHAM, paspe-
wapomero ypasHenda (8.29°), My MOXeM OOAYUHTE cTanAapTHOM
nponeaypor, onHcaHHOH B 3TOM naparpade.

Ias toro 4roGhl NPoAEMOHCTPHPOBATE NMPOUEAYPY NOCTPOEHHA
HCAOCTAIOUIHX YACTHEIX pewednil, OrpaHHUHmMCA pacCMOTPEHHeM
npuMepa

Hy=Apux +Ax,, )

Xg = Apxy + 4x5,

j:S = )Lp-xa + lx.;. (8-30)
Xy = Mgy + Axs,
X5 = Apxs + ax;,

Cucrema (8.30) OTHOCHTCSI K DAcCMaTPHUBEEMOMY THOY CUCTEM.
3ameruM, 9TO CTapluHe YNeHbl Pa3jiOKEHHA HCXOLHOH CHCTeMBbl KakK
pa3 & yaosiersopswoT chcreme (8.20). Tlostomy Bce ocoGeHHocTH
METOAHKH NOCTPOEHHA ACHMNTOTHUECKHX pelleHHi B ¢/yyae H3yyas-
MOTO BHIDOMK ICHHMA OYAYT yXKe SCHb U3 PACCMOTPEHHA NAHHEOLO MPH-
Mepa.

3amerum, uro (8.30) ponyckaer cucTeMy YacTHbIX pELIEHHH,
rae x3=Xx,=x;=0, a x|'H Xz YAOBJETBOPAKT CACTEME BTOPOTC NO-
psidKa

£ =hpX+AXy, Az=ApLs. (8.30"

Oano u3 yacTHHX peweHui cucteMsl (8.307) nosyvaercs cpaay
f

x=0, x,=C,exp lju(f)dt 3
L]

Jpyroe uacTtBOe pelleHMe Mbl NOJNYYHM, UHTEFPHPYS BTOpPOS W3
ypaBHeHHH cHetemel (8.307)

t
= Cyexpih [ pin)dt}.
0
[Noacraenss Tenepb X2 B NepBOe H3 ypPaBHEHHH, MH MOJYUHM
. !
X =ipx +ACexpi A j' piHde:,
OTKYAa JIETKO HAXCAHM )

?
£, =AC,t exp xjp(t)a'f :
q

Takum 06pa3oM, NOJAHAA CHCTEMA YACTHLIX PeilleHHii ompenedena.
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§ 9. AcumnToTHYecKHe MeToaw Goawworo napamerpa
H TEOPHA ONTHMANbHOW KOPPEKUHH

B npeamtaymedi rnape MM yKe BCTPETHANCH C© NPHIOKEHHAMH
ACHMOTCTHYECKHX METOJO0B K 384ataM ONTHMANBHOTO YNpaBieHus.
Meroan, xotoprie pasBHBAKOTCA B 3TOH rJaBe, NpeiHA3HAYCHB! AIA
© pelleHun aaHefiHbIX 3anad. COOTBETCTBEHHO ¢ 9THM MBl OyAeM pac-
CMATPHBATh OJHH CeUHAJbHBIA KJacc 3aay ONTHMAJbHOro ynpas-
JIEHAA, KOTOPHI CBOAUTCA K HCCIEAOBAHHIO CHCTEMBL JHHEHRLIX ARG-
(e peHIHANBHLIX YPaBHEHHH,

1. Rocranoska saaaud. Mpumepw. 3anauefi onTHMaAbLHOH Kop-
PeKUWHH MBI 6YJIeM Ha3blBaTbh CACAYIOUNIYH) 3aLayy TEOPHH ONTHMAaJb-
Horo ynpasienusa, Onpenenuts Bexroput x (£} (¢asoBbiii BeXTOP) H
u(f) (ynpaBaeHHe), ACCTABAAOILIHE MAHEMYM HIAN MakCuMyM dyHK-
unpodany f(x, #) NpH CAeAYIOIHX OTPaHHYEHHAX:

a) andpepeHUHaNbHBIE CBAIH

E=Ax+Du; (@.1)
6) ycaosrs Ha KoHuax
x(0)=eo, (T eer, (9.2}

TAe €9 H &7 — HEKOTOpHIE 3aflaHHBIE MHOMECTBa;
B) OrpaHHueHHs HA yrpaB/JeHns

usG,, {9.3)

rie G, — TakKe HEKOTOPOE 3aJalHOe MHOXKecTBO. B yacTHOCTH, OHO
MoXeT GblThb OTKPEITHIM, COBNANATH CO BCeM NMPOCTPAHCTBOM, a MO-
JKeT GHITh H 3aMEHYTRIM.

Bpems nporekarHs npouecca I Jnfo ¢dHKCHpoBaHo, Anbo 3apa-
Hee He 3afaHo; A H D — 3T0 ReKOTOpBle 3ajlaHHble MAaTPHIBL, 3/e-
MeHTHl KOTOPHIX B 0o0LleM caydae — (PYHKINH BpeMeHH.

TakuM ofpasomM, zajgavel KOpPPEKUMH Mbl HA3blBaeM TOT YaCT-
HBA cnyyall 3ajlayl ONTHMAABHOrO YNpPAaBJdeHHA, B KoTopoM Audrde-
pEHUHANBHbIE CBA3H — 370 JIHHefHble audbepeHunassHsie ypas-
HeHNs1.

B 3roM maparpade paccMOTPHM TOT COEMHaAbHBIA KJaacc 3agay
ONTHMAJABHOH KOPpPeKUHH, AN KOTOpHX cHCeTeMa JHpdepeHuHanb-
HBIX YpaBPHeHHH, NMOJyUYeHHBIX TpHMEHeHHeM LPHHLHNZ MAaKCHMYyMa
JI. C. TloHTpsiruaa, TakXke ABASETCH JMdHefinof, ITO HAKIAAHBAET
onpeneneHHMe oOrpaHuydeHHa Ha BwOop ¢yHKLHoHaA0B. [lpexne
BCCTG YCJAOBHMCA paccMaTpHBATh TOJAbKO HHTErpafbHbie (yHKIHO-
HaJIEb]

T
I=[F, wat. (9.4)
0

Torza xk Haleil 2aaue NPUMEHUM MPUHIHY MAKCHMYMa,
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s toro yrolW BekTop-Qyuxkuus x{f} u ynpaenenue #(f) pea-
AH30BANH MHHUMYM QyHKUHONana (9.4) npu ycaosuax (9.1)—-(9.3),
Heobxoanmo cyllecteoBanne gynkunn g ()

. oH
plf)y=— R (8.5)

rae pyuxuua FaMuabTORA
H={Ax-p)+ (Du-py—F(x,u), (9.6)

a ynpapfeHHe t ONpPEeNensercs M3 ycAOBMA MakcuMyMma 1 mo u({)
pIs Abwx x B p, T, € u=ulx,p).

Takum obpasoM, 3afaua ONTUMAABHOR KOPPEKUHH CBOAMTCA K
pelleHHio HeKOTOPOH KpaeBOoH 32JauM OJA4 CHCTEMBl YPaBHEHHH
(9:1) 1 (9.5). JInneiinocte cucremel (9.1) He rapaHTApyer B 0bileM
¢aysae JHHeAHOCTH chctemp (9.1) v (9.5}, DTy cucremy ypaeHeRn#
Mbl YCJIOBHMCA HAZLIBATH M-CHCTEMOM.

Ecan pasmepHocTe BeKTOpa X paBHA #, TO Pa3MeplOCTh M-CHETE-
Mbl paBHa 2f.

Herpyano yGennThes, 9TO CyHIeCcTBYET LEHPOKHA Kaacc 3anad,
A0S KOTOPHX M-CHCTeMa sBAsierca auHelnoii. [IpuBenem Hexotopnie
NpUMEpDI.

3anaua A, ¥YnpaeaeHKe ¢ KBAAPATHUHBIM (YHKUHOHANOM

T
1= [(Cu—wan, (9.7)
. |

rae C—HekoTopas MaTphua. 3aj1aya ynpaBaeHHs! ¢ KBaAPaTHUHbIM
(YyHKUHOHAMOM ACBOALHO YacTO BCTpeuaeTes B TeXHuKe. HMHTepec-
HHIM TpHMEpOM fBAAETCH 3aJava ONTHM2JLHOH KOPpeKUHH KOCMH-
YeCKOro anapara, cHa6KeHHOro HALANbHO PEryaAnpYEeMbIM fAepPHBEM
JBHraTenem ¥),

Cocrasnm dyuxunio H

H=(Ax.p) + H*,
rae
H*=(Du.py—(Cu-u).

Cuntan, uto &, coBNaaaeT co BCEM NMPOCTPAHCTBOM, Mbl JI€TKO Haf-
fem (1) W3 yenoBua MakcuMmyma H no n. 3To ycnoBue MOXKHO 3a-
nMCcaTh CeAyioniuM oGpasoMm:

ﬁp= W!t,

*) O nocraroBKe MOJOSHEX 3agau CM. toApobuee I J1. Tponaoscknud,
10, H Heanes, B, B, Tokapes, MexaHnka KOCMHUSCKOTO N0aeTa ¢ MaJoil
TAMOR, N3 «Haykas, MockBa, 1966,
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rae W=C+C (D u € 0603Ha4al0T TPAHCAOHHPOBAHHKME MATPUILHI),
Takum o6pasoM,

u=W-'Dp.
Buinnem tenmepn n-CHCTEMY
£=Ax 4+ Bp,
AT ER } (9.8)
p=—Ap,
rae _
B=DW'D.

YCAGBHS TPAHCBEPCANBHOCTH HaM AAAyT 2n KpaembX YCJ0BHH.
Hanpumep, 3afaua nepexoga CHCTEMBl H3 TOUYKH B TOYKY 32 Bpe-
Ma T #am fact caeayiouwiee yenosue thna (9.2):

(M =x¢ x(T)=x1. (9.9)

3anaua B. PaccMmorpum 3asnauy Mailepa: onpeaeqHTh MHHH-
MyM (QYHKUHOHANA
I=(e x(T)), (9.10)

rjie ¢—HeKOTOpPblA 3aRaHHbIl BEKTOP.

Ecan G, coBnapaer co BceM NPOCTPAHCTBOM, TO paccMaTpuBae-
Mas 3anaua cMmuicna He wMmeeT. Ecau U, — 3aMKEYTOe MHOMECTBO,
TO yNpapfeHHe HOCHT penefinblfi XapakTep W 3afaua OKasbiBaercs
Heaunefinol, OnHaxo NOAOOHBIE 3aXayl ABASIOTCH HEKOPPEeKTHHMH
B cmbicsie A, A, Tuxonoea. D710 CBOfiCTBO 3agaun COCTOMT B TOM,
YTC MaJHM H3MeHeHEsM PYHKUHOHANE cOOTBETCTBYIOT GOJbLIHE H3-
MeHeHH ynpasaaiomlel dyuxkuun u(f). Bmecro aamauu B Oypem
paccMmarpuBate zadavy B’ onpereantTs MHHUMYM GyHKIHOHAJa

r
J=(e.x(r))+aj(0a-u)dt. (9.11)
LU

Oas sagaun (9.11) n-cuctema Oyaer JanuedHo.
CoctaBHM QYHKUHIO

H=(Ax-p)—(e- Ax)+ H*,
H*=(Du.p)—a(Cu-u)—{e- Du).
Tenepr ynpaBieHue MOXKeT OHTh ONpefeeHO U3 ypABHEHHH
D(p=e)=aWu.
BrinyuieM a-cHCTEMY
i= Ax 4+ Bp — Be, :
} (9.12}

"jﬂ—gp‘
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rie

B=Lpw'p.
&

3ameHoll p —e=g 2anava B’ npupoautca x zanave A,

MOXKHO NpHBECTH eLle Neast pad NoJOGHEX NPHMEpOB, NOKA3H-
BAWILIHX, YTO KJAACC BADHALHOHHBIX 3alay, CBOAAIMHXCA K HCC/IELO-
BaHHIO m-cHCTeMbl THRa (9.8), AocTaToYHO WIHPOK ANA TOro, YTOOH
CTATbH OHBEKTOM CHENHAJTBHOTO Heche 0BARNSL.

Ecan matpuust A U B nocroaHHuie, To OOIUI HHTErpaa cHCTe-
Mbl (9.8) Momker GuWTh 3amHCcaH B seHOM Buje. Iloatomy peluenue
Kpaepol 3ajaud {yAOBAETBOpPeHHe YCAOBHHR TpaHCBepcanbHOCTH) H
BHUHCACHHE YIPABAAWWEro BOIACHCTHAA CBEACTCH K pewWIeHHO He-
KOTOPOH CHCTeMBl JIHHeHHBIX aaredpanyeckKuX ypaBHeHHI.

Ecau kozdduunentsl MaTpu A H B 3aBHCAT oT BpeMeHy, To 3a-
Jd4a CTAHOBHTCA 3HAYHTENbHO (onee cioXHoil, B obllem Buae ee
pelteHne MOXKET GHITHL NOAYYEHO TOMABKO YHCAEHHBIMH MeTONAMH,

Cayuail cHeTeMB ¢ NOCTOSHHBIMH KodddHuHeRTaMHd G npef-
MeTOM MHOMOYMHCIEHHEX HCCAEJ0BAHHA H ABJSETCA XOPOLUO M3YYeH-
HeM, Meroabl, pa3zsuthie B 3T0H rAape, MO3BOJAKT CTONbL XKe Ae-
TaNbHO H3YUHTh TOT CAydat, koraa Marpana A a1 B saBucar or
MeIeHHOTO BpeMeHH ef=1: -

A=A(x), B=B(x).

3TOT cayual AOCTATOUHO PACTIPOCTPAHEH H 3ACAYKHBAET BHHMaHHA.
K HeMy cBoafTCH, HANDHMED, MROTHe 3amadyH KoppekNHH op6uT
HCKYCCTBEHHBIX CIIYTHHKOB, 3aJ4a4Yd yOpapBJeHHs B SKOHOMHYECKHX
cucTeMax # T. 4. MaydeHnio 3toro cfiyyas H OyjaeT NOCBALLEH 3TOT
naparpad,

B cucreMe (9.8) caenaem 3aMeHy

T=¢l {9.13)
B noAoKHM A=1/e. '
Nocae samennt (9.13) cucrema (9.8) npumer caenywni Bua:

dx :
- =xA () x +AB () p, I
i ¢ (9.14)

= —M(T_)p. ]

Cucrema (9.14)} ABnfercs 4YacTHEIM CJygaeMm CHCTEM, COAEPXAULHX
GosblUoH TapaMeTp, — cucTeMoil nepeoro pamra. s nocrpoenus
ee o0lEro HHTErpana MoryT OMTH HCNOAL3OBAHM ACHMITOTHYCCKHE
MeFOobl.
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@opMa aCHMNTOTHYECKAX NMPEACTABANEHHA OCUILro HWHTerpana 3a-
BHCHT OT CTDYKTYPH I/€MEHTAPHBIX HeauTeaed Matpuisl I'— pk

||‘4 i
[= ~
0 -4

IMosToMy cHawalda MLl ZOJMKHE YCTAHOBHTL HEKGTOpPHIE cBoflcTBa Ma-
Tpunw [' B saBucuMocTH oT csoficTe Matpuu A u B. Kpome Toro,
Ana yaoGerBa AanbHeHIRX HeCdeAOBAHAN TpHBeaeM cucTeMy (9.14)
K TOMY HJIH ApYTOMY KaHOHHYECKOMY BHLY, '

3aMeTHM B 2aKJI0ucHHWe, 4To cHoTeMy (9.14) MoMHo mepenHcaTth
B BHAS

dx
E;‘ = ;prH + Bps

9.15)
ap (
Eﬂ - ?LVXH,

rig
H={Ax-p), V=3

PaccMoTpHM HeKOTOpHe cBoOficTBa MaTpuuw [

A B

P e ~
0 -4

Nemma. Cosokynnocrs Kopreild xapakTepucTu4ecko2o ypasHe-
nua \I'— pE| =0 npedcrasaser coboli 06BeduneHle COBOKYRNOCTEH
xopred ypasuenuli {A —pE|=0 4 |A+pE\=0.

Jdokasateabctso. B camoM Aede, no teopeMe Jlanaaca,
pasnaraa onpefienntefb |I'— pwE| 1m0 RCEBOIMOXKHEIM MHEOpaM
nepBHIX 7 CTONGLOB, NOAYUHM :

IT—pEj=|A—pE[-| - A—pEl=—~|A—pE || A+pE|=
= —|A—-pE||A+pE], (9.16)

OTKYAA H CAEAYeT YTBEpPMIEHHE MEMMBbL :

OrMeTHM HEKOTOpLIe 0COGEHHOCTH CNEKTPa MATPMLIH I', BHTe-
KawlWHe B3 ypasHeuHsa (9.16).

[) Ilyett p,—KopeHe ypasnenua |A —pE|=0 kpatrocty .
Torga —p. ABaAAeTCA KopHeM ypasuennsi |A+pE| =0 roii xe kpar-
HocTH. Ecan npH 3TOM HH OAHH U3 KopHeit ypapHerna |A — uE|=0
He ABARETCA KOpHeM ypaeHehMs |A+pF|=0, To Mu 6yaeM roso-
PUTB, UTO HMeeT MECTO YC/OoBHE o.

2) HMyctb ycnoBhe o He BhmoaueHo. B sToM cayuae cpepm Kop-
Hell |, XapaKTePHCTHHeCKOro ypasHewuss |A — pE|=0 Haiinyrca
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TakHe KopHH Mg KpaTHOCTH R KaXABIH, uTO
l'l-?l =x 1152-

Torna p, u p, 6yayT KOPHSMU XapaKTepHCTHUECKORO ypaBHERNA
|P— pE| =0 kpatHocTn 2k xaxauit.

Bonpoc o npuBenenuy matpuubl I' K HopMaabHO® xopaanosoi
dopMe B OOILEM CaAydYae FABASETCA CHOMHBIM, TaK KAK CTPYKTypa
370l DOpMbl ONpelesneTcs He TOAbKO CBOHCTBAMH MaTpHub A, HO B
cpoiicrBaMA MaTpuibl B. [Tokamem Ha HEKOTOPLIX MPOCTLIX ApHMe-
pax, Kak MOXHO OCYILECTBUTL TaKOe NIPHBRAEHHE.

1) IlycTs p, — pazauuHble KOpHH ypasHeHuss (A —pE|[=0 u
cBOfCTBO @ BhNOAHEeES (W% (). Toraa T Beeraa npusoavutes K Ana-
rosanbHoMy BHAY. [JoKaKeM, Kak 3To cAenars.

Myers A yme mpuBefeda K AHETOHAALHOMY BHAy. Torza B Ho-
BLIX nepeMeHHEIX &; B 1); HMeeM

B )
Ei=pg + tgl dimy,
gn = P‘ngn + Igl dﬂinb (9'17)
= — kM,
N = — Hpln,
rae |
ld;;li=F BF,

sgech F—MaTphla nMepexoia OT CTaporo 6asnca K HOBOMY.
Jlnxeiinoe npeofpasoBaHue
H

dif .
P:—-E:+§Wﬂj» 1, ="

NPUROAXT MaTpully cHcTeMH (9.17) K AuaronafsloMmy Buay. Jefi-
CTBHTEJALHO, HMEeM

dum
- Ny i _
pi=E + Z—I-t T uf§¢+;ldum le—ui . w04
2) TlycTb CBOHCTBO ¢ He BBIIOAHGHO H cpedH KopHel p; ypas-

venna |A — pE|=0 uMeercs napa KopHeR . pr KPATHOCTH eau-
HALUA K4XABH, NpHYeMm

Pog = Ea (a#0),
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Marpuua T' B 3TOM cayyae HMeeT ABa COGCTBEHHWX 3HAYEHNH BTO-
pofi KpaTHocTH Kaxaoe. Ilpu sToM B 3aBHCHMOCTH OT CTPYKTYpHI
MaTpulel B Matpuua I' MOXKeT NpuBOAHTCE AMG0 K RKOPAABOBOH
dopMe, cofepxatiell 0AHY HAH ABE KJAETKM BTOPOTO Nopsika, nHOO
K NNaroHaibHOMY BHAY.

Cpeam ypasHenad cuctembi (9.17) HaftayTea chefywoilne yeTbipe:

"
Es=ak + ;-Z: dgmy

f]k = arlk!

. (9.18)
L= — akg + dkﬂ‘lp
Ns= — UM
a) Tyerb dg =0, dg, 5= 0.
Torpa JAuHeliHoe npeofpazoBaHie
M "
—§s+2a+"u’ . =t k+2 a;u’
f=1
n=dgne 0= d (9.19)

opuBonut (9.18) K eaepyiowemy BRAY:
po=ap +m, N =an,
by=—ap,+n, A= —an)

Takuu oSpasom, matpuua I, npHpeaeHHans K HOpMaibHOR Kopaa-
HOBOA (hOpME, IOMKHA COMEpXKAThb B STOM CAyuyae IBE KASTKH BTO-
pOro NOpAAKA.

6) MNycte dpw=0, dr,+*0. Torna smecro (919} nonaraem
M, =", B 3TOM csyyae, KaK HeTPpyAHO BHAEThb, XOpLaHoBa thopma
ma1prus [ CONepHT OAHY KJICTKY BTOPOTO MOpsAaKa. To xe Gyaer,
ecnn dp, =0, dw¥0.

B} Ecan, nakonew, dp=dp,=0, 10, nonaraa n, =, n =,
npuneaeM [ K AHAronascHOMy BHAY. 3TOT CAYYal WMeeT MecTo,
Hanpumep, Torna, koria B=yE. Torpa lld;l=vyE, 1. e. Bce sue-
LHATOHANLHEIE 3J1eMEHTH PABHEE HYJIO.

3) lycTe ycnosHe o BLHINOJAHEHO, a CDedH KopHefi ypasHewuii
1A — nE}=0 umeerca xopeHb ;%0 KpaTHOCTH ABa, npuyeM CTap-
HINji  HABApHAHTHMA MHOKHTEAb MaTpuubl A — uE  coaepiur
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{1k — 11)? 2 Bce OCTaNbHBIE HHRAPHAHTHBIE MHOMKHTEAH PaBHEI €AH-
HALe W Bce w; (i>>1) pasnu4Hel, B 3ToM cayvae sMecTo CHCTEMB
(9.17) umeem

;3
Er=mk +E+ rEI dimy,
"
Bo= bt E damp
.
— .5 d X
Br=pd + ‘2’ My (9.20)
= g,
Ny = — pM,
= — Bk

B 3atoM cayuae xopaaHoBa dopMma MaTtpHusl I’ Takme colepur
KJIETKH BTOpOro MopaAxa
0 -t

Hetpynso npoBeputb, 4TO COOTBETCTBYIOUIEE JHHEHROE Tpeobpaso- -
paHue, npHBodsaee I’ K opaanoBoll $opMe, HMEET BHA

]} 1‘
0 w

n
\! 4y Hay , _
o =5+ T =N
j=1
rie
d .
ﬂll”—“[:']'['» &y = (i=2),
1 ( 24“)
o HI — d — ——
12 w Lt d22 w )’
d .
=t {t=2),

370 npeclpa3oRANUE eHHCTREHHO,
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2. Hekoropole cBONCTBA yNpaBJEHHA KOHCEPBATHBHLIMH CHCTE-
maMu. PaccMorpuM cucremy

f=A*ztu*, (9.21%

roe A — cuMMerpHuHaa Matpuna. He orpamnunpas oSuiHoCTH, ME
MOMKEM CYHTAThb, UTO MaTPHUa A uMeeT BHA

* *
A=1A6+AI.+ P
rie Ay — AnarosanbHas MaTpHila

i {£) i
g (£)
A=
1y (£)
Hnsa Toro uToOHl NpHBECTH cHeTeMy K BHAY (9.16), TIONOHUM

Torpa i-e ypaeuenue cucremn {9.21) npuumer sup
, o 1. ]
o= VA 2~ L i lf,yi+2af,-zj+ﬁ(...)+ .y (9.23)

e @, — 3TeMeHTH MaTphus Aj.
Tenepr BMECTO 2; M y; BBefeM HOBLIC NePeMEHHbIE Xo; B X204

Xop 1 =2i Y, Ko =2yt

31n pyuknun 6yAYT yAOBAETBOPATH CACAYIOUIUM YDABHEHHAM:
Eyer = VAW X 4 .1,

fg; = = V)l-.].l; Xoi 4+ ...

Toukn ofosnazawT uieHH nopsarka O(l), O(

(9.24)

1

) u r. x. IMoso-

VA
M A= VA" # sannueM cucremy (9.24) B Brge
J'C; = (;LAO + Al + . .)x, (9.25)
rue
g
—
‘AD= ] llﬂ *

= Kz
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ChacreMa (9.25) yxe OTHOCHTCR K H3yHaeMOMy BHIY. Jlae eciu
BCE [; — MPOCTbIe KOPHKH XdPaKTePHCTHHECKOTO YPABHEHHR MATDH-
um Ap, m-cucTEMa

a\': = )hon + ?"BP’

p=—MAp

Momer oSNagaTh KPAaTHHIMH SNeMEHTAPHLIMH aeAHteasmu. [loctpoe-
HUe aCHMOTOTHYECKHX MPeACTaB/eHUl pelieHHi cucrems (9.25)
MO®eT GbiTh NPUBEAEHO METOAAMH, H3NOMKEHHBIMH B MpefblYIIEM
naparpade. Oanako ANA NMPaKTHYECKOTG NOCTPOSHRS pa3dioxeHHH
pewenui cucreMmsl Tuna (9.21) mMoAHO paspHTL MeTOAH, He Tpedylo-
wue cBelcHHs 3Toll cHeteMu K Buay {9.25).

3. ACMMNTOTHHECKOE NpeXCTABAEHHEe pellenHit OAHOHK YacTHOH
3afa41 KoppekunH. ITpeanonoKuM, uTo pedb HAeT 06 YapaBJIeHHH
CHCTEMOR

F=AMx4 Ax+ 224, {9.26)

rie M — aparonagacHaa marpHia

wi(?)
w3 (2)
M(fy= . ,

u2 (f)

a A=|la;(1) | — npoussoasHan MaTpHUA.
Ynpaenenue u(f}, nepesopsilles cHCTEMY H3 MOJOXKEHHA Xp 8
xr 3a speMa T, BuGHpaeTcA W3 YCAOBHA MUHHMYMa (yHKItHOHANA

T

Juﬁjﬁﬁ. (9.27)
4]

Ilns cocTapaeHHs M-CHCTEMBl MOMOKHM &=y, Muoxuvena Jlarpan-
XKa (MMOYABCH), COOTBETCTBYIOLIME (epeMEHHLIM X; O503HAUNM
depe3 py, a4 COOTBETCTBYWLUIMe NepeMeHHBIM y; — yepes ¢;. B stux
G6o3Havennax QyHKUHA H Gyaer MMETh cAeAyOUIHH BHA:

H =2 yp,+N Jplxg+ ‘E a4, + 3 Zt ng, =M Zuk (9.28)
) + o F . ¢

Ycaoeue makcavyma H ycTaHaBnHBaeT ¢BRab MEXKAY YNpaBACHHA-
MBI AMIYALCAM U

1
W=7 4
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Mcnonsaya 3TU BeIpaXKeHHs, BEINKLIEM CHCTEMY HEOGXOAHMBIX yCa0-
BHH

. af N
Pim o, =~ Pela = Deysy
i
PR SR
i ayi i

[Mocnennee u3 5THX ypaBHEHMil NO3BOJIACT HCKJAIOURTL Py
4, =¥ig, + Zaq,. (9.29)
[Mepennutes ewe ypasHene (9.26)

. A?
T IE WERa (9.30)
!

Hrak, ® OJannoM cayvae Rx-CHCTeMa — 3T0 CHCTEMa ypaBHeHHH
(9.29), (9.30).

OrpaHHYdMCcA paccMOTpPeHHeM TOJBKO TOFQ CAydYasi, KOrja BCE
p2(f) nan aworo ([0, T] pasubie. Toraa xapakrepHcTHueckas Ma-
TPHIA 3TOH CHCTembl OyJeT HMeTb ABYKpPaTHHe KopHH. Kpome Toro,
YpaBHEHHA AJA ¢; He COAepkAT KOMIOHEHT Bekropa x. Caenosa-
TEIbHQ, MHl CTAJAKHBAEMCH 3ACh ¢ GIHHM H3 ¢Iy4aeB BEIPOXKAEHUA,
paccMOTpeHHbNX B npeabnaymem paparpade. Cornacro pasButoit
TaM O0UIeH TEOPHM MBI MOXEM HCKaTh YacTHble pelleHHs B BuJe

H
X, = U, (£, A) exp A[p(f)dt ,
0

] (9.31)

i
qe=up(t, Ayexp{a fu{f)di
0 ]

A& p COBMANAeT ¢ OJHHM H3 3HAYEHAR }”F(t}, 4 Uy H Uy Dpex-
CTABWMBbl B BHIE PAIOB, PACMOJOMEHHBIX N0 OGPATHRIM CTETEHsM
napametpa /A

Has  ONpeJeneHHOCTH MOCTPOMM  pellleHHe, COOTBETCTBYIOlee
KOPHIO 1, MYCTh, KpoMe Torowi >0 n Y pl= + [, |. Toraa nepeoie
vpapreuus cucrem (9.29) n (9.30) nocae moicranosku (9.31) npit-
MYT BHA

" " . A2
B + 2Mndy + Ao = ) a10; + (9.32)
!

y + 2oy + Mg, = ;: LU (9.38)
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OcTanbHWe YpaBHEHHA 3THX CHCTeM OyAyT UMETh TAKOR BHI:

-
;‘?(Pl — ) s+ ﬁ_s'{' 2A 0,5+ Ap v = 2 avy+ % ag, (9.34)
{
Ry = ) ug b 4 20t + Mz, = ; api. (9.35)
3ameruM, 410 ypapHerusa (9.32)—(9.35) mgonyckawoT cHeTeMy uact-

HbIX penrerndl, s kotopalt #s (5=1,2,...,n)=0. B srom cayuae
cuctema {9.32) u (9.34) npumer sBHT

8, + 20y + Moy = 2 ayyoy,
A? (B — M) U+ 8+ Ao, + 28ud, = E 50y
IMonoxumM ganee

] (9.36)

vs=Up+A~l0a+ ...
Hs cucremnt (9.35) ANs CTAPHIHX WJEHOB PA3JIOKEHHA MOJAVYHM
2ud+ 1y v10=0,
(s — ps) 2s0=0 {s=2,3,...,n).

Orciofa cpasy caeayer

um=—'%1_—, uo=0 (s=2, 3, ..., n).
1

Takum obpaszoM, MepBble YWIEHR PasOKEHHS HCKOMOrQ YacTHOTO
petleHEA OyayT TaKHMH:

t
x1=—g:exp ?'.J‘u(t)dt - oL=0 (=2, 3,..., n),
VPl P

T. €. AAA X; nodyuaem ofbiyHele dopmyan WBKJ-mertona, a nce
npovHe KOOPAHHATH TOXKIAECTBEHHO paBHbl HYJIO,

Ias BLUHCAEHHA MOCASNYIOUIHX UYNGHOB PA3NOKEHHN GYARINN
t#t, NoAyuaeM OGLIKHOBEHHbie JuHednsie anddepeHnHanbHEIE YpaB<
HeHHs TIepBOre NMOpsaaAKa :

2 it patin=@{t),

pelllenste KOTOPHIX HAXOAHTCA B KBaapatypax.
MocnenyoliHe Y/eHbl pasAmKeHHOR DYHRIHN 45 (§=2,3,...,7)
JaioTea KoHeudbiMH topmyaamu. Hawmpumep,

LIBLIT

o= m=ps
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Hrak, Mbl NOAYUHM OJHY CHCTEMY HACTHBIX pEIIERHH, COOTBETCTRYHO-
UK KOPHIO W= + }/p2. BTOPYIO CHCTEMY pellerHil MOXKHO BHIUHC.
JAUTh TeM JKe cNocoGoM, el MOJOKHTE W= —|u.

IlBa ApYruX 4acTHMX PelleHHs, COOTBETCTRYIOUIHX |y, MBl MOy
uHM u3 paccMorpedns ypasrennd (9.33) u (9.35), koTopue xony-
CKAIOT JB@ JUHEHHO HE3aBHCHMBIX pEelIeHHs BHAA

1 -1
y=—=t+i u;+ ...,
T Vi v

=i _@nip -2
He= ul_us-Hx. (..)0+ ...

[Moncranasis 3aTeM 5TH BHIPAEHUA B MpPaBYIO 4acTb YpasHeHHH
(9.32) u (9.34), HafileM HeKOTOPYIO CHCTEMY HEOAHOPOJHBLIX ypaB-
HeHH#l, 9ACTHOE pPEeIleHHe KOTGPOH MOXKeT GHTb MOAYYEHO H3BECT-
HBiMH METOJAMH,

Hrak, MBI YKa3aJH ¢nocof, KOTOpLIA MO3BOASET AMA KAKAOrG H3
qucel W3 MOCTPOHTH FPYNny HETHIPEX YacTHHIX DetlieHyil,
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